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HE ſubject of che Gs which I here 
1 beg leave to lay before you, is of fo 
g wah conſequence to 'mankind, as juſtly to 
claim the regard and ſanction of the Great. 
Geometry is, not only a moſt accurate, but a 
very extenſive ſcience, whoſe application and 
wr, are well „ to You. 


Bot Gough 1 this work, if the manner in 


which it is executed be correſpondent to the 


importance of the ſubject, may not want 
+ ſufficient merit to fender it worthy of the 


. ſerves an 2 undiminiſh'd ardor for the ſciences, 


; Az 5 be. 


as well in the arts of W | 


approbation of a Gentleman, who, amidſt a 
_ multiplicity of public employments, COR... 


; [= RT , "208" 
DEDICATION nx 

NR and a knowledge. of the works of art and n 
nature; yet I have, Sir, ſtill farther motives 
for this addreſs: Your great influence and 2 
Leal to promote the . 
under which I am placed; and the favours | 

chat I have received at your hands, make me 
earneſt to Annes this o 
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Y defign is writing upon the alien of Geo: 
Merry, was 10 open an eaſy way for 3 
beginners to arrive at 4 proficiency in that 
Uh 1701 ſcience; without either being obliged 1 to.go thre? - 
à number of unneceſſary propoſitions, or having re- 
, Eourſe to the ungeometrical methods of demonſira- 
tion, that abound in moſt modern Ot 1 * 
nature. 
The difficulty of the dia 10 was not unap- 
priſed of. and objefions occurre, that were 12 5 4 
. to be removed: Nevertheleſs, I have grounds to boße, 


| from the reception my firſt attempt has met with,” that 


avours have not been entirely unſucceſsful. No 
Pains have, indeed, been ſpared to render the work uſeful : 
And [ flatter myſelf, that the ſpirit. and rigour of de- 
monſtration, ſo eſſential to the ſubject, are alſo tolera- 
' bly well preſerved; though I have not bten ſo. intent to 
guard againſt the attatk of Criticks, as to loſe fight 
of my main deſign of furniſhing a' plain, eaſy infli- 
' Tution for learners : Yet I have. firong hopes, that 
| . there will not be found in theſe ſheets, any ihaccurge 
Ties, or over/ights, that are abſolutely unpardonable. 
To expect a faultleſs piece is impoſſible : And I well 
know: that the moſt elaborate and beſt- approved . 
tems of Geometry extant, are not without many imperfec- 
tion. But, were the ſmalleſt imperfeftion to be areal 
Fault, my ambition would rather be, to ſew ſome de- 
. gree of, judgment, by avoiding a mulltitude of ſuch 
Faults, than” by expoſing and magnifying the flaws of 
other writers. It is more eaſy to ſee a fault, thanto 
. avoid one: And thoſe men who art the moſt ſanguine 
Fo 45 MHingulſo Jhemſetves at the expeuce of others, are 


A 3 aun ; 


A 


pointing out one objeftion, that may he brought againſt 
| y work ; which is, that in demonſtrations adubtine 


* 


4 2 


1 » R E WP 1 c E. 
ö enerally obſerved to land in need of greater indulgen- 
7 than even the perſons whom i bey 2 


attack. But 1 ſhall put an end to this digreſſion by 


1 caſes, the moſt eaſy ” are ſometimes 55 
of and that the converſe of ſome propoſitions is 
not "i all demonſtrated. But ' this, I contei ve, will 


5 be found a real \advantape' to the Tearner '; without 


© 2which, it would bave 22 2 to have c compriſe 7 K 
_ the Elements in the er 1 dg 


5 15 des edition ( which is, in a manner, a 


' new work) many conſiderable alterations and additions 5 | 
by have been made. The order of ſome of the firſt pro- 


poſitions is changed: And ſome difficult propoſitions in 


' the ſecond book are rendered more plain. In the 
Pourib book ſeveral ntw Theorems on proportions are 
added, The ſolid Geometry is now connected with 


tbe plane, and is demonſtrated with the ſame accuracy. 
The 3 of Superficies and Solids is alſo more 
explicitly handled; and the demonſtration of the ſe- 


: weral rules is bere eſtabliſhed on a better foundation, 


than even in authors who have wrote profeſſedly on 
the ſubjeft, The Maxima and Minima, and the con- 


' © firuftion of Geometrical Problems, are likewiſe cunſi- 
derabiy extended ** * _ at the end, 


Notes 


= 


* 
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t of young Rudents,. are now added. 


wie n J e talking 


charge, "which, ſhould. 
upon the world for a judge in theſe matters, As 'the 


gentleman by whom I ſtand accuſed, is knorum o 4 
 evorid by his holding one of be maſt confiderable ma» 
thematical paſts in the kingdom; I all, in under to 
C agg. ror 


writing, Live you his own words, 


4 Tere bas lately bien pablihed g 3 | 
l title of Elements of Plane Geometry, deiſguad for 


be w/e of . ſchools, which in an incorre# copy of the 
* firſt eight ſections of this work, lent the 


„ author: on @ part? lar rr ocean, and printed in 


44 ious manner, my knowledge or conſent; 
. Ranger too ſcandalous _— any man 0 


New Ee none | 


a, nes of eriticiſm, Bw... am —— en to aufer bet ; 


it appear 10 deſerue kredit, 
wald indeed leave me but little 100m: #0'\paſs myſelf 


honouy to © 


4 au + 
P e 


: gde puilty of. The Editor rho th I ſuppoſe, that - 5 


« the changing ſome propoſitions, and mangling the © 


* demonſtrations of others, was a ſufficient diſguiſe 
© to make it paſs for bis own per formance, but how 


. far this will juſtify ſuch a piece of rag, muſt be 


« left to the judgment of the publick,” 


Were I to attempt to deſcribe the ideas excited in” 
my mind by the ſingular modeſty of this important 


— ſolemn appeal to the publick, 1 ſhould be at a lefs 


for fit words to expreſs them, without tranſpreſſing the 


bounds of decency. But I bope that I have not di- 


ſervtd ſo ill of the publick, to be thought capable of * ; 


acting ſo very humble a part, as that of e opying from 
this auihbor, and of mangling his e in 


or der to make them paſs for my own. That a manu- 


| Wi of his (containing between 20 and 30 of the +. 


ee 


K 


* K 4 1 1 e K 


be Theorems in Geometry, extrimely a A = 

came into my Hands, is indeed irue ; but it was not 
lent mg, bt forced, upon me, en himſelf (the very 
firſt right after n removal to dolwich) in virtue 
_ of "an article in the original rules and inftruttions for 
ile Academy; whereby it is ordered, that the ſecond 
maſter ſhall teach Geometry under the direction of the 
firſt maſter.” Bit ibis well intended article, which 
bas been made ſubſervient to the: purpoſes of ignorant 
tyranny, and daring calummy, bas fince, in conſequence 
of a publick examination, been annulled by an expreſs 

_- order of the Maſter- General of the Ordnante. I could 

mention ſome particulars,” ſupported by good authority, 

that occurred in the courſe of that examination, which 
would but ill agree with the importance be aſſumes 
inn bis confident eee but Ido not think it worth 
while * This Gentleman bias, himſelf, by bis different 
publitations, ſo well convinced the world of his abili- 
dies, as to render any fartber comment on 15 bead : 
"> nun and wet EO 
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8 i every work of 'this nature, deſigned to 
1 contain whatever may be* moſt "requiſite 0 
the forming of, a regular and complete iyſtem of 
Gramerry,” a number of pro 9 muſt neceſ- 
ſarily have a place, whoſe elke e a plication 
Be in the higher bracdches of t Mathematics; 

and there being many | Elo whe ah 


icularly you 
gentlemen in pblick Kd who. want 8 12 


0 much e to give 
them a proper uction ily the ee and 
moſt common applications thetegf ch as Men 


ſuration, Trigonometry, Navigation gr ed] 
Ferſpectiye, Wc. For, theſe reaſons, I th 
that it might be of ſeryjce, to 7 out to 


— 

Readers, what } ropofitions | in theſe elements may 

be omitted, as leaft uſeful to them ; without 6s 

- ther hurting the connection, or taking away from 
the evidence of the other demonſtrations. 'The 


numbers of theſe mond, in the 
| books, are as e N way 


| W 290 e ii Gia 


In Book 1 e 6, 17 19, 4½ #2, 25 "0 
29th. 


o 


In] Book II. 1 55⁵ 10, in, bo r3th, and the 
2d Corol. to the gth. 


In Book III. the . 5, 6, Ws 18. l 
20, 25, 26, 27, and 28th. 2 * 9 Ty ' 95, 
* 


* 


. In Book IV. the 4, 5, 6, 9, 16, 12, A 17 w * 


# 21, 22, 235 257 bs. "ay; 28, and agth. 


® 


446; 3; 


5 10 Book v. "SY 2, 16, 27 18, 1006 
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And, with regs, to che ſeventh. 3 it 4 
” eee L be 10 be FR in e 
3 ue the th 
pr ws ay Ti, 


thoſe who are not very ſolicitous about e 


e 1p npgd 6 Gempaliratign, | | 


i FA 1 (xi 5 2 „ 
Ap bi o TABLE » refine 6 

Funn, where allthewiaft material —.— £ 5 

. in the eleventh and $6 Foe 4 ent, are, 170 05 
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E E SAYS'on in * And; USEFUL . 
-— |—&<4 $psjzcTs, 710 // SPECULATIVE | AND. "MIXED 
0 e rien in which the moſt” difficult Pro- 


r 


3 binn 


* r of the firſt and begs Books of Must, $ Principia. 
I [== ; In die. „ | © 
a 3 MATHEMATICAL 3 on 4 variety 
oP! of Phyſical and Analyweal 1 gs in 40. 'F 
Be „ 1 
7 III. Aisenrk aud Taacrs on Wos! curious and 
„ vs intereſting Subjects in Mechanics, Phyſical Aftro- 
2 | {haz 1 02.267 5: 2p I in 1 I's 
0; ® 
18 Iv. Tur Hoch: OF. [Aunvirins AND: 8 
22 uon, deduced from general and evident Principles; 
ny. > with uſeful, Tables, ſhewing the Values of ſingle and 
(+ WP " pl Lives, Oc. in * ad. Edition. 
5. v. A TazarieRC or ALGEBRA ; | whenin' Gs fun- 
A uxmental Principles are fully and clearly demonſtrated, 
* And applied to the Solution of a great Variety of Pro- 
K. blems, and to a 1 of other uſeful Enq iries. 
2 Ach Edition, in vo. 5 irs 5 1 5 5 "It dy, 


1; - VI. | Taz Debra AND en or 3 

Ions; containing (beſides what is common on the Subje&) | 
'2 Number of new Improvements in the Theory, and the 
Solution of a Variety of. new and very intereſting Pro- 
blems in different Branches of the ne, 2 wy, 


Seo. 2d Edition. J 
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5 + 13 VII. Tarconoutray,. [Pram _ Srünt r, 
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8 DEFINITIONS, & 


1. F\EOMETRY. is that ſcience, by which | 
we compare ſuch quantities rape as 
have ertenſion. Fl Wed OT. 


Extenſion i is aner into length, nas. . 


"I | 7 


4 


2. A Ls s that, which has lenge vis 
| breadth. No 8 


The Ra. bounds or extremes 5 of P Line « are 
. 


3. K Surface f is Ar which | OY 
| has length and breadth, _— *. 


4 . 


| The bud of «Src re dns 4 Fe 
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; MR 0 - , +1 . 
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kum of Genu. 1.4 


4. A Solid i is that, TINY has length, 
——_ and thickneſs, as D. 


_ : The bounds of 8 Solid are Meret. 


=” 


A 1 „ 6. A Right (or trait) line is 1 which lies even- 
* 5 1 5 its 2 or which #42 % N tend 
9 me I 5 as ' - 


2 WE > ð 8u 
5 perfectly flat and even, or which touches, in every 


7 


e e any Faun line 181 between Feen ow” 
- 57. OY PAY is Fre NEWRY 


or opening of two right-lines n meet · 
„ ing 21 PORT - as D. | ; 


8. When one rightilioe ore ad 
DS, ſtanding upon another $21 as; 
A, makes the angles on Po, 
both ſides equal, thoſe an- — 
5 gles are called right aan 
gles; and that line CD ea >” GLO IRE 
ſaid to be perpendicular to „ LW SY 
the other 88 on ee it | _ | 
j inſiſts. . — „ 


4 * 
„ 


2. * 1 is chan; which | 
is leſs than a ge: ne * Eat 


1 . * * 2 — ** - 
# 


1 is which is greater — EAT 
Wn aF. Pet” 


* \ 7 
" YO vt : 
A 3 2 
| 4 


he Back the muſe" 
11. 3 
ne beate ber te ne de wer, © 


12. The diſtance of a point from a line, is a 


Right-line drawn from that 


_ diſtant) r 


i 


=, and rerminating in, the line ben. 


I 5 Parallel (or equi- 


ight-lines AB, 


CD are ſuch, -which 20 7 


TO 


1 


ing in the lame plane- 


ſurface, if infinitely pro- 


a never meet. 


a 9 7 or a ſolid. i 


1 5: A right-lined be Figure is Vn; e 
. Veet, n 1 or i are 


Le All 4 Figures boobded b we e, 
| lines, a are e called Gat : 


% 


17 An 
L 
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18; Xino iſoſceles Tring is, when, 


two Lay are EQ, as Bu 


3 


jt N A 


. » 
2 
| 


3 Trian oh 
18 that, whoſe bounds or W are 


N 
14. 4 Figures bounded pc, and ix ether 


< * bl 
Faw i | 

; Y a 

4 *. 


FY 7 tem 5 cee. 
. 19. A ſcalene Triangle is, when . 
all. the ae * Wan as. 


; 8 c 4 $ SB AF 
: 7... A Sit FE. Triangle 3 is ; 
tttutat, which has one right: angle, 
2s AcCB; whereof the ſide AB 
oppoſite to the right angle, is cal _ 
5 led the Hypothenge: e 5 
4 "+ 


17 1. An obtuſe-angled Triangle is tht, which f 
_: has one obruſe angle. | 


i; 22. An acute-angled Triangle is « that, xt | 
| Hana] 0 e monte; heat 5 


5 Ns 4 3. Every plane Figure 8 by four 
_ is called Wenn or Velen 


24. Ay Quadrangle, whoſe — 
oppoſite ſides are parallel, is 5 
e e as P. FU Fn it; 


1 $ 


= 5. A Pente, whole an - | 
ke are all . 18 9 «i... £ 
0 „ E 


26. A 2 is a a parallel mb, CESS 
whole ſides are all equal, and 82 F 
gles all ERS” — 8 


— 


25. A Rhombus is a n 
gram whoſe ſides are all e, but 
its 1 not YEW as Wes 


33.7 FR EH 1 


28. All 1 four ſided LL, Nur Fw 


are calle trapeziumis.” 


—_ A right line joining any two Sept cgi 
of 12 four. ſided figure, is called a Diagonal. 


30. That ade AB upon 
which any parallelogram 
n or triangle ACB 


poſed to ſtand, is 
"= the baſe; and the K > P 


perpendicular CD falling thereon from the lite g 
angle C, is called the i altitude of of the pang | 


or ae x wh 


= 


© ts All ach n ee N more than 
four ſides, are called polygons; whereof thoſe hay- 
ing five ſides, are called Pentagons ; thoſe having 
* lides, A} and 10 on. wen At 


4 


32. A Regular Polygon is one whats angles, 4 
well as _—_ are 15 do meſh 


8 © MF 4 LA 
8 : * 5 


A Cirde | is a plane 

' aw 3 by one 
curve- line ACD, called 
its circumference, every- "1 
where equally diſtant from a 
point E within the 2 
I the center thereof, * 


/ 


230 The Radius of a circle; is the ande of * 
center from the circumference, or a right · line EA 
drawn from the center to the Gronmterence, | 


EE”. uh & AXE 
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* _ at "* N y 4 
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9 
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7 - , | | 
| EF 4 a 
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” AxrOMs, or - Self-avident Truths, + 


'L, (Things, equal o one and the fame thi are 
e Sr ue hab ſhe | 


12 8 Every » whole i is Seiner than its part. - 
3. 3. Every whole is equal wall — | 
roger 1 e 


* 


' 4: If to 1 . equal ings beaded, 


1 the wholes will be aeg. 


* 


* 
: (Ns. , 


5. If from equal "ERIN, Ro hings be alen 
be ey. the mne will be equal. | 


6. If o, or row unequal things, * — ears 
be added, or taken away, the ſums, or remainders, 
will have the ame rity as FINE alt bps K 1 


ITY 4. 


7 Al right angles are » end to one another, 


8. More than one right-lice cannot be en | 
from one given point A 0 an- vis 2 
W 17 poine . - 5 ——k e 

f two points 1 - r 

D, *F, in A right- Heeg | _ 41 | Toy” ; 
line MN, are poſited „ 
at unequal diſtances P 
DC, FE, from an- 


bother right-line AB in the ſame 3 choſe : 


two lines, bein ing infinitely 158 er on the ſide of 


the Hoſp Aifante EF, Wi N each other.. 


Txt | N 
; | 


* 7 x f 
to m * 9 - * 4 
. G 
: ; » F 
: : * = - 
5 * © ” 1 
C. : * o O. 
- - af - 
. N * - 
0 « 


_ - ſide FE will fall upon 


10. If two 53 
right-linesTA, 
CB, making an $5, | 
angle C, be re- 

_ ſpectivelyequal / © _ CRT ds EP TR 
to two other —— 5 ar 

right · lines FD, 1 2 TO * 
FE, making an angle F, and the angles which they 
make C, and F, be likewiſe equal; the right- lines 
AB, DE joining their extremes will be equal, and 

the two triangles ACB, DFE: equal in all te- 
(peſts. 4p ß Lo ITT Oe” 


- * 
» 7 g 
= * 
g * 
* 
: / * 
> - p 1 — 
* 4 „ 4 4 . 1 
' l , * 9 * - [4 * * * : — = * 4 
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N * PX 5 
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Rk, this ſhould not appear ſuſiciently evident for 
an axiom z conceive the triangle DFE. to be'remov- 
ed, ard fo applied to the triangle ABC, char the 


point E may coincide with C, and the fide FD fall 15 


upon the ſide CA; then; becauſe F is ſuppoſed 
equal to CA, the point D will alſo fall upon A. 


And, the angle F dans equal to the angle C, they 


B; and. conſequently the” 


point E upon the point B, becauſe FE is ſuppoſed” 


_ equal to CB, Therefore, ſeeing all the bounds of 
the two triangles coincide, it is manifeſt, that not 
only the baſes AB, DE, but the angles. oppoſite 
to the equal ſides, are alſo equal, 
When all the four lines CA, CB, FD, FE _ 
equal; the triangle DFE, being contrarizw/e appliec 
to ACY fo that FE may coincide with CA, will, 
| alſo, agree with the triangle ACB (as is manifelt - 
from the reaſoning above): and fo, the angle E (as 
D did before) now coinciding with the angle A, the 
two angles E and D muſt neceffarily be equal to 
each other, in this caſe, where the triangle DFE 
'- W ap Molceler qne,”” © 7 he? TD OR 


„ 7 " * $4 . « 4 k * 
6. * 17 e : ae 


S POST U. 


* 
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rosrolarks. er PETITIONS. 


I 


1. That, from any R point, to any other | 


given cd A WOO may be Gras. 1 


: 


4% & $8 


| Tha, hw any t as a center, with 4 
hs equal to any ur line es a Circle = 


* deſcribed. 


4. That, 3 IRA may hs 3 oc 


ceulat to another, at any point affigned ; and that 


it is allo. poſſible for to make a -right-lioe, or 4 


1 angle, e Ts to any right: line, or right · : 


| lined ang] e aſſigned, or to the half thereof, | 


This fourth Poſtylate is added, more for the ſake if 
making the proper references, than through abſolute 
hen fince, what is bere barely aſſumed as poſſi= 


ble is effefied, and aftually demonſtrated, in the begin- 

ning of the Fifth Book, intirely independent of every 

thing but Axioms and the other Poſtulates, above laid 
_ down, It may alſo be proper to note here, that 


_ though theſe Poſtulates are no! always quoted, it wit 
Je eaſy to perceive . and in what 2 they are 


ii be Reed. 


4 i 7 2 


| Norzs and Oxox 65:5 e with ee. 


fications of Si igns uſed in this. Tract. 


A Pgopos1TiON is, when ſomething i is, en 


propoſed to be done, or to be demonſtrated, and 
is either a Problem, or a Theorem. 


A PROBLEM is, when Wo te is FN to 
be done. 


A Tuto- | 


N 4 


„ 


* 
a aA 


* 


Book the Fi. 128 


A Tarenzu! is, when ſomething 1 is propoſed to 


* demonſtrated. . 
A LzMma is, when ſome premiſe i is demponſtrat⸗ 
ed, in order to render the thing | in hung the more 


"A Conottary is, a conſequent rruech, . 


from ſome preceding truth, or demonſtration. 


A ScroLiuM is, when remarks and obſervations | 


are OY N N going e RE 


4 * 
ig” 
* C 
Fa 
1 


-The Ggn =, 9 that the quantities betvin 3 | 


which: it | pure are equal, 


The ſign ce, denotes that ts quantity preceding | 


is is greater than that which comes after it. 


The ſign , denotes that the quantity preced- 


ing it, is leſs than that which comes after it. 


The ſign +, denotes that the quantity which t 


precedes, is to be added, 


| und DB. 
* &, pe 25 * s 7 
85 5 7 „ * , 
1% * : EB I of . a : * ny 
- * ; 54 2. . b- 


e 
J + 
* 


The ſign —, denotes that the quantity which it 


precedes, is to be taken away or ſubtracted. 


A figure, or number, prefixed to any gvaniity;) 
ſhews how often that quantity is to be taken, or te- 
ated z as 5A ſhews, that the quantity . 


/ A Wee 45 


When ſeveral angles are G. 
formed about the ſame point 
(as at B), each particular angle 
is deſcribed by three letters, 
whereof the middle one ſhews A” 
the angular point, and the 2 
other two, the lines that fotm the angle: thus CBD 
or DBC ſignifies the angle formed by x the lines C K 


8 10 Ts * Ear of * Ola. — 


Wben, in any dembnſtratioh, you meet with ſe- 


veral quantities. joined the one to the other conti- 
nually by the mark of equality (=), the concluſion 
. drawn fromthence, is always gathered from the firſt 


and laſt of them; which are equal to each other, by 


virtue of the firſt axiom. Thus if A=B=C=D, 
then will the firſt EIT and the laſt hats 'be equal to 

Fax ho 8 e e ee 11 Th 
3 * 2 A5 Las TL JE ICTS 1 ++ if RN. * 57 


Alſo, when in the quotations you meet with two 
numbers, the firſt ſhews the propoſition, and the 
ſecond the book. Moreover, Ax. denotes axiom z 


is. Note alſo, that, when ever the word Line oc- 
curs, without the addition of either right; or cur vad, 
a Aright-line is always underſtood: and that, when 


a line is ſaid to be drawn to, or from an ie 


the eter point is meant. e phe. e 
| EIT i Wet: 
. THEOREM A 


of wy" line (AB) flanding upon another line (CD) . | 
+ it two angles (ABC), (ABD) which, taken 9: 


: 


Felber, are Ie to 120 tight angles. 


are equal, it is plain they 
Def. "ras two right-angles *; if 

nequal, let BE be perpen- 
> Poſt, 4. dicular to CDP, aeg 
| the greater of them (ABC) © 


ok, 


into, the parts EBC. BBA; 2 
11 then the former part EBC 1155 a right-angle *, is 


and the remaining part EBA together with the 
whole lefler angle ABD, equal to another right- 


en . angle EBD; the whole, of both the propoſed 
angles, taken together, muſt neceſſarily be equal 


4 Ax. 4 to {yo . pet , 
| CORO L- 


Poſt. T Def, definition; Hyp. hy pothe- 


If the angles n - 1 wee wt 


gt ** (ABC, ABD) which toget ber are equal to two 


0 Book the wy" „ 


1 \ Y 


08 0 [COROLLART. FER. os 


N. 


Hence all the angles at the ſame point B onthe 
fume fide. of a right. line An are N to two 


right angles. ee ee . $+. 
| THEOREM 40% 5 


ane line (AB) meeting. two others BC, BD) 
in ibe ſame point (), makes 6 angies w 


right 77 Ibeſe nee MTS: ** ) my an one cn. 
tinged rig bi- lin. N . 


Fer, , ll, bt bf. 
and not BD, be the con» TY 0 
tinuation of the rigbt⸗line 4 * „ 
CB: then the angles Ae INE 
and ABH being = two 3 
right angles = ABC, © R PB... 
ABD; if from theſe equal quantities, ABO, com- e is 


mon to both, be taken away, there al remain 8 * 
Wien An „ . bs Were dy W297 AL; 7 
| | 5 Wt 95 a; L i e * 

| > BEoREM. NL e Po "4 

The th angles (DEB, AEC), made by vo 5 * 


| lines (DC, BR) interſeAing each other, are equal, * 


For DEB + DEA = | 
right- angles! = = AEC + DEA: | 
whence, by taking away DEA, 
' Fommon, there remains DEB 
* AEC *. 


= 


N 


EY: Elemen nts ' of © Geometry. 
1 THEOREM IV. 


Two right-lines (AB, CD) perpendicular to one and = 
is ſame, right line (EF 5 are . 10 each other. 


| "ft you ſay, they are not parallel then let them, 

. wh! produced dat, meet in ſome 1 80 as GWG. 
In EA, 3 mes oo + | 
duced (if 23 bt 55 — | 22 
eit che. | 

, alen EH Z Ir FN | 

Pot J. EG! and let neee . 
el. . the right. line FH de "ESTI The triang * „EEE 
* and EGF, having EH g EG, the we HEF= 

»Def. 8 GEF *, and EF common, are therafoe equal in all 
* Ax. 10. feſpects © : and fo, the angle EFH being = EFG 

„ Hyp. (EFD)=aright-angle?, HFDG (as well as HEG) 


2 2. 1. müßt be one continued right-line *: which ix in- 
. 8. le 4 Therefore AB and CD are N 
Ok. | SCHOLIUM. e 
3 Ps this theorem, the poſſibility of parallel lies 


dior ſpch, which being infinitely produced, in the 
maine plane, can never meet) is demonſtrated: for 
EF may be drawn perpendicular to AB'; and CFD, 
again, perpendicular to EF; which laſt, it is de- | 
1-49 monſtrated, will be parallel to AB, 


r M 
* Perpendiculars (EF, GH) to one (AB) if two p- 
| Fall lines (AB, CD) terminated by thoſe lines, are 


© equal.ts each otber; and alſo 45, pate to ihe . 
be two parallels (CDM ;* a 


| For, AB and CD being WY to each other, 

0 Ax. 9- GH can neither be greater, nor leſs than EF; 
and Det. and therefore muſt be equal o EF. If you ſay, 
that EF is not perpendicular to CD; then let FM 

Fol. 4+ be ©1616 to EF* „ GH produced (if 
as * 


'4 1 — - L Y 
1 0 1 a 
* [2 * & - 
- N + 
2 dT x 
. 256 . 


„ 


BY 05. the Fuß. 
| Ones in M: ſo ſhall 


n >. Y 8 
FM be parallel to AB»; & 3 ny 
and conſequently GM = T {Re eee 
EF» = GH; eee 9 188 „„ 
_ Pdſible*, Therefore EF is | | 
| ie to CD. And LOI 
- bythe ſame argument, GH A. | ** 
ä is . to O. i 55 
COROLLARY. 7 


Hence, nk the ſame point F, more than 


one parallel cannot be drawn to the lame line a; | 
A 


| SCHOLI1UM. "ape * 
From the preceding propoſition, the conſiſtenct 
of the twenty-fifth definition, or the pee that 
all the properties aſcribed to a G, H 
rectangle, can ſubſiſt together in E 
the ſame figure, will appear. 
together with the method of | | 
2 For at any two 1 n 
ints C, D in a right line RS, 3 8 
_ e hes CG, DH FC De ry 
may be ereed ” z and a perpendicular to one of 7 Poſt, 4. P 
theſe, at any point E, meeting the other in F | 
may be drawn. The figure CEFD thus conftraged ©<© 
will be a rectangle: for CE and DF are parallel*,,*4- 
as are alſo CD and EF“: therefore the angle E 10 N 
well as C, D, and E) is a right- angle. If CE be* 5.1. 
made CD, chen will the rectangle CEDF have all 


its ſides equal. Which anſwers to the definition 5-1. and - 
of a ſquare, | * 


THEOREM. vl. 0 
A lines (AB, EF) parallel to the ſame right- | 
en e to each other. 8 5 12 5 
. | or * 4 


* 4 1. and EF *, theſe laſt are oy 


"Os 
' 


* ink; of- Geometry. 


5 let the Las HIG 
1 be perpendicular to CD: 

* then, that line being alſo E 
| perpendicular to both AB 


1. 2 to esch other ©; | 


5 THEOREM VII rr | 
4 line (AB) interſefFing two parallel ines SR. 


9 ; 1 P) makes the alternate * SDC, PCD 2 equal 


| each other. F ; Fr 
Let CF and DE be 8 

. 1. pendicular to QP, and SK "EF _F 2 R 

then theſe lines FC and DE : 

14. 1. are likewiſe parallels*;” and 
. ſo: the triangles CFD and Q 
CDE, having the fide CF 
DE, FED = CE, and Af 

Ax. 7. the angle F E, they will allo have che « angle 


*. 10. FOC=ECD®, 


” | COROLLARY I 95 
Hence, a line interſecting two parallel lines, 
makes the angles (BDR, BCP) on the ſame ſide, 
4 13. 1. equal to each other: for BOR ( =CDS-') =BCP >. 


30 COROLLARY II. 


Hence, alſo, a line falling upon two parallel lines, 

makes the ſum of the two internal angles (SPC+ 

QCD) on the ſame fide of it, equal t to two right- 

angles: for the angle SDC being = PCD, and 

11. 1 PCD + QCD = two right-angles '; thence is 


' 


AA 4. SDC + QCD= alſo to two right-angles *. — 8 


THEOREM: VIII. 


IF a line (AB) interſefing two other kues 1 3 
RS), make: the allernate angles (DCP, CDS) equal 
E 4" other ; then ore iQ {00 lines FRO | 

| | For 


. 


"= DCP * = CDS: 


2 50 9: the CON 


For if "ſible, let 
ſome other line DT, and 
not D8, be parallel to 
PQ ®; ; then muſt CDT ©. 


* | 
a8 | » Hyp. ; 
COROLLARY: n A. . . 


Hence, if a line falling on two others, makes „ 
the angles (BDR, BCP) above them, on the * | * 
fide, equal to each other; then thoſe two lines „ 
are Ne nets becauſe SDC = BDR *, | "3.1, 


THEOREM IX. 


If one fide (AB) of 4 triafigle'( ABC) be produced, 
the external angle (CBD). will be equal to bath. this in. 
ternal oppoſite angles ( A, C) 9 together... * 


For, ler BE be pa- WT 4 
rallel to AC*; then E . 
will the angle C = a 
CBE *, and the angle 1. 
A = DBE *: there- . 
fore C + A = CBE Er 
+ DBE* = CBD?. *. . 


CORO L LAR v. * 

Hence the external angle of a triangle is greater 
than either of the internal, oppoſite angles. RR; 
THEOREM X: --* . 

The three angles of any plane triangle (ABC) fakes | 
together, are equal to {wo right-angles.. 


1 
4.4 


— — —-— 3 — — — — 


For, if AB be produced to C DON 
D, then C'+ A = CBD?, to * 9.1, 
which equal quantities let the 


an 3 CBA be added, then 
LC + A + CBAS CBD A ws 5 
+CBA* =cworight-angles* £4 xp Ax. 4. 
1 . COROL: >. 1. 


* 


W . m Par ] we; 


# % 
= 
1 


3 . 5 COROLLARIES. 


I 0 drawn; then the three angles 


+ 2p If two angles in one triangle, be equal tot two. 
angles in another triangle, oe TOE ** > 


. . vill allo be cual. 


* 
2. If one angle in one 3 be 3 one 
angle in another, the ſums of the remaining an- 
_ gles will be equal*. «5% | 


* 3. If one angle of a {white be ww the otter 
0 taken together, will be equal to a OE . 


ja The too leaſt angles; of every xk, are 7 
acute. Fo | 


3 THEOREM XL. 


38 2 four inward angles of a quadrangle (ABCD). 
12 an, are equal to four N D 


4 ＋ 


a 
C 


It the And AC be 


5 f the triangle ABC being 
4 10. 15 2 two right - angles 5 and 
thoſe of the triangle ACD 

| equal alſo to two right an- 1 

'  gles*; it follows that the ſum . 6 

of all the angles of both trian- - 

gles, which make the four angles of the , 


» 


— 


; A. 4. muſt be equal to four W 5 


- "COROLLARY L 


2 Hence, if three of the angles be 5 oer th the | 
0 wand x will alſo be a right - angle. 


ooo n. | 
: depen if two of the four angles, be equal to 
two right angles, the remaining two together vin 

| * * rugs to two right · angles. 


8 
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© If from any point P, within a polygon ABCDE, 
Lines be drawn to all the angles, ſo as to divide the 


whole into as many triangles 
APB, BPC, CPD, DPE, EPA, 
as the polyg on has ſides ; the 
ſum of all > 4 angles of theſe B 
triangles, (which together make 
up, or compoſe the angles of the | 
polygon, over and above thoſe & _ 
about the point P) will be equal to twice as man 
right angles as the polygon has ſides {by 10. 1) 
Therefore, ſeeing all the angles about the point P, = | 
- whereby the angles of all the triangles exceed thoſe 1 
of the polygon, are equal to four right angles, it "ON 
is manifeſt, that all the angles of the polygons - 
taken together, will be equal to twice as many right- a 
Ales, TE four, as the polygon has ſides 


THEOREM xl. # 


| The angles (A, B,) at th: baſe of an cn as: 
; gle (ABC) are equal to each other. N 


For, let the line CD diſect, = Wo. | 
or divide the angle ACB in- | { 
two two equal parts ACD, 
BCD, and meet AB in D: 
then the triangles 2 Fi. oy, 
BCD, having AC =. BCF, © Def. 1. 
CD common, and the an- 5 wh 


gle ACD = BCD's, will - " 2k the angles yr 
A = B. h Ax. 10 


11 


* "Im... : ag 

* af - 
LE 3235 W _—_ —————— — 4 
— 


cone Ar L TEC 
Hence, the line which biſeQs the vertical angle 


of an iloſceles triangle, biſects the baſe, and is alſo 
LN. ” W © ir . i. . 
| 0 C--. COROL- 
* 


„ 


| 8 | 
„ COROLLARY. . 


Hence it appears alſo, that every e 
angle is likewiſe equlangular. F 
. THEOREM XIll 
n any triangle (ABC) the great . Jubtends 

the greateſt angle, 2 e 

Let AB be greater than AC ; | 


in which let there be taken 
AD = AC; drawing CD. 
OG 1 The triangle ADC being XN 
5 iſoſceles, the angles ACD and A 9 
142.1. ADC are therefore equal; whence. ACB, which 
OM », exceeds the former of them, muſt allo-excets the 
Az. 2, latter ADC, and conſequently; work een wy 
0 9B, which is lea than ADC'. | . 
. COROLLARY.” * 


} 


Age in any triangle, the ſide > oy fubtends 
© the greateſt angle, is the greateſt; becauſe ACB can- 


n unleſs AB is greater than 


b 


If the three fd (AB, Ac, CB) of ene triangle, 
e egual 80 the three ſides (DE, DF, FE) ef ana ber 
„ 1 each to each reſpectively ; then the e 0 
5 to the equal fides 155 + be FOO 0; 
- N Let the .. an- * | | 3 
2 D,. 
A8 DF, and 
let GB and GC 
1 * be drawn; ſo 
: mall the trian · 1 
les ABG and 11 
= Ax. 0. EF be equal in all reſpects *: therefore, AG 
* Hyp. being = DF = AC”, and BG = EF = arts 


"1.1. 


* 


; P 


lo. * * a Jr Page” 141 = ä e pa a . a 4 
_ , a * 
h © a 
2 y p 22 if 7 
K 8 : * 
: [06 » |. ” 
f 4 
. 8 . ; 
» } 0 


"Blok "Be 157 +. „ 
the angle ACG is alſo = AGC?, and BCG 2. * 
E: thn and conſequently. ACB = AGB =" A. 4 
| DE E : therefore the n DEF are W or g. 
in all re ſpects *. | 


e SOLES on. - 
The demonſtration of the laſt theorem, in ob- » > 
tuſe-angled triangles, may admit of another caſe; 
| which, however, is not neceſſary ; becauſe, if the 
* triangle AGB (equal to DEF) be conceived. to be 
formed on the longeſt fide of ABC; then, all the 
angles CAB, CBA, GAB, GBA being acute®, the Cor. 4- 
line CG will, always, fall waged the figure 4 „ 2 *. 
in ghe preſenc cale, | Tr vt 


* Wa 
TY 2 "of * : Wy * 1 & 
\ - = 


# 


Mea ane” be 

R "THEOREM. "KW 55 5812 of Ms 

er ang (WRC, DEF Hit. pings. | 
B, DE) * 


16%; have two correſponding fides (A 


2 * 
each other, the aer correſponding fides Wil alſo be * 
equal, a 6 ty? 4 + EC” ES, 2 > a 
oP” If yOu fay C*\ 8 * £ ; a . pp aer . | | 
TTC 
ef than EE; a NN 
2 part 56 PR þ 
' ' _ 7 9 9 
FE 


AG be drawn, The wc ABG, DEF having 
AB = DE, BG = EF, and B = E (by bypathefis), « A 
will alſo have BAG=D*; but D = BAC“; there» « Hyd. 
fore BAG = = BAC ” which is * | „. 
Ws” k and 25 
COROLLARY. "4 = 
| Hence, mule triangles, having any two 
correſponding ſides equal, are equal to each other *, , Ax. 16h. 


. 0 0 T HE O. 


. 


N 


— 
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> of ö N 4 = 2 1 
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Elements of Geometry. 
8 JJC XV. +25 fn,” 
f two right-angled triangles (ABC, DEF) bav-. 
ing equal bypothenuſes (AC, DF), bave to other 
| : 2 (BC, EF) likewiſe. equal; the remaining fides 
(A, DE) will be equal, and the two triangles equal 
mean, 3 | 
la AB produced. 
tie BG E, 
and let GC be 
drawn : then, the 
- triangles BCG and & | | 
> DEF, having BG e 
. ED, BC = EF“, and the angle CBG = E“, 
A. 10 will alſo have the angle G = D, and CG = DF. 
e AC: whence, the triangle ACG being iſoſceles, 
12. 2. the angle G, or D, will be= A; and conſequently 
* Cor. 1. E alſo = ACB<; therefore the triangles ABC and 
© 10. 1. DEF, being mutually equiangular, and having AC 
15. 1. — DF, they are equal in all reſpectss. 


THEOREM XVII. 


4 | F tuo triangles (ABC, DEF) having two fides 
=. (AC, BC) of the one equal to two fid:s (DF, EF) 
42 RM _ of the other reſpefively, have alſo the angles (A, D) 
ſubtended by two of the equal fides (BC, EF) 7* to. 
 ,. © eachother; and if the angles (B, E) ſubtended by 
b other equal ſides, be either, both acute or both obtuſe 
tien will the two triangles be equal in all reſpe&s. 


= 


z Le. CG and FH be perpendicular to AB and 
| 1 f ; ; 5 9 8 I e nota 


fe 
* : * 
* 
1 > 
, c 1 


* EY 
— OE 
- WR ar = 


5 
A 


* 


. DE: then, the angle ACC being = 2 | 


the 


| "Book * H. 4 
A =D, and the fide AC=DF*, CG will alſo be” Hyp. | | 

FHs; whence, CB being'= FE *, the angles 15. 1. 

GBC and HEF are likewiſe equal“, and ſo, the 16. 1. 

triangles ABC and DEF, being mutually 'equi> 

angular , and having the ſides AC and DF equal. O _ ar 

are equal i in all reſpects s. 1 

Tue demonſtration is the ſame, when both the * 

angles are obtuſe, as in the triangles AC, DeF : | 

for, if C4 (= CB = FE) = Fe, the angles GG . 

and HeF bein equal (a before), the angles ae. 

u 2 will likewiſe be equal 2 . % 


| n 
THEOREM XVIII. A 

| E ea TONS... +2 
equal, the fides (BC, AC) ſubtending * will ne - 1 ; 


wiſe be (1 qual, 


Let CO biſe& * angle 
ACB, and meet AB in D: 
then the triangles 1 
BCD being equiangular *, - 
and having CD common to | | 
both, they will alſo have (dt 
AC'S = BOS | 1 A. ée 


| 'ITHEOREM , 


| Ay two files (AC, BC) & we fancy 1 
taken together, are greater than the third fide 4 3 1 OM 


In BC need, let 
there be . =Ch D 
ang let AD be drawn. The 
antzles D and DAC are 
cqual ; therefore BAD, 
which exceeds the latter, 
muſt alſo exceed the for- | 
mer D; and conſequently OR, 

_ © BD (#, BC + AC) malt exceed An donn 

* 


Co = 1 TR 


* 
1 


. 


* 8 57 e ; 


8 * THEORENM XX. . 
. al the right lines (PA, PB, PC) falling from £8 
TOE b given point (P) upon an infinite rig b. line (RS), that 
| (PA) i the leaſt which is perpendicular ta it; and, 
F .the rel, that (PB) which is the neareſt the per- 
8.4 eh is 5 than ay ker, . * e e 
e eee 
55 For BAP beuge abt. „ lo Sits „ 
» Hyp. angle?, ABP will be a n=) AC 
2 Cor. 4. cute , and therefore mon 
| to IO. 3 BP" „ £ | 
; age 1. Again, when PB 1 R ht HP 
Z are both on the fame "ths + 
La ide of the perpendicular FE hs . 
* Cor. to PA; then 1g, CBP c. right angle c. BCP 2, 1 | 
9.7. conſequently PC c PB. W. 
If PB be on the contrary fide of the ee | 
lar to PC; from AC, let AB be taken = AB; then 
ae Ax. 10. the two liges PB, PB will be alſo equal; and chere- 
. fore PC, Which exceeds the one (by'the IR 
Sn will alſo exceed the other, 4208 


- THEOREM XXt.. 


07 two triangles (ABC, DEF) having two fides 
(AB, BC) of the one, equal to two fides DE, EF) 
of the other, each ta each reſpeively, the baſe of bat 
(ABC) will be the greateſt, which is ſublended er der 
ibe greateſt angle. | 
Lerche angle ABG = E, BG = = EP(= BC) alſo 
= A 


1 & 
A N L 
4 7 2 : 
; * 4 
J i 
I 


kr AG cg be AK apon the ud of which, 
9 * 


it is rv Bios that Gl becher the point I de confi- 
deretd as falling between G and K, or between G 
and 1) will be leſs than CI *; and therefore AG, * Ax, 2. 


a a n _ 99 
HEC 0 4 E M XXII. IN „ 


. ge 6e triangles (ABC, DEF), baving one angle 
(BAC) in the one equal o one angie (EHF) in the 
"other, and the ſides (BC, EF) oppoſed ic them 4 
equal, that (ABO) will have tbe . baſe, where , 
of the oppoſite math Wh . the leaſt from 6 Tan. 
. right- angle. | 46s e 
Let BG, and EH be e, to AC _” i , | 
D, in which produced, take HK HE, IK 
GB, and BM = EH; allo let MN be parallel to 4 


% "GA, meeting AB, produced if = Wa ja. N Nad 
let Cl and KF be drawn. 


| The angle ICG NG = BCG, — the Miter of , 
— 8 than EFH= (or KFH ), thence'ls< Hyp. A 
ICC K FE, and conſequently BICTEK *; whence © Axe 10. 
alſo BG (BI) EH (ZEV) or its gust BM“; and =” rats 
therefore BA © BN, becauſe AG and MN being 
Funn: both the points M and N will fall on the 11 
me fide of AG, But BN (as thetriangles NBM, , ie 
DEH are equiangular, and have BM = EH*) is IT „ 


% : 


* 


= = DE ©: therefore BA is alſo greater than DE. 3 2 11 
f "x 9 TN 8 — 


* 


Elen, + me. 


TREOR E M XXIII. 


| 1 2 two triangles (ABC, ABD) ms ad" 
1 the ſame. baſe (AB) ), tbe one be wholly included within 
the other. the two fides (AD, BD) of the included one 
taten together, will be leſs, and the angle (D) con- 
* tained by them greater, eſpectively, than the two fides 
© Os Pa and the contained 3 (C) of tbe * 


1 


NEE 1. if the vertex « the contained niit 5 75 
de in one fide of | the other: wt 8 : 
Then, AD is leſs than AC + vw os” FREk 

d 19. 1. *CD® ; whence, by adding BD 

| e AD+ BD will alſo 

Wes be leſs than AC+CD + BD, TT 

. z. or than its equal AC + BG. 5 . 
(0Cor. 9.1. anne, n 


Can u th vertex be within the other rial. | 
Let AD Rene, Wi . 
meet BC in E: *. ( 
preceding caſe ) the ſum o an 
and BD is leis than the ſum of 
AE and BE; which laſt ſum, 
and conſequently the former, 
is, again, leſs than theſum of % 
Ac and BC. Moreover, the 
"+ DCE. A 


a wh THEOREM XXIV. : 
"The oppoſite fides (AB, DC) of any parallelogram 
0 ABCD) are equal, as are alſo the oppoſite 5 


(B, D), and the diagonal (AC A the paralle- 
gram into o 1 * 


. 
A 
- 


Fer, 


| Bal the F. oF 
| For, AB, DC, and AD, BO. Dp — 2 
parallels, the angle 
rw 3 — DCA, and BCA bt 
DAC, therefore the equi EZ. 
APRN ABC, ADC» A 
having AC common, arecqual } OD 
in all reſpects “. wi AT 
connor. * 
Aenne if one angle (B) of a e be 1 
'right-angle, all the other chte ill be right ones: 


for D, being = B, is a right = & 5 ang BCD is 
S and DAB =D, 5 


THEOREM: ren wes 


3 quadrilateral ( ABCD) whoſe * r La 
are equal, is a W (See the preceding 
ſcheme). PEW! 


+ 

Let the Nadal AC be drawn; then the wlan FAY 
gles ABC, ADC being murually equilateral.*, , they · Hyy. 
will alſo be mutually equiangular *; conſequently - 14. m. 


AB vill be parallel to DC, and AD N 


N "THEOREM XXVI 


The lines (AD, BC) Joining the correſponding ex- 


tremes of two equal, and parallel lines (AB, bC) 
are themſelves equal and parallel. 


Wy 
þ, 4 — 


Let the diagonal BD be drawn. "EO AB* the. | '* 


and DC are parallel", the angle ABD is = CDB*; OL. ribs 
therefore, BA being = = | x 


DC and BD common, 
the remaining fideg and 
angles will likewiſe be 
relpectively equal” ; and & 


: ; 2 * 3 8 85 
=, 26 "IN Element of cue. 
oj mT. HE oN XXVII. . ; 


7 i Y, "ts axe f (AB) of a ai Abc), * 

. three points D. F, H) at equal diſtances (DF, FH), 
Ane (DEM, FG, HI) ze drawn parallel to the 
© ©)" baſe, the parts (EG, GI) of "rhe" other fade (AC) 

2 Inverceptes by them, will 1 2 be equal to each _ 


. Ta NGM bepitralles' 42 4 
5 to AB, interſecting 5 Sl Ge ix oe UWP 7) 
and DE in N and M. 9 
Then, the . 'rriangles - 
8 IGN, MSE, having be 
Th 3.1. angle IGN = 'EGM *, . 
7. 1. Me, and GN Fi 
2241 (= FH = ED*) =. 
_. * Hp.» GM, will 'alfo. have N 
28 1. * MIN 5 2 


COROLLARY, 4. 


1 1 
1 . 767K it appears, that, if one ide of a eels 
5 be divided into any number of equal parts, and 

rom the points of diviſion lines be drawn parallel 

to the baſe, cutting the other ſide, they will alſo 
divide it into the lame nagar of Log parts. 


60 $ 3 * 
* * 


6 lan i” 


nd; alſo, if two lines FG, Hl, cutting the ; 
ſides of a triangle, be parallel to each other, and 
another line D be ſo drawn as to cut off FD 


FH and GE = Gl, this line DE will i aki 
the two former. 2 


1 f ; g 14 
i 4 e Is * | 
4 Y a N . 

1 


* 


3 
a 


g 4 * p44 
. * $ PI * ” 
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"THEOREM XXVII. R 
i in | the des of a Jquare (ABCD), equally diſtant 
om the four angular points, there be taken four 

_ "other points (E, F, G, H,) ib figure (EFGH) ferm- ; 

e by joining thoſe points, ſhall alſo be @ ſquare. © 

For the wholes AD, | MY 

DG, CB, BA being 9 

Jual e, and alſo the parts 

AE, DF, CG, BHS, 
the remaining parts ED; wp 


FC, GB, HA muſt 
ſequently be Tut; © 4 
whence, all the 


D, C, B, A being equal; B a” i 
the Gdes EF; EG, GH,» 4 5 * Ax. 10. 'Y 
HE will be equal likewiſe *, and the angle DEF= | f 
AHE*. Therefore, becauſe DEH is = A + 2 

_ AHE?, if from theſe, the * angles DEF, 19. 1. 

 AHE be taken away, there will remain HEF = | 

AS a right-angle . By the ſame argument (or 
by Theor, 25th, and the Carol. to the 24th) the 
other three angles will be  right- angles, | 


”" 4 
» - 
- 


THEOREM" Te r 
( 


F all the fides of any quadrilateral BCD)- * . 
Biſelted, the figure (EFGH) formed by i 2 Mp * 
points of bijeion, will be a e | 


Draw the diagonals AC EE | 
and BD. Pecanſe EF and LOT 
HG are parallel to AC, * Cor. t. 


they are alſo parallel to each 
other o. After the fame 1 
manner is FG parallel to Fu 
EH; therefore EFGH is a 


n P, 8 
* "te End 7 the Fuer Book. 


be contained under the two 
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1. IN a parallelogram ABCD, if two right-lines 
* E, HI, parallel to the ſides, interſecting 
the diagonal in the ſame point &, be drawn, 
dividing the parallelo- FE 8 
gram into four other "7 e ee AY 
llelograms ; thoſe two 
GD, GB through which I, 
ow diagonal does not 
, are called Comple- —- . © 4: 
= and the hes 5 1 
ewo, , , ññßñĩtðiß u ny 
grams about the diagonal. | 


4 \ 


| 2. Every rectangle is ſaid to 


- right-lines AB, BC that are the 
baſe and altitude thereof. ñꝛx 


5 
Us? * - 4 
S A 


2 Book the Second, © 
F be relangle contained under two right-lines AB 
and BC is ofttn, for brevity ſakes denoted by ABXBC. | 
But when the figure is a ſquare, it is uſually repre= ---. 
ſented by placing the number 2 over the letter, or letters 
expreſſing the ſide thereof: thus AB denotes the ſquare 


| made upon the line AB. | 5 3 

. on, | 
be refangles (BD, FH) contained under equal . 
For, let the di- D 9 2 C. 8 — 8 
agonals AC, EE OS 


be drawn :. then, 

becaule AB = | E 

EF, BC = FG, 3 bt | CERES 
r 7 >. 
triangles %, | | 0 

EFG are equal *. And, in the very ſame manner Ax. 10. 

will ADC and EHG appear to be equal. Therefore 

the whole rectangle ABCD is allo equal to the 

whole reftangle EFG tit. %. 

THEOREM II. * 
Parallelagrams (ABCD, BC FE) landing upon the 


ſame baſe (BC) and between the ſame parallek(BC, 
AF) are equal. „ | 


KO We 


; - 
- 4 Sh. % 
ww 


: 


4 


„t 


- 
- 


wal eD S Oe. 8 

Por, ſince (in Fig. 1.) the angle F = BEA ©, Cor. 1. 
and CDF = A, the triangles FDC, EAB are. 5. 1. 
I z they are alſo equal, becauſe CF Cor. 1 ® 
BE *: therefore, if each be taken from the whole, med 
figure ABCF, there will remain ABCD=EBCF®, , . 1 


4 24. 1. 


_ COROL-axs. 


, = 


Ka 
= 


. 
x _ 
VE. 
* a 
SF 
* 
« 
* 


+ wa 


Elna * ber.” 
<7 COROLLARY Ln 


Hence, triangles BAC, BFC (Fig. 2.) ſtanding. 
3 © the faine baſe, and between the ſame parallels, 
Are alſo equal, being the halves of their zeec 


424. 2. parallelograms '. 2 
e 5 NS: 

N COROLLARY n. 
|... Hence all parallelograms, or triangles, what» 


ever, whoſe baſes and altitudes are equal, are equal 

among themſelves, becauſe all ſuch parallelograms 
are equal to rectangles ſtanding on the ſame baſes, 

and. between the ſame parallels; and theſe an are 
cgqual, Nog the preceding propoſition, , 


* 


*  _. THEOREM I. 2255 


The 3 (EC, RA of 70 poralligram ; 
0 are equal. | | 
For, the whole tr. Gibt ot tu 
angle DCB being equal D 1 H 
to the whole dane „ n m 
5 1. DAB, and the parts 1 
. DIE. EFB reſpective- | N bt 
Per. 1. % equal to the parts N al 
DiE, EGB, the re- 3 B E 
Ax. 5. 1. * Fore EC, ER mn matt likewiſe be equal!, a 
THEO R E NM Iv. | 
A trapezium (ABCD) whereof 1190 Ades (AD, 
BC) are parallel, is equal to half a parallelogram, ; 
+». whoſe baſe is the ſum of ne Ades, and its . 4 ; 
of - e Aauce ettvcen them, 7 


: 
4 » ©» 1 3 * , j 
* . . . & N . 4 | 
* 4 | , 
1 a * 
4 4 . 3 34 
» 
* 6+ LY ay F 
4, . 4 4%. 4 * 


> 
* 
* i 


Be . 1 = . | 
veed, - B d K =y W ON 
DF =BC; and let . 8 
0 DH and FE. be all!, 
parallel to AB, meeting, 
AF and BC produced, in 
G, Hand E. Then AE 
4s aparallclogrambf the — ith with ABCD; 1 ö 
having its baſe AF equal to the ſum of AD and Contr. 
BC.* : but this parallelogram, becauſe BG = HF >, * Cond 
and CGD = CHD?, is equally divided by the line, 5 
cb, and ſo ABCD is the half thereof. 1 Ax. 4. 


e THEOREM „„ 


Tbe ſum of all the rectangles contained under a gives  ' ' / : 
lins (AD), and all the parts {AH, HG, GB) of | 
another (AB), any how divided, is equal 10 the rett- 
angie contained under the two whole lines. 1 5 


Let ABCD be the rect- 7 25 
angle contained under the r * . 1 
two whole lines, and let. i 
HF, GE be paral allet to AD, li 12 
12 * in of and EL %, 

hen will AF, HE, G 
be rectangles of the * "H — * | 
altitude with AC*; therefore AF = AD x AH, ©” 8 
HE = AD x HG, and GC = AD x BG and; 27 0 3 
conſequentiy AD x AB(AC Y AF + HE + hath * 1 W 
AL AH + AD x HG AD x BG *, 443. . 

| x. T-BEPREM: VL. RT 


a right-line (be, any-wiſe, divided into. 
p two parts (AC, BC), the Eure of the whole line will 
be:equal to the ſquares of both the parts, ale oe) 09 
tw e under the on kat zl 2% 
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"= De. CM, EN“ take the equal 


VI 1 Cor. to 


pct. 26. and AF, FG are equal to two rectangles under 
e BC and AC !: but A =BF + FI + AF + FG, 
Ax. 3. . or AB. = BC: + AC* + 2AC * BC. We 


a # of the given lines AB, AC; and | 


- hate of 1 OY 
a ABl be the ſquare - 1_M.. . 
— * * 


of AB; and CBEF that f. 
BC, and let EF and CE be 1 |F IE 
produced to meet the fides TPO ] 
of the ſquare ABGI in M 8 ä 
and N. 8 3 * EN 


From the equal uantities | 3 © — 5 ; 
fin. 26, quantities CF and EF, and there remains FM = 
*Ax.5.1. FN * ; therefore, all the angles of the figure being 
© right ones, NM is a ſquare * upon FN (Ac); 


COROLLARY & 


1 the ſquare of any line is — to four 
times the ſquare of half that line. 


COROLLARY H. 
| Hence, alſo, if two ſquares be equal, their ſides 
muſt be equal; becauſe EW lines ws BC have 
not Fe ſquares. 1 ; 


THEOREM VII. 


The 8 the ſquares (ABE H, ACIK) of 
any two unequal lines (AB, AC), is equal to @ rect. 
angle under the ſum and difference of the ſame lines. 


In EB, produced, take BF = 
AC; let FG be drawn parallel to | 
EH, and let CI be e K 
both ways, to meet EH and © |. 
in D and G. It is evident that 
Cor. 24. DF is a 88 „ whoſe baſe | 
Ax. 24.1. GF (= CB) = the difference K 


wen altitude FE (becauſe BE . 


u * N 


33 
= BA*, and BE=AC*) is=the ſum of the ade · Der 24. 
nnes: but this rectangle DF is = DB + GB* = 755 
DB DK (becauſe DK = = GB) = = the AENA Tak 
| n Al. {ATE | a_ 


| THEOREM vn. 


Fe 7 be ſquare made upon the fide (AC) fubtending the | 
right-angle of a plans triangle (ABC), is equal to both 
the ſquares (BE, BG) $46 upon the * EP _ 
containing that angle. 


Let the ſides of the E A . 9 "OT 
_— e e F —— 5 
duced to meet each F. * Cc 25 
ther in L and D; in 5 a 
which take KL and IG r 
each equal to AE (or K. . n 

AB); and let CT, IK, and < | | 

KA be drawn. EY „ 

Since ABH and FBC H I G | | 

(which are continued right-lines reg equal to each 

other“, EL, DG, ED, and LG will be all equals As by 

among themſelves ; and fo che angles E, D, GI 

and L being all right ones“, EDGL will de a = hm: & 
ſquare, and conſequently ACIK a ſquate likewiſe”, 1 
Nou, if from the ſquare DL, the four equal tri- 5 yk 44 
angles ADC, CGI, ILK, and KEA be taken away, 7 
there will remain the ſquare Al: and, if from the | 

ſame DL, the two equal parallelograms DB, BL, 

(which are equal to the ſaid four triangles, becauſe ' 

DB = two of them) be taken away; then there 

will remain the t ſquares BE and BG. Con- 


ſequentiy the ſquare AI is =,the Io. _— BE 
and BG 1, * N ut 1 A e 


* KAT 


The fame demonſtrated ee 


Let AD be the ſquare, on the hypothenuſe AC 
and 88, 1 the two ES on the ſides AB — 5 


1 PI Gau. 


22 BO: jet MBH be parallel to 8 85 
15 produced) in H; . let 6A. 0 e . 
1. g 558 1 55 = $I 

r Ax. 7: If from t ual * an les 12 
GAB, CAN, eg. N 1 2 
common to both, de taken 
away, there will remain NAG 

„Ax. 5. HAC; whence, as the an- 

5 'pleG i is alſo = ABC", and ti _ 

Def. 26. ide AG = AB the fides AN | 

and AC (= r AE) are likewiſe | 

f 56. J. al *; and therefore the pa- 

„ AM = the 3 75 
Dor. to jogram AH which laſt, and 
| x 2,2. conſequently the former, is N Ry the — 6M BG* 

: ſtanding on the ſame baſe AB, and between the 
ſame parallels. By the ſame argument, the paral- 
lelogram CM is the ſquare Bi: and, confequent= 

wy | . both the 
. f BG and 6 Raz 


"COROLLARY, Sh 


"Hence, ths {quare upon either of che ſides in- 
_ cluding the right angle, is equal to the difference 
Es of the ſquares of the hypothenuſe and the other 
2 Ax. 5. daes 3. or, equal to a rectangle contained under the 
ſum and difference of the eee and che e ; 


2 7. 2. ſide . BY 
| : THEOREM. 1X. 


| | The difference of the 8 of the two fides ( AC, 
BC) of any triangle (ABC) is equal to the difference 
of the ſquares of the two lines, or * (AD, BD) 
Included between'the extremes of the baſe Lu ard tbe 
i pages (CD) 7 the e 


For. fince AC*.= DC* + 4 ADY, and BC'=DC* 
7 BD* * by the Precedent),; it is evident that the 
difference 


D 


at 


9 
2 


Bu the Second. 33 
difference of AC. and BC+ will be equal to the diff. 
ference between DC* + AD and e. ＋ BD+, oro Ax. 3. 


» 


1 


W TT 
JJ ˙ ibs. 
between AD* and © BD', by taking away DC', e Ax. 6. 
COROLLARY L 
Since the rectangle under the ſum and difference 
of any two unequal lines, is equal to the difference 
of their ſquares i, it follows, that the difference of. 2. 
the ſquares (or the rectangle under the fum and dif- 
ference) of the two ſides of any triangle, is equal 
to the rectangle under the ſum and difference of the 
diſtances included between the perpendicular and 
the two extremes of the baſe, — | 


COROLLARY II. 


It follows, moreover, that the difference of the 
ſguares (or the reftangle under the ſum and difference) 
of the two ſides of à triangle, is equal to twice a 
reflangle-under the whole baſe, and the diſtance of the | 
perpendicular from the middle of the baſe. © „ 'Y 

Far, let E be the middle of the baſe, and let | | 
EF be made ED; then AF being=BD*, the ex- A. 3. 
ceſs of AD above BD (or AF) will (in Fig. 1.) be 
= DF = 2DE x therefore the reftangle under the © 
ſum and difference of AD and BD ( = * AC*—-r g. 2. 
BC*) is = AB x2DE, Again (in Fg. 2.) AD+ 


4 


BD being = AD AF = FD = 2ED, a: Ax. 4. 
AD — BD = AB, we have, alſo, in this caſe , 
Ac! — BC*'= AB x2DE, | 
Fr ; «1 D 3 THE O- 


w 


Elements il due. 


be . 7 one PI (AC ) of a triangle (ABC * 
is greater, or leſs than the ſum of the ſquares of the 
_ baje (AB) and of the other fide! BC), by a double ref · 
angle under the whole baſe (AB) and 125 diſtance (3D) 

of the perpendicular from the angle (B) oppoſite to tbe 
fide firſt mentioned; that is, greater, when the per pen- 

Aicular falls beyond the ſaid angle (as in Fig. 1.) ; but © 
. 1 when it falls. on the ere / fide (as in Fg. 2. 


1 "> the ſquare ABHF, on the baſe AB, be di. 
1. 2. vided into two MW 1 rectangles EF and EH Bd 


8 H FIG 


the line EG, biſcQing ABinE and let the per- 


pendicular CD be continued out to meet FH 
(proc uced) in J. | 


In Fig. 1 AC — BC. = twice the rectangle 
. Bl = 28511 + 2Bl® = AH (AB!) + 2BI 

A IT: 2AB x BD); therefore, if from the firſt and laſt 
5 of theſe equal quantities, AB* be taken away, then 
: » Ax. 5. . 1 — n BC* and AB" = ABK D 1 


"all Ez. 2. and 3. BC. Ac. EL = = 281 — 

B&” =2AB BD — AB*; and fo, by adding 

AB: to the firſt and laſt of theſe equal quantities, 

© Ax. 4. we have here AB* + A = 2AB NI BD. 


1H EO. 


„„ 


-reftangle- SAP.” x ED (or 


will alſo have AE 


, — * » * : 
' 44 1 8 * ? 2 2 N Lo 
Bool the" Second." 
— , — 
8 \ 


Ton + 
The Houble of tbe ſquare of a line (CE) drawn 


2 8 the vertex to the 3 of the baſe of am tri- 
angle (ABC), togetber with double of the" ſquare va 


the ſemi-baſe (AE), ts. equal to the ſqutares 8 * 
tbe ſides (AC, BC) taken — | 


For, let CD be perpendis 8 
cis to AB: then, becauſe - - - 
{by the precedent) AC, ex- 
ceeds the ſum of the two 
fquares AE* and CE“ (or 
BE* and CE.) by the double 


2E x ED); and becauſe 
BC* is leſs than the ſame ſum 15 the PG Jouble | 


rectangle; it is manifeſt that both AC“ and BC: | 
together muſt be equal to that ſum twice taken 3 


the excels on the one yore N up: the defect 
on the other. | 0 | | 


THEOREM 3 


be two diagonals (AEC, BED) of a 1 
CABCD) biſe each other; and the ſum of their 


 -fquares is equal jo the ſum of the ſquares of all the 


four ſides of the parallelogram. 


For, the triangles 5 
AEB, DEC being 
equiangular „nd 
having AB = "DC 3, 


7 3. and 
Tbs 
124. 1. 


SCE, and BE X 
DE *. Moreover, be- 


* 1g, 1. 


cauſe AE ED . ab · A c- by Ry I. 2. 


the double of theſe, we have 4AE* (ac) e * 757 {Ip 
(DB*) = * AD* + BC. + CD + Ak- e 


þ 4 — 


Tune of Geometry: 


If from any point (F), to the four angles of a ref- 

angle (ABCD) four lines be drawn ; the ſums of be 

Nuares of thoſe drawn 10 the oppoſite angles will be 
equal (1 ſay, that FA* + FC* = FB* + FD). 


For, let the diagonals A? 0 
8 and BD be drawn, biſecting Na 
* 12. 2. each other in E*, and let 

E, F be joined; then the 
7 _ triangles ABC, BAD being 
4. 1. equal in all reſpects ”, thence 
Ax. will AE(AC)=DE(2DB). - | 
10 But FA! ＋ FC AEX 
1 (2DE*).+ 2EF* FB; 


— 


F D'. "A 2 
End of the Steonb Book. 
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45 UH Hy: : 91 1 . 
» uh © NY righttine! iq . i e : 
FD, paſſing n ar 


through E the 


| center of a circle, and A, 
terminating, in the cir- 
cumference at both ends, 
is called a Diameter. 
2. An arch of a circle, X | "If 
is any portion of the pe- 36, Wn” . 7 A a 
riphery, or circumference, as ACB. i 
| 3. The chord, or ſubtenſe Py an vgs ACB, is 
a Tink AB Joining the two Ea: of r 
| 4. A ſemi-circle is a 6gure cd under any | . 


diameter and either part of the . cut 
off * 2 diameter. 


BA, BC by which it 


; * \ 2 DOD 


in the circumference thereof, 


. 4 SY 


Element 1 Gipmerry. - * 
5. Ag menr of a circle is a figure contained 


2 


| ander an 8 ACB and i its chord AB. 


6. A Sector of a cingle is a figure contained 


under two right-lines EF, EG, drawn from the 


center to the circumference, and the arch FG in- 
cluded betwixt them. When the two lines EF, EG, 


ſtand perpendicular to IEF? the Sector 


is called a > pre i} 
7. An angle ABC i 18 FR — ee 


Laid to be in a ſegment 15 
of a circle ABC, when, 


being in the peripher, /_.. e 
thereof the 3 2 A) 


44 4 


is formed, paſs through / 
the extremes of the / 
chord AC” bounding © tad : & 
that \ conc . 5 40 {ALE "7 * 


a 
8. a 


— 7 4 5 OS We \ 
% by 'J 5 s & * 


hended by ww ache k BA, 12 de i hs an 


arch of circle, BS Th ſaid to o ſtand upon that 


# 
1 . N 


9. 4 Agi lie AB es . 
faid to touch a circle, when, 
paſſing through a point (C) 


it cutteth off no * of the 
Firele. 


4 : 
LF q 1 0 C of 10 f 5 
1 5 1 7 : - ff. + * 
- ec * & 
* : d 7 a 
5 "4, | ' "71 
| 4 5 " ”u a — 1 O. b wg 
A bg ; . : . 7 7 
% ' N ; 


ob 7b Third. W 


100 T0 — (PC, RCS) are faid to touch a 
each oder, nn of 2 paſs | 9 


118 


thoughs WD 005 and Fc, ; ds ot cut wy HY 
ones 

a oe 15 ) 

# 1. Two 4 in the ſame = ogg are & laid to 

cut one another, when they fall partly within, and 


Fre without each other; or, n their circums 
Frenees cut each other, s 


= - : 
7 . ph T. 7 . 
* A4 - . '> l . 7 _ 


: N 6 4 OY * 


12. A right-line is ſaid to be appliedgi or inderlb⸗ 
ed in à circle, 5 "I 
periphery thereof. ESRI. 


kt 


13. A right-lined "OE is ſaid to be ed in 


2 che, when all its We are in the eee 
of the circle. | 


Mn oh. 4 f 4 | . 
14. A circle is aid to be deſcribed about a 
right-lined figure, when the periphery of the circle 
paſſes es, all che angles of that figure, 


5% 7 2 


1 A right-lined figure is ſaid to be deſcribed * 
about a circle, when all the ſides e touch 


7 


_ circle, 


16, A 


# * 
4 % ” 
* 
12 2 4 2 
; 
* 


| of 1. 


4 
\ 


Elements of Geomerry.. 


ee otic 


tl 
lined figure, when it is touched by all the idea of 4 
"* right-lined figure. eds n 
| t 
ee A right · lined dees tha to bea ;nſaribed Ce 
in a right-lined figure, when all the angles of the 8 
8 88 en e 10 "0s of he Res, = 0 p 
THEOREM I. | 
If the fides (AB, BC, CD, &c.) of Wo on in- 
ſcribed i in a circle, be e qual, the an . (AOB; 54 OC, 
COD, &c.) at the center of the 3 . by | 
60 them, will akewiſe be equal, | 
"$4 3 
For AO, A = 
25 CO &c. being e 1 N ata 
qual to each o- F 
»Def. 33.ther *, as well as B / 9 25 | 
AB, BC, CD &c. | 
the triangles AOB, | G 
BOC, COD, are Ko 
mutually RA 8 


fore have all the NM ; 


Þ 14. Is 


means, the A Fr of a citcle deſcribed 
of parts AB, BC, CD &c. ſo that the chords 


at the center, will alſo be * to each other, let 


teral; and there» 


angles AOB, BOC 
&c. ug 1 Ie K WOE" 
{ORE  .,S8$SCHOLIUM. "FEW 
"On this propoſition depends the diviſion of ma- | 


thematical inftruments for taking and meaſuring of 


angles. For, if, by repeated trials, or any other 


about a center O, be divided into any number 


be equal; then it is evident, from hence, that all 
the angles AOB, BOC, COD & c. which make up 
the four right · angles AOD, DOG, GOK, eg 


* 


40 chord (AB) of a circle, falls aholly withinthe 
fame : and à perpendicular (CD) let fall thereon, 


1 „ 1 
* . " 
* * 
- 
-. * ka $ 
— we " 
F . 4 * % „ &; » 
Se Pay 
>. % o * 2 


the radius OA of the inſtrumem be what it will. - 
In the diviſion of the cirele for practical uſes, tbe 
number of parts into which the circumference.is 
thus divided, or the number of equal angles at the 
center, is 360; which equal angles are called de- 
grees; ſo that a right angle, conſiſting of 90 


theſe equal angles, is ſaid to be an angle of 90 de- 


degrees: and parts of a degree, contained therein; 


each degree being conceived to be ſubdivided into -" of 
bo equal parts, called minutes; each minute again 


grees z every angle being denominated, from the 


into 50 equal parts, called ſeconds; and ſo on to 


thirds, fourths, fifths, &c. at pleaſure, 
THEOREM: H. 


equal parts. 


Let C, A, and C, B be joined; 
and thro'“ any point E in the 
chord AB, let the right-line / + 
CEF be drawn, meeting .the | 
circumference in F. n 
It is evident, becauſe CA =. 
CB, that theſe equal lines are 
on different ſides of the perpen- 


* 


from the center of the circle, will divide it into "two 


the 
and conſequently the line AB itſelf, will fall within 


che circle Moreover, becauſe the triangles ACD, « Ar. 2. | 


BCO have CA = CB and CD common, thence 
vill AD de a D.. 


ac een 


* r 


Hence a line biſecting any chord at right angles, 


paſſes thro? the center of the circle. 


1 


point E (take it where you will in the line AB) 


28 


dicular CD *z, and ſo, CE being = CA of CE. 20. 1. 


F 16, 1. 


* 
4 


THEO. 


[ot 


— 


v 16. 1. angles 8, therefore is DF =. 


e 20 AB.. 


5 2 Let the perpendiculars OE, 


Elements of Geometry. 
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Ai two cbords (AB, DE) equally diftant from the 


center (O) of & circle, are 1 9 e other. 


* 
n 


O00 be drawn, and let O, D 
Hyp. and O, A be Joined. Becauſe + 
750 33. M SOC „, OD = OA {, 
£ . and F and C are both right- 4 


12.3. AC, and conſequently DE GY 


ne eg LO Do 
Ce, oe IW. 9 
1 a circle (AEF B) the greateſt line ( AB) is the 
diameter and, of all others terminating in the cir- 
cumference, that (CD) which is neareſt the center (O), 
is greater than any other (EF ) farther 25 „ 


1. Draw OC and OD; | R 
FA l 


- thenitwill appear that AB 
= 19.1. (or OC + OD) © CD 5. 
„% Or be the diſ- c 
tance of CD from the cen- 
ter, and OQ that of EF, 
both taken in the ſame 
radius OR; Draw OE and 
5 OF. Becauſe the triangles 

n Def. 33. DOC, OFE, have two ſides e val each to Wang , 
1. and have the contained angle DO c the contained 
Ax. 2. angle FOE; therefore, alſo, will the baſe DC be 


© 221, 1. Breater than the baſe FE; and, . conſequently, 


greater than any other chord at the ſame diſtance, 


23. 3. with EF, 
e "COROLLARY. 


— a a right · line greater than the diameter, 


dran from any point wan a e will cut the 
. circumference, | Og 
| | 1 H E 0- 


WWP 


Ara, 


n 


T HEORENM v. 


F to the circumference of a kirele (AF EB), from ny 
any point (D) which is not the center, right-lines (DA, 


DF, DE) be drawn, the greateſt of all (DA) ſhall 


be that which. paſſes through the center (C); and, of _ 


the reſt, that (DF) whoſe other extreme (F) is placed 


neareſt, in the circumference, to the extreme (A) of the 


greateſt, will exceed any other (DE) whoſe extreme (E) 
is at a greater diſtance, © LE: 


- 
- 


From the center C, let CE and CF be drawn; 


COROLLARY 1. 


| - Becauſe no two lines, DE, DF, drawn from D.. 


on the ſame ſide of the diameter AB, can be equal 


1. AD (= DC + CF) DF. * fix. 4 * - 
2. Since DC is common CF = CE, and DCF .. 
c DCE *, therefore is DF & DE.. * ” 


to each other , three equal right-lines cannot poſ- » ;, 3. 


ſibly be drawn from the periphery to any point, 


beſides the center of the circle : and, therefore, if 


from a point in any circle, three equal right - lines 
can be drawn to the periphery, that point is the 


center of the circle. 


COROLLARY: I. 

Hence it alſo follows, that no circle can be de- 
ſcribed to. cut another FBG in more points than 
two: for, if it were prion to cut it in three points 
t-lines drawn from the center 


- 
» , 


G, E, F, then rig 


1 


_ —— r 3 - — . 2 
wes ow ( DL - 


9 whine, — — ww — 
rere 
2 , * . —_ . W 
N 
15 
oy SY _ 
* | F 
f 
' 1 
U „ * 


a of Se-. 8 ; 


- *Def-33. Q, to thoſe points, would be all equal *, which i- 


ſhewn to be impoſſible”, unleſs when the center 


„co. 1. 


55 come. one circle *. 


52 2 


CN: THEOREM. VI. 


in the circumference of a circle, at right-angles to the 
radius (EA) Fonts — that point, will touch * 
| circle, Toe. 


From any ook in FD, K 4 
to the center E, let the 5? by 
_ right-line BE be drawn; 
which being greater than 
20. 1. AE *, the point B muſt, 
neceſſarily, fall out of the | 
d Def. 33-circle d: and therefore, as 
and Ax. the ſame argument holds 
2 80 good with regard to every " 
other point in the line FD cexcerll * it is manifeſt 
that this line cuts off no part of the bele, _ 
. touches it, in one point only. 


A 


T H E OR E M vu. 
+ 1 the diſtance (AB) of the centers of two ele. 


the rig bi. line (AB) joining their * W1 
” e the _ end conta. 


- In 


to 4. 3. Q coincides with C; and then the circles themſelves 
will neither cut, nor touch, bur coincide, and be- 


A right-line (FD) drawn through any (Aint ( A) 


be equal to the ſum of the two ſemi-diameters (AM, 
BN), BD) Foe he circles will touch each other, nr, wil | 
7 


In AB, take AC'= ow. AM, 0 
and let DCE be drawn per- | 
ndicular to AB: then, BC 
being alſo = BN e, the cir- 
cunferences of ns circles 
will paſs through the point 
CE: Th the right- le 855 - 
(by the precedent) falls wholly M 
above the one, and wholly - \ 
below the other; therefore the _ 
circles themſelves fall wholly 
without each other, and 
touch in one point C only. 


COROLLARY. 


Hence, if the centers of two circles be placed 
at a ee from one another, leſs than the ſum 
of the two ſemi-diameters, a part, at leaſt, of the 
one will be contained within the other: but. if the 
diſtance be greater than that ſum, the two circles 

will then neither touch, nor cut each other. | 


THEOREM vil. 


Tf the. diſtance (CID; of the centers of two circles 
(CAF, DAE) be equal to the difference of the two 
ſemi- diameters (CA, DE), then will thoſe circles touch 
inwardly ; and that” radius (CA) of the greater, 
which is drawn through the center (D) of tbe leſſer, 
will meet the two peripheries in the point 7 contact, 


From any point E in the 
circumference of the leſſer, to 
the two centers, let EC and 
ED be drawn. Becauſe CA 
exceeds DE by the line DC *, 
or becauſe be 4+ DC=CAt 
= DA'+, DCs, therefore is 
DA = DE *; and ſo the cir- 
cumference of the circle..D - 

„ 


1 ot AAREa Dee. G 
5 — — — ves 


5 a 48 15 Blanes of . ay: 


5 f b paſſes through A: but CA is greater chan 
15. 3z. CE*: therefore every 92 in the periphery of the 


cirele D (except A only) falls YO the circle nl 
. 1 which was to be „ | 140 N 


cOROLLART I. n 


| L if the centers of two circles be plate at 
a a diſtance from each other, greater than the differ- 
ence of the two ſemi-diameters, a part, at leaſt, 
of the one will fall without the other; But, if che 
diſtance be leſs than that difference, the leſſer circle 


3 wiu.ill then be contained wholly in the greater, but 
op without touching it. 


COROLLARY. II. 


Hence, and from #he precedent, it likewiſe ap- 

. pears, that if two circles touch, either inwardly or 

_ outwardly, a right-line, drawn. through their two 
centers, will alſo paſs through the point of contact: 

| becauſe they can only touch, when the diſtance of 

their centers is equal to the ſum, or to the differ- 

r Cor. of ence of their ſemi-diameters*. 


9 


= 6 — ws 7 * —7 . $1 ER © 4 r a 22 * — — — 3 — Bk" wa * — "Lk = 
\ 7 < AIR Bi ee eas — err + £ * * ＋ og OW We, <A 3 . — — — — —— . _ 
* as — — 29 , —— — — A : 22 : — — 2 2 — —_ , 
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T and * * 
| ne THEOREM IX. 
4 F the diſtance of the centers (F, G) of © wo circles 
(DL, MH) be leſs than the ſum, and greater than 
the difference of the two ſemi diameters (FL, GM * 
tizboſe circles will cut we other. 
„ For, ſince the | 


' diſtance of the 
two centers is 
ſuppoſed leſs 
= than the ſum of 
_ the ſemi-diame- 
if ters, a part of the 8 wo 
1 Cor. to one circle MH, falls within the rg DU ; bes 
25 that diſtance is greater than the difference of thoſe 
3 © ſemi-diameters, a part of the ſame citcle MH alſo 
: 8.7. u. falls without the circle DL “*: which wasto beproven ®. 


„ | I HE O- 


— 


| Bub he Third. Rn 


n of g 1 1 N ö 
Mz 0 THEOREM x, 
: 7 be angle (BDC) at the center of 8 circle, is double 
- to the angle (BAC) at the circumference, whey ws 
angles new” 1 80 the N arch . 55 „ 


| Let the diameter ADE be drawn. "© 
In the firſt caſe (where AB paſſes, through the | 
center) BDC =A+C+*=2A?7, ® 
In the ſecond caſe, BDE = 2BAE, (by caſe 1 dy! 
to which adding CDE = 2CAE, we have BD 
'SABACL: 7 o:C 06'S 
In the this coſe, CDE CAE (by caſe 1.) 
from whence ſubtrafting BDE = 2BAE, there 
remains BDC = "BAC. 8 . 


THEOREM XL... 
All angles (EAF,. EBF) in the ſame ſegment 
| ( EABF) ) of a circle, are * to each * 


H Caz I. J the ſaqmens be great- 
fa er than a ſemi circie; from the 
center C draw CE and CF; then 
95 EAF and EBF being each of 
ince them=to half ECF *, they muſt 
hoſe neceſſarily be 1 5 to each other. E 


= 
1 
* 
> * * 
- 
* N . . * 
— 
- = 1 
0 * 
: * 
I - 
: 


Elements of - conan. 


„% If the ſegment be 
Les than a ſemi-circley, let H 
be the interſection of EB and 
Af: then the triangles 14 * 
and BFH, having the angle 

3. 1. AHE = TIF „ and AEH 
BFH (by caſe 1.) they will 

Om alſo hae EAH = FBH. 


to 10. 1. 


THEOREM 21 5 
Ane (D, G) in the circumferences, Panding- 
upon equal ſubtenſes (AB, EF) of circles having equal 
diameters, are equal to each other. And the ſubtenſes | 


e equal angles, in the circumference of * * 
e 300 diameters,, are * equal, _ 


D 1 


From the centers P, and Q, let ra, PB, . QE. ; 
Q be drawn, 
» Hyp. ... 1. Hyp. Since AB = EF ", and AP = BP* = 
x Def. 3E Q = FQ; therefore is P — „ and confe- 
5 — oy quently .D/(= PS Of = 


z 10.3, 2. Hyp. Becauſe DG, =. HY :Q*; 
whence, PA being = QE, «ad PB = "QF *, of” AB 


: Oo, will alſo be = E 
x COROLLARY. 


Hence angles in the circumference, ſtanding $ 
» vo equal chords of the Fe circle, are equal, 
THE * 


, ; 


A 


- be 2 


 +BCD(= ACB) = half 
of ADE and BDE =half 
two right angles one 


Bool the Third. © 
THEOREM XII. 


The angle (ACB); in a ſemi- dra; ts a right angle. 
Let the diameter DE | 


Becauſe ACD = half . 
ADE, and BCD = half 
BDE b, therefore is ACD / 


08 rs 


THEOREM av.” 


The, al (CAB) included by a tangent-t0 a circle 
and a chord (AC) drawn from the point of con- 


ta (A), is 2 to the angle (AEC) 3 in the alter- 


nate ſegment. - 


nt bh ts 


\f 4 


Ler the diameter A OP be drawn, . F be 


Joined, 


Tue line DB falling wholly D 
above the circle ©, OA is the 


«© Hef. . 
leaſt line that can be drawn * ” 
to it from the center O L and f Def. 
OAB is therefore a right- Jap 
angle s: but FEA is allo a . 
right angle *: therefore, if E h 13. 3. 
from theſe equal angles, the — N 
equal! angles FAC, FEC k 111. 3. 
(ſtanding on the ſame arch FC. ) be taken away, 
there will | remain W — AC N Al. 5. 

E 2 ; "PRES "7 


* 


Ee * dann. 1 


- * 


"THEOREM XV. 


The are (DEC) made by two "0 (DEB, C EA) 
|  interſeling each other within, or without à circle, is, 
in the former caſe, equal to the ſum, and in the latter, 
equal to the difference, of two angles in the circum- 

| ference, ſtanding on the two. arcs os AS) inter- | 
5 25 by _ lines. 


Let the chord CB be drawn. - 


£91. _ Then DEC=DBC + ACBs, i 1727 75 2. 
3 COROLLARY. 5 


Hence an angle (E) formed below, or above 
, circumference of a circle, is greater, or leſs 


chan an —. 84 in the nee, ſtanding on 


* 
i . I 8 
Pa 


=. 


THEOREM. xVI. 


"The vertical ang I (ABC) of any obli _—_ ri 
D) zs greater, 
er & ts than a right-angte, by the angle (CAD) com- 


.  Prebended 
. 


angle (ACB) 1 bel in a circle (AB 


"+ 


: A 
bd * * * 
. FA 4 . | 1 
85 * 
op 1 > 3 a 
Fo 0 . \ AT 0 ” 


D 
— 


Bent ke Ted. £7 "4 


prebended Fate the. baſe (AC) and the "Pp ( AD; 
drawn eas the extremity % gp oth ; 1 


* 


2 
F 


: 1 CY Ef A444 
9 * = / 1 
7 
4 8 12 - 
: , * 
B * F ? 


TD 4 *. * A. * 
. 


c 4 og 

p of”. K 

| 0 N 
For, BD Wing drawn, ABD wil be i 85 


ene and CAD rg CBD *; therefore, in the! 113. 1 
caſe, ABC right -· angle CAD.; and in in the, 3 
ſecond, ABC = . 3 * * 


N X | ib N * 
AA en 
DH 4 REM- XVII. no 
If any fide Ne of a 8 e | 
ſcribed in a circle, be produced out of the' circle, he 
external angle (ECD) will be 1 to the up pefite, 
N e ge at th ei nt 
12 % is © 063 ; 
Ter the arias BF be * S 
drawn, and let AF and CF - "| 
be joined: then the angle 0. FL 
BAF being a right angle Wa 
(-=BCFY = ECP „ and I n 
DAF ale = DC E' ftand- . 1 7 
ing both on the ſame Wang q 
DF; "thence will the re- 9 
mainders er w „„ | 
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F Elements of Ge | 
” *eorg@erazr oo 
f Hence the oppoſite angles BAD, BCD of any 
_ quadrilateral inſcribed in a circle, are together, 
. © equal to two right-angles. "For, fince BAD = 
* Ax. 4. ECD, therefore is BAD+BCD = ECD + BCD" 
Eũiij 7 70TH: 
Wo OO TREOREM XVUL- 
| - Through any three points (A, B, C) not ſituate in 
the ſame right line, the circumference of a circle may 
Draw AB and gc 7 | 
5 way let be biſe&ed / © D EST 
bp the p rpendiculars. Ar ' 
0 DG — 2 — A #3 wa 
- - ly produced on that 
ie 'of AB: d, 
on which the angle 
ABC is formed. 
Theſe ndicu-. 
Jars, 1 tay, will inter. 2 
75 ſect each other; ane | 
the point of interſec- _ ae ated. oh 
tion O, will be the 1 
„ center of- re EE nut ads a 3 
Poor, if DE be drawn, it is plain, that the angles 
t Ax. 2. GDE, HED are leſs than two rigii- angles ; there- 
Cor. 2. fore DG, EH, not being parallels*, they will meet 


ee” 1-cach other 7. Hence, if from the point of inter- 
of 271 ſection O, the right lines OA, OB, OC be drawn, 


the. triangles ADO, BDO, having two ſides equal, 


x Conſtr. each to each *, and the angles ADO, BDO, contaio - 
' Ax. v. ed by them, equal 7, will likewiſe have AOzZBO . 
7 
'® Ax. 10. After the very ſame manner is CO = BO; there-. 


Ax. I, 


fore AO = BO = CO *: whence the circumfe- 
rence of a circle deſcribed from the center 82 


the diſtance of AQ, w_ ap pals cheough 91 . 
p _ ay | | > Def. 33. 


three points B. C, D, (by the pre- | | 


F Tt B, C — D, muſt alſo paſs ___ A, Ax. 5. 


Bol the Third.” 


ohn 


scholl 


| "Wikies the -method of deſcribing the circum- 
ference of a circle prongs des given 8 is. 
manifeſt. "foo . 


| THEOREM: XIX. . 
F the oppoſite angles (BAD, BCD) of 3 


lateral (ABCD) be equal to two rig bt. * a circle 
may be e about that E nd 


. the i of a : 
circle may be deſcribed thro any 


cedent.) Pur, if you deny that it 
paſſes thro' A; then, thro! the-. 
3 A: be drawn, 
and let it ( ble) — 
through ſome ot Fu * 
the line OAF, (for it muſt cunln © 
this line ſome where); alſo let Cor. to 
BF and DF be drawn. Becauſe BFD + BCD = * 
two right-angles © = BAD + BCD; therefore ( Cor. to 
muſt BFD BAD ;,: which is impoſſible tl. There- 17. 3. 
fore the circumference of the circle deſcribed | HI. 


23 · 1. 
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drawn; then will BE* + 
CE*.= 250. + 2OE* A 
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” THEOREM XX. 25 


SIS 
e 


: F from ti e (B, C) in the ſame diameter 


(AD), equally diſtant from the center (O) of a circle, 
_ right-lines (EE, CE; Bb, CF) be drawn to meet, twa 
_ by two, in the circumference z the ſum of the ny ih 
of any twa correſponding ones, will be equal 10 1 

of the ſquares of any other two, meeting in like manner. 


e ſum, 


IT E 
Se RF 8 


For, if OE and OF be -/ 


(20H = F’ CF. 


1 : 1” 8 ; KA | 3 5 8 21 20 Y 7 2910 
„ , 
If two lines (AB, CD), terminated by hi peripbery 


on both ſides, cut each other within a circle, the rec- 
| tangle (AP x BP) contained under the paris of the 
one, will be equal to the reftangle (CP x DP) contained 


„. 


n L4T# 


under the parts of the other. ©. 


C 1. If one of the two lines (AB) paſſes 
through the center O; then let OQ be drawn per- 
A i 8 *: | t 


* 


£2 


y * 
- . * G * 
* 
” | . 0 k : | 
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2 TIT * WY 
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hg 2 — z I &- > Fl © 
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It is plain, becauſe OD OC, that BY is) 2.3. 
equal to the difference of the ſegments CQ and he Tg 
PQ *: but the rectangle under the lum. and diffe- * Ax. 5, 
rence of the two ſides OC, OP, of any triangle COP, 

is equal to the rect angle under the whole baſe Sb, B 
and the difference of its two ſegments); therefore, the ©or- 1. 
ſum of the two ſides OC, OP being (ZOA+OP) OY 

= AP, and their difference (SOB—OP)= BP, 
thence is the rectangle contained under AP and BP 
equal to the rectangle contained under C and DP. 

Cas II. I neither of the two lines paſs through | 
the center; let the diameter EF be drawn z then, 

by 933 A x BH = FP XEP:=CB. 2 

X © 2 n 


- 
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THEOREM XXI. 
et . s . 
* . 3 7 4 


wan. Jo 397 rg ͤ ee mriuphirngts 
If from two points (A, C) in the cirqumference of, 
a circle, too lines (AP, CP) be drawn, topaſs brug b 
and meet without the circle; the ret angle (AP x BEB! 
contained under the, whole and the eternal park of '“ 
one, will be equal/to the reflangle (CDP) en-. 
tained under the whole and the external part of 1b. 
ober. mot” 4 I 3 | 7 n 8 
Through the center oO Pp 
let PF be drawn; meeting 
the circumference in EK 
and F; let OQ be perpen- 5 . 
dicular to AP, and let A, 


6 
F 
L4 


O be joined, 
Then, ( Cor. 1. 10 
9. 2.) the rectangle con- '* | 
rained under PF (PO CX 
OA) and PET=SPO— SEES 
OA) is = the fectanglle 
contained under AP and PB. After the ve 
manner, PE PES C PVD: therefore 
GAD. 7 EI CIR ZW 


4 51 
0 © IS 


V fame e . 
APXBP. X,.1 


Eu . carey. 5 
= 15 ER 0 1 L A 4 * 1 2 fe 
ag if Ps be a tangent at 8, and the tins 

085 be grawn z then, PF being = the ſum of PO 


| and OS, and PE. = n it e 
8 * PF XPE* = rb. Og ne 


CE * — 


$72, THEOREM. XXIII. : 


Ig if from the center (C) 4 circle, Ws TP 
74 chord (BD), 4 line 5 be drawn ; the ſquare 

f line, together with the reflangie contained 
* the two parts of the cbord, will be equal 10 a 
© ſquare made upon the radius of the rele. Te 


Let EAF be another chord. 
F be foi to CA. and let 
be joined. CO eee 
12. 3 bine F eee + Supt 
73.5 wml AE” = AE CAP ST 
„ KIN AD "to which equal N 
3 8 2 adit AC, we have =2 
| E. = ABxA + AC“. 


«ana 
| COROLLARY.' 1 

Hence the ſquare of a line (AC) drawn "LED 

any point in the baſe of an-iſofceles triangle (BCD). 

do the oppoſite angle, together with the rectangle 


of the parts of the baſe, is equal to a 1 made 
1 qo of the equal des of the 4 


"THEOREM xx1v. 
7 be 3 contained under the correſponding fides 
of the eguiangular * . R ) taken alter - 
vateh, are equal, _ 
| 1 fag, if A D, B = E'ad'C= F, ten 
will 0 IS = AC x DE, 


. 9 1 


Bl he n. 


In BA - let | 
AG be taken z DF: 
jet GCB be the chtcum- 


. fetence of a cirele paſſing __/ 4: 

rhrough-the three points %, 

7 B, C, G, meeting CA © VL © 16. 3. 

*. produced in H; and let 

: G, H be joined. 4 f 

10 Becauſe the angle H 1 

3 2 B 1 — „ HAG = — „ I. 35 2 

BAC = X and R 2 DF = thence is AH? 7 0 * 

N DED, dc and 6G e ee . 2, 

' = AB x A S AB x DF. N e. 

4 3 i . 51 21. 3. 

THEOREM XXV. en 
The reflangle under the two des (AC, BC) of any 

triangle (ABC), is equal 10 the reitangle under the | 

, perpendicular (CD) to the baſe thereof, and the * . 

5 _ (CE) * the n —_ Ch IF 

J For, B. E being joined, * K 5 

5 th angles A, E will be I 

0 equal, and ADC, EBC 4 | 
both right. angles 6; and. 4 

. conſequently : criangles ] 

$ ACD,ECBequiangular*: . \ J 


therefore AC, EC; CD, \ 

CB being coliefponditg © bon 
ſides. oppoſed to equal 
angles, the rectangle AC | 

x CB, contained under the firſt 104 laſt f a. 


will be equal to the INS EC x CD r n 
e A "blah 3. 


* 


, | 22 
. — 


| 5 3. ſegment AC, are equal!; 


THEOREM XXVI. 


ef a/triangle (ABC) and terminating in the oppaſte 
as (AB 9 together with the refangle (AD x BD) 


the two ſegments of that fide, is equal to the 
$483 4 angle of the two fides TE he ee voy g 


t CD be produced 

to meetthe circumference 5 

22 9 of a cirele, deſcribed * 
through the points A, C, 

B, in E; and let AE be” 

+ drawn.” : 

The antics E ap B, 4 

„ RiwGog upon the "nd 


wht 
i 


and ACE is equal O OI 
(by hypotheſis); therefore * e AkC, 
Cor. 1. DCB are equiangular v; whereof AC, CD; CE, 


43+ \ therefore AC x CB = CD x CE * 

MS SAW AD x Dt. 1 5 
% 8 THEOREM: XXVII. IT 
" Th karl of "the to diagonals C 4070 BD) Nor 
amy quadrilateral (ABCD) inſcribed in 4 'tirele, is 
| 5 Ae) the ſum of the two rectangles (AB x DC, AD” 
* ) contained under the Le ent 4s 
[Le Bf be drawn, making 

the angle CBF = ABD, _ 1 

meeting AC in ; FIT 8 

Becauſe, the angle BCF = — 
1113. ABL, and CBE = ABD, 
Conſtr. the triangles CBF, DBA are 
e equiangular ; and therefore, 
FN BC, BD; CF, AD, being 
correſponding ſides, the rec- 


 rapglyp BCN AD, and BD x 
N | . | 


* N 


kum of. n, = 1 


Ti fee of ne (CD) bing any ngl ©. 


to 10. 1. CBare correſ ponding ſides, oppoſed to 5 angles: 


* - 
<XF * * 
Wh. as” 
F 
- x 


— v 61 5 
CF will be equal. Again, the angle ABE being 24. 3. 
.=CBD", and BAF=BDC 7; the triangles ABF. Ax. 1. 
and BDC are, likewiſe, equiangular; and conſe- . 3 
quently, AB, BD; AF, DC being correſponding 
ſides, AB x DC = BD x AF* 4 to which. adding 
BC x AD = BD x CF (% proved above) we have 
alſo AB x DCA BCN AD.= BD x AF + BD x 


CF = BD X AC*. = 5 1 5. 2. 
„ ron JIN: 742: 7 #2] 
If *the radius of a circle (OADF) be ſo divided _ > 


into two parts, that the reftangle under the whole 
and the one part ſhall be equal to the ſquare of the other 
part; then will this laſt part be equal to the fide (CD) 
of a regular decagon (ABCDEF, &c.) inſcribed in 
the circle; and that line whoſe ſquare is equal to the 
" two ſquares, of the whole and of the ſame part, will 


be _ to the fide (AC) of à regular pentagon in- 
ſcribed in the ſame circle. 3 


Draw the radii OA, 
OC, OD, OF; alſo draw 
AD, cutting OC in G, 
and let AH be perpen- 
- dicular to GG. 
The triangle ODG, £ 
having the angle COD 
(=4DOF?7 = OAD*) 
=ODA *, is iſoſceles *; _ 4 10, 3. 
moreover the triangle 3 5 
AOS, having AGO ( GDO + DOG =. _— 
2DOC *) = AOC, is likewiſe iſoſceles*; as is alſo 4 18. 1. 
the triangle CDG, becauſe, CGD being = AGO*,* 3.1. 
and CDG (CDA) = FADf, the triangles AOG, * Cor, to 
CDG are equiangular. Therefore, CD, AQ; CG, 12.3. 
GO being-correſponding ſides, we have CG&xc acc 
(CG x CO) = CD x GOs = GO", becauſe GOr 24. 3. 
; i = GD 


. * 
* 
11. Jo N 


tion is manifeſt, 


DDC: whence 


- 


Geometry, _ 


the former part of the 


ain; becauſe AG=AO, HG will be = HO'; | 


and ſo GC being the difference of the ſegments HO = 


and HC, we have (by Cor. 1. 


Don = OG: 


» 


AC = AO' . 
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to 9. 2.) AC — AO® 


above) ; and conſequently 
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"DEFINITIONS Kk 


AT IO is the proportion which one 
magnitude bears to another magni- 
. rude of the ſame * _ repo 


I. 


The a, or * of a ratio is ates by ö 
conſidering what part, or parts the magnitude referred, 
called ihe antecedent, is f the other, to which it is 


referred, called the conſequent, - 


2. Three quantities, or magnitudes A,B, C, 4 164 B. CO. 
ſaid to be — when the ratio of the firlt*- * 
A to the ſecond B, is the e 
ſecond B, to the An C. 


3. Pour quantities A FY B, C > Tag are - fad t to Mika 
28 when the ratio of the firſt A to the 2-4-5410. 

ond F WAN of 
E | | | 


taken in order.. 


al of Gamers, 
e that four quantttits A, B. C, P CM 


portal, they are uſually wrote thus, A: B: CD 7 


and read thus, as A is 0 B, ſo is C to D. But when 


three quantities A, B, C are proportional, the middle 


one is repeated, and they age wrote thus A: B:: B: C. 
4. Of three proportional quantities, the middle 


one is ſaid to be a Mean-proportional between the 


other two; and the laſt, a N 9 


* and ſecond. 


5. Of four kat quantities, the laſt i is 
faid to be a Fourth- 1 f to the other three, 


- 


| 5 K B. c. 6. Quantities a are ſaid to be continually GE: 


> 0 beer om eget whom, 3 15 828 Ek 


tional (or in continyal proportion) when the firſt 
is to the ſecond, as the ſecond to the third, as the 
third to the fourth, as che fourth to the e fifth, ind 
ſo on. 

7. In aferie or rank of quantities continvally 
proportional, the ratio of the firſt and third, is ſaid 
to be duplicate to that of the firſt and ſecond ; and 
the ratio of the firſt and fourth, riplicace to * 


* 5 number of quantities A, B, c, D | being 
given, or propounded, the ratio of the firſt (A) to 


the laſt (D) is ſaid to be compounded: of the ratios 


of the firſt to the ſecond, of the and to the pages | 
and ſo on to the laſt, 


2 


9. Ratio of equality, i is that which k equal quan- 


2 
A 


5 may be Peel berg that ratio 0 equality, and 
equality of ratios, are, 7 no means, ſynonymens. . * 
1 ir | ll e 


4 2 


\ 


ce 


9 


| permutation)! ir wil 2262 1 3. 


. 


lite two er more ratios. may. he. equal, though 


quantities compared are all unequal, Thus, the: . 
of 2 10 1, ig egual to the ratio of 6 to 3, (i being 
the double of 1, and 6 the double of 18 yet none 7 


the four numbers are equab. .. MN 


10. Inver ratio is, when 6 1 is e La 
the conſequent, and the conſequent the antecedent. 
nie: 1 * Re 26 2 then, imverſys 12 . 


* Alternate proponion is, when ie is 
8 with e, and conſequent with 
N | 6 4 1 A 
As, if 2 : 233 then, by alternation (or 


| _—_ £ * iy l 
45 3 ien * «2 + MY FI 


12. Compounded ratio is, when the ane 


and conſequent, taken as one quantity, are come. 


pated either wu the wp; ern or with the an- 1 
tecedent. | 

--\Tbus, if 2-11 oY f NA by compotition, | 
2 15 12 30+ 9: bn Ss een 


Dt Ay AY, 
50 Divided ratio is; when the differency of ls 
_ antecedent and conſequent is compared, either wich 
dhe e ek or with the anteceden. 
Ray if 31: 12 4; then” by-divifion, g_ 
; 12 4: 45 and - tk ry "947 unn 1 


i Jef four laſt difnitions, le explajn, Ile naue: 


given by Seometers 1 tbe different ways of . ma- 


naging and diverſifying of proportions, are Put down 
bere for the ſake of order hut are not 10 be aſed, or 


referred 40, in am ſſba pe, till thoſe Properties and rela- 
tions are demonſtrated, 2 bo Hee: in the. 2 
. Theorems of this books r , e e Y 0: 


14. Similar (or like) My ined sg ste are ſuch, 
which have all their angles equal, one to another 


«fff c- 
* I | 
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n F 
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; Bu bs 25 an oy - „ . e — 4 wo \ BY LH 4. 4a we A 
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about the * 
Wan ; F LEY by BY 1 FOITEND 
angles MATTY W UT IRE! f 


An oo WY? v4 95. 7 OTE Ye £4 Ka. A CY 
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* N. 113 f 41% * 4 \ 2 * * i * 4 
C N 4 2 * 1 1 i: 5 FT i ks : pf 
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297957 t. 9 142 


e if the „A . BE. S 0 
AAB; DF, DE, RA: BC: ö Oc: 
en the * NG. DEF arg Y dei 


8 oh 
AXIOMS. 


gar 


8 


EF 
N 


A 274 2 * 


*% 


pu of een 1 
- np and alſo the ſides 


beck * 2 — * 44 4 3 x XE 8 
b f ; . 
N 44 7 70; 125 a: 4 u 1 9 ; * $8 * WHASEC 3 +73. 
— 


| ES 


1. Tbe n quantity being e born for | gver 


* pd equal quantities, ſucceſſively, | 
abe m te ee eee eee 
2. Equal quantities, Have to-ope dad the n 
_ quantity, the ſame ratio. :;. Ni 15 tt 
3. Quantities having the ſame ratio to one and” 


the ſame quantity, ot to eee 1180 


among themſelves. 


4. Quantities, to which one 5 we fare qu quan-, 


Fi tity has the ſame ratio, are equal. 


. If two quantities be ——— third, that 

which is the greateſt will have the greateſt ratio. 
6, If two quantities be referred to a third, that | 

is the greateſt which has the greateſt. ratio. 

4 Ratios, equal to one and the me ratio, are 

alſo equal, one to the-other, 

. he two eee be divided ine, — com- 
poſed parts, that are equal among themſelves, or 
all of the ſame — 5 then will the whole of 
the one, have the ſame ratio to the whole of the 
other, as-the number of the parts'in the one, has | 
to the number of equal parts in the other. 


9. If the double, treble, or quadruple, .&c. of 


mM r of any N be OO the e 


* 


en ene & Ab to Co be tbeb of any . 


CHIME 851 * W | Non 5 f 


will be the date treble, or quidrupls, Ge. of the 


whole quantity eee 


FIG an V. Af ef 6! AA ) + qt Ss N Ute | 


3 oe TRR OR BM: hinwa ay: 


"34 Ka 


 Equimuttiplis of any T0 dunner (AB, C f 


ere in the ſame ratio as the AJ tbemſelves. 


number NH (g) to any other number N {4); org 
which is the ſamie, let AB contain Gy Hů,E equat 
E SB 0 whereof CD contaim the num Ax. 8. 4 
NCH). Let there be taken Ef, g. eF\any:equi: - 
multiples of As; a, öB, reſpectively; and jet Gp, s by 
7 25 H be the ſame multiples of Ces ci, de, D: 
ſhall che hole EF be the fame ultiple 8 


of the whole AB, and che whole GH of dhe Weile 


CD, as each Part in the one, Res its 


b B, Ce, ed, 
25 th 
F A in gy Bertin to OH, bs the wunder ot 


jo Fe 1 x0 the number of equal parts in 
his the ſamze) as the number of parts 
in ad 5 number of parts in CB, Rat is, 48 AB 


is to CO: which Was to be 8 
4a; , 2. COROLLARY Wy{ YO ©: 9 


eue; Ne Ne of 7 ee fame 
ratio as the'who becauſe the” "Xn 3 N GU 


are all e ual , their equimoltiples * Hyp.. 


kd * e eee 


( | A e 
13 , . 
l | 1 THE O. 
F . * Fa = 
» 
- * 
ö _ 
* 


OY Y | 
* : 
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55 Þ4, Sec. w alſo be equal“ 1 A Ax. *r | 


© 
dent in the other . And, Fuce the parts Py. ab," Ax. 9.4, _ 
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* * 


; 5 8 , 0 
» * 7 : 
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 FHEOREM- _— yup lo 


T he two antecedents (AB, DE) of 3 
tional quantities, of the ſamt kind (AB, Be, E, 
0 A be foe ratio with. the i200. me | 
( 


4 . K 
_— 4% 83 . * = * - Mt, + \ * © - Sa $0 
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„Let ahi: common Mio! EA to BC. 250 

'DE to EF; be that of any one number M (5) to 

| any other number N (3); then will AB contain Md 

865), ſuch equal parts (Aa) -whereat, BC. contains 

* Ax. 8. V(3) ; and DE will, in like manner, contain M 

of 4. (5) ſuch equal parts (Dad), vhereof EF contains 

VV(g). And fo, AB and DE, as well as BO and EF. 

. being equimultiples of As as 5,347 eee 
fl 4, n Aa (BB): Dd (Ko): SBC EEfiic 43. 
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That the proportionality will ſubliſt, "when the 
conſequents are taken, as an e and oe an- 
tecedents 8 conſequents, o appeats from hence. 
For BC: AB; number of 3 0 C7 ih 
- za E in AB {or DE): EF: DE*.. 


"THEOREM HI. de ee 


8 of — e quantities (AB, BC, DE, 
_ EF) tbe ſur, or difference of the firſt antecedent, and 
— — (AB + BC) i to the firſt antecedent, or 
—— as the ſum, or difference of the ſecond an- 
tec and conſequent (DE + EF) 5s 10 the ſecona 
WIR" or ä | . 
Let 
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Let what was premiſed in the demonſtration of : 
the preceding theorem, be retained here: then will 
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AC (AB + BC) be in proportion to AB, as the 
number of parts in AC is to the number of equal 


parts in AB 8, or as the number of parts in DF © Ax. 8. 4. 


(DE + EF) to the number of equal parts in DE, 
that is, as DF (DE ＋ EF) is to DE*. Again, 


if from AB and DE, be taken away Bc = BC, and 


* 


Ef = EF, then will the difference Ac be in pro- 
portion to AB, as the number of. parts in Ac (or 
D/) is to the number of parts in AB (or DE *), that 
is, as DF is to DE. 10 the ſame manner it will, fb 
appear, that AB + BC: BC:: DE + EF: EF; 
and AB - BC: BC; : DE—EF: EK. 

m—_— 7: e. 

It will appear from hence, that the ſum of the Ki 
greateſt and leaſt (AB+EF) of four proportional 
quantities (of the ſame kind) will exceed the ſum 
(BC + DE) of the two means: | becauſe, AB 
being ſuppoſed greater than DE, Ac will be greater 


j ; i > 7 
| ; , rn 7 c 6 * ws & Boo. N 5 % + bl 
Bob then Fourth 609 


o 


— 


than Df, in the ſame proportion“: and, if to theſe“ 3. 4: ph 


there be added BC-+ EF (common z) then wilt 
the ſum Ac + BC + EF (AB + EF) be alſo great- 
er than the ſum Df + BC + EF (DE + C.) Ax. 6. . 


+ 449. s ee 

In the demonſtration of this, and the preceding 
theorems, the antecedent and conſequent are ſup- 
poſed to be divided into parts, all Matually equal 
among themſelves. But it is known to Mathe- 


maticians, that there are certain quantities, or mag- 2 
2 F 3 nitudes 
\. " 


—_ 
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nitudes that cannot ; poſſibly; be divided in that 
manner, by means of a common meaſure. The 
Theorems themſelves are, nevertheleſs, true, when 
applied to theſe incommenſurables ; ſince! no 'two 
quantities, of the ſame kind, can poſſibly be aſſigned, 
whoſe ratio cannot be expreſſed by that of two num · 
bers, ſo near; that the difference ſhall be leſs than the 
leaſt thing that can be named. But if the,natter, 
viewed in this light, mould not appear ſufficiently 


ſſtientiſc, and you will not (in the preceding theo- 


- rem) allow the ratio of AC to BC, to be exaZlyrthe 

_ ſame irh that of DF to EF, when AB, BC, and 
DE, EF, are intommeaſurables; then let it, if 
poſſible, be as ſome quantity 90 (lefs than Ac) 
is to BC, ſo is DF ro EF. Let Bi be a part or 
mteeaſute of BC leſs than the difference (Aa) be- 
, tween Ah and 4B; let By be that multiple of Bl, 
which leaſt 'exceeds Ba, and Jet 2E be to EF, as 


4; 


Fe £ #, 8 u N * 
It is evident, that A 255 08 
7B 's len than ag 
. Bp 
„ Hyp, Aa); and that gE iH 


allo leſs than DE, 


p 7 « EK 


| becauſe che rario of qE.co EF, being adsl to thar, 


1 Ax. . % AB to BC, or of Df te EF, and fo, E left 


» Ax.6.4- than DE”, 


. Io by! —__ „ 
Now, if (as is ſuppoſed) the ratio of C to BC 
dean be = the ratio of Df to EE. it muſt, of con- 
» Ax. 5. ſequence, be greater than the ratio of qF to EF, or 
304 7:4 (which is the * fame) than the ratio of pC to BCi, 


roof of which is impoſſible, In like manner it will appear, 
%% that no quantity, that is greater than AC, can poſ- 


ſibiy be ro B, A8 DF is to EF. Therefore AC:BC 
DF: EF. And by the ſame kind of argymen- 

| tation (authorized and adopted by Euclid himſelf, 
: n re EY | I 6 £%Þ'# 1 75 * Vs aer en in 
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in his toellch þ book) any 4 or ſeruples, 


that may be elſewhere brought. from the incom- 


| 1 of quantities, may be 1 qad i 
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| of four proportionals. E, BC, p QR) 
1 the N B 85 
5 2 ompared with am equiniultiple 
ive conſequents (BC, ok 
ame, and the four * 1 


s of their re- 


Let the common ratio of AB to lod of 
PQto QR, be that of-any one; numbe i ng 
other number N: io ſhall AB contaj = M 7 flck 


qual parts whereof 80 contains IN, ry PQ 3 5 Ax. 8. 4. 


e manner, M ſuch equal parts whereof. 
contains N. 


Let CD, DE be taken each = BC, and ;RS, 
ST each = QR, ſo that BE and QT may-be equi 
multiples of BC and QR; and let CD, DE; RS, 
ST be conceived to be divided, each inti the fame 

number of wn with RF or QR. » like = man- 
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AB and PQ, St. Then will the number of 
parts in BD = number of parts in O8, and the 


number of paris in BE g number of parts in QT 1: 4 Ax.4.1. 


and ſo likewiſe with reſpe& to aB and PQ, There- 


fore aB is to BE, as the number of parts in af to 
the number of (equal) parts in BE, or, which 


is the ſame thing, as the number ot parts in pQ to 
the number of parts in QI, that TY as puis to 
er, woes was to be F 
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Ibe one, equak. likewiſe to the” ratio of the ſecond and 

_third-in be, other j thtn, alſo, ſoall the ratio of the rt 

Ns to the third, . Jene in 2 one 5 i oy: 
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_ the en ratio of AB to BC, and of 

5:4 PQ to QR, be ſtill expreſſed as in the preceding 
7 demonſtrations. Let, moreover, CD and RS be 
conceived to be divided, each i my the orien num- 
| ber i IN with BC and ME 
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8 Beczuſe the quantities B. ob, QR, BS, 
'  » Hyp, are propottional*, their like parts Bö, Ce, Q. Rr 
Cor. to (being in the ſame ratio with the whales ) will alſo 
[++ be proportienals; or, becauſe Aa = Bb and Py⁵ = 
. 2 4-Qq „ it will be © Aa: Ce : : Pp : Rr. But AB — 4 
” Pate equimultiples of the antecedents A and Þ 
iind en, e equimultiples of the conſequens © 
v4.4 Cc and Ry; therefore AB: CD; + wn, 2 * * 1 
1 tohich was to be Cemonſirated. f 
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'* When in two rank; | al ihe age are . 
ordinate, a AB: BC :: QR: RS, and BC; q : PQ: B ma 
at 


the jame thing may be demonſirated; and that in _ very 
manner, except enly, that QR muſt wy be diuided into the _ 
number of parts * AB, and P ; 
COROL- 
1 1 


\ | Element | 1 ce, 

* ö | pate 4p 1 1 

it A is 75 3 * by EOR E _ v. 0 . þ 
46 Y 75 two. * of. quantities (AB, B. ©, 
=__ PQ, QR, RS), the ratio of the firſt and een in 
1 | the ane, be equal to the ratio of the firſt and ſecond in 
_ tze other, and the ratio of the ſecond and third, in 
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n ALLE IE - 
If other quantities DE, ST be taken, ſtill pro; 
portional to the two next preceding them, ſo that | 
CD: DE:: RS: ST; then, by the ſame argu- . 
ment (regard being had to AB, CD, DE in 
the one rank, and PQ, RS, ST in the other) : | 
it is evident, that AB: DE:: PQ + ST., And* $5: + 
thus we may go on, ſtill aſſuming other quantities, 
as many as we pleaſe; and the ratio of the firſt and 
laſt, will always be the ſame in one rank, as in the  *© 
other. Therefore ratios ? compounded of the ſame? Def. 8. 
number of like, or equal ratios, are equal. + 


COROLLADSY- IE -;.-:.... 1 
It is alſo evident from hence, that if any ewo 
quantities be taken proportional to the two conſe- 
quents of an aſſigned proportion, they will alſo be 
proportionals when compated with antecedents; 
and vice verſa, For, the two quantities CD and 
RS, when compared, ſucceſſively, with the conſe- 
quents,and antecedents of the given proportion AB: | 
: BC:: PQ: QR, appear to be proportional, in 
the one caſe, as well as in the other. 32. 

e 
,, to the two conſequents (BC, KL) of four pro- 
portionaly (AB, BC, IK, KL), any. two quantities 
(CD, LM) that have the ſame ratio i Ibe re/ſpeflive 
antecedents be added; theſe ſums and the' antecedents 
will till be propertionals (I ſay, if AB+BC:: IK: 
KL, and AB : CD:: IK: LM; then ſhall AB: BD 
1: IK: KM.) eee as | 
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12 55 Hh 1 ann 
For, CD and LM . 2. D- + 
bein f e * IE: 
to the antecedents - -. 
* Hyp. AgB and IK, they . — x . 
and d the conſequenis $194 e n en eg 
[5 0, KL) vill al be pro — (9 Cl 2. 
23. 4. F the precedent) : whence (Y compoſition) BC: 
„„ vi; KM. OE AE eee 
e eee BD : 7 2 N . Kt}. W 
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"Yrom thts Theorem it vill appear, Ty if ho 
ratios of the correſponding quantities of two ranks 
Vith reſpect to the two firſt, are the ſame in both 
ranks (AB: C:: IK: *KL, AB: CD:: IK: LM, 
Sc.) then the ratio of all the quantities to the 
firſt, will alſo be the ſame in the one rank, as in 
; other. For, by adding DE and MN to the la 
<6. 4 conſequents (BD, KM) there will be bad? AB: 
22 IK: KN (and ſo on, to any number of quanti- 
e whatever.) Then (by compoſition) AB: AE 
* 3 
When the quantities in both ranks, are © od the 
— kind, it will appear (by alternation) that the 
ratio of the two ſums, and that of every tuo cor- 
| reſponding terms, will be the ſame... 
The ſix Theorems here delivered, on propor- 
tions of magnitudes in general; comprehend all 
that is molt uſeful. in that ſubject. What relates 
to the proportions of extended magnitudes, under 
different limitations, and figures, as far as regards 
right lines and ſurfaces, will 17 om hap ot vr 
wg Part of this book. 0 


} 


7 +: 


1 1 ne 5 


Note, E. e in am demonſtration, you Meet 


with ſeveral pr 


oportiqnal quantities, connetied conti. 
e + Dink 
F:: G: H) the concluſion ta he-grawn, our 
FFP 11 1 2 
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ale (ACD, BCD), od allo poralligrams 
(Nd BDCP), having. the ſame altitude, are to 
one anot; * in 1 ron e N 
Ti, | 
9 Les the bas AD 9 het a 
baſe BD in che 5 
one number m (4) to any other 
number 3 (2), or which is the 
ſame *, let AD contain # { 


Al 


Then, the triangles ACp, pCg EN Og Oy 
BCr, &c. made by drawing \ rs OM 
les from the points of diviſion to the veriex c, 
bang al equal among themſelves *; the criangle. Cor. 2. 
will therefore be in * to the triangle to 2. 2. 
D, as the ee parts in the former 
to the number of equal parts in the latter, or as 
the number of parts in AD ta the number of parts 
in BD, that is, as D to BD*, whence, alſo, the | 
parallelograms. ADCQ, BDCP, being the doubles : 
_ of their reſpective triangles , ate likewiſe in the 
py rin ei beit baſes AD. 9 377 Bt 0-4o 4 
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SCHOLIUM. 


If the baſes AD and BD are incommenſurable to 


each other, the ratio of the age cannot ins other 
than that 1 their FIGS: 


on S=0 


is * For, We, 


OE — * 
2c _ A 's 
— — FIG 
. — 
1 8 N K7 7, - 
* 2 
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"Bot is ble, ecke 
BCD be to the El oy 
_ AED, nb bien . 
2s ſome o er line ED, greater” = 
than BD, is to AD. 
Let AN be a wt, or mea- E 
| e leſs than BE *, and” ß 
1 let DF be that multiple of AN 
which leaſt exceeds DB; allo let CE and CF we 
153 drawn. It is manifeſt that the point F falls between 
B and E, becauſe (by Hp.) BF is leſs than AN, 
and AN leſs than BE. Moreover, the ratio of 
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"rp. (by the precedent.) But the ratio of BOD to ACD 


Ax. 6 FCD“; which, is impoſſible Mole by the ſame argu- 
of 4- ment it will appear, 


97 1 AD. Therefore BCD ACD 23 BD : AD. | 
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| Bra it may not be amiſs to omit it intirely; fince 
it is only put down'for the ſake of ' thoſe who" may be 


whom it may not be improper to obſerve, that nothi 
8 more is taken for granted herein, than what is 
>» _  fetled by means of * firſt Lemma in the 8th book 


rot given till — for ed ng binted 


in this ee 
\ * n N 
s . | THEO: 


FCD to ACD is the ſame as that of FD to AD 


(or of ED to AD /) is c the ratio of FD to ADs, 
I or of FCD to ACD; and conſequently BCD c. 


triangle BCD cannot 
* Ax. L. oſhe to the triangle ACD, as a — 5 leſs than BD is 


IF this Scholium bold appear affen 10 th I 


ſerupulous about the buſineſs of incommenſurables ; to 


 tobich being demonſtrated from axioms, and one fngle | 
theorem in the firſt book, is referred to here,” t 5 


: © 
C 3 0 a P 
* 1 i a y 0 
— 
: 8 * 
\ q N 5 v 
5 ; K& * Ola 2 12 4 N 
. „ 1 * :, bw \ I... 1 ” 
SD og) 8 YR | $1 | 
* * | 4 * * I 
. < 


* a 
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Triangles (ABC, DEF) 2 upon equal baſes 
AB, DE) are te one another, in rbs ſame ratio 45 
no (EHS\PE)"s eee (14 


* 
rn 341 . un \ e TY {ISSN gf « $4 iq «C 
y l 8 . * 3 nent, T2 4» . 
IS LAS wigs eg NI <4 * W * 4 (IVY N * 44 2H 
i 0 4) rogh roms wank 
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Let BP 3 to AB, id equa to. 
CH; in which let there be taken'B Fl ang 
let AP and AQ be dran. 

he triangle ABP is = ABC'*, wry A0 2 * Cort. 
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'DEF*; but ABP (ABC) : ABQ EF): Mis ITY 


(9, Nen | de 


* if 77 — | ro E 1 ! 1 * 201181 e l 19 
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$4 — to the baſes of any two am 
ac EG), two lines (PQ, MN) be drawn, ſo as to 
cut the fides proportionally (AP: AD; EM: EH), 
then vill thoſe parallelograms and their wo 


ing parts (AQ, E EN) be * met. fr 


For, AQ: AC. / D 
SORE CADE 20: 1 
EM: E "::EN pF 
:EG:"; andthere-. ,.| 


fore, alternation, 
* EN 3; AC _ ACT 


F é = 
2 1 


5 
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F 2 5: ; . * Ele "Gm R % F 
25 5 9 7 - ; 
A Fl en M X. 


ng. $44.35 HER JAE 8 * A” * wil TY 
988 on (AB: CD: : DE 
55 E the reangle (AF) under tbe two extremes will: 
© Ll . FE to the 2 (CE) under the two means. 
d if the rectangles under the extremes and means of 
Feoacur given lines (AB, CD, 1 3 BF ) be 8s > 
= Woo ety”, IK TA 


A ea 0 + 


L 
, Y | 0 
* + 


— 
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+ 1 DE ler Do veuaken = BF, and er Gn, 
5 parallel % DC, N e <a 
1 . En. F; CG ieee een 

th 4 15 AB: CE SCC J "7 rm 7 
N ::: DG" raab 4 
Chr Ga theres! e o wer! a0 0. 5 
To fore, the conſequents R ne CTITIBLL 


. 2 of the firſt 409 laſt 5 Ar i! Nel. 3 
_ of theſe equal ratios being the ſame uantity 'CG, 'k 
. 3. = two antecedents AF and CE muſt be equal. 

A. 2:4: AB: : CD: : Sf bart CE: n: i 
. 3 PE: DX e ee. ee TT 
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3 From the ſame demonſtration, and ſcheme, it 
RR will appear, that the two antecedents of four 
Portional lines (AB, CD, DE, BF) are in the — 
1 to each other, as the two conſequents: for. 
if in DC there be taken DP BF, an 14 
| drawn parallel to DE; then AB: DE: : AF: PET 
e : CD : PDGF). r 
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THEOREM o 
nples under the correſponding lines, of tu 


8 are themſelves, ee, . . 
BCG: : CO: DE, and BF: BG. FINN 


1705 2 the OL ; reang. BM : dt. 
CH: res . DQ). * 


For, in'BG and DI (prodivced if nie 1 
hay be IF BF = * een em „„ 
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| ens IF 
| "24 
8 (Seal | 
/ 75 LA 
; FP Fog page wail ic, 12 HN to l 


1s D: DE-* : : CH, DN Ty 75 4 

iy fe. ab CH. FB: DN, and . 
ſo YL Tg: to D whence ane 

nation). AF:; M;: CH: DQ. np a ens f 
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Lende the bares of four ro rtional 
ue thee propor, e N — 


"COROLLARY II. 


Hence alſo, the fides of four proportional ſquares f 
(AB, BC, CD, DE?) wilt be proportional. For, 
let the line RS be taken ſuch, that, AB: BC: 1 
CD: RS; then, ſince AB“: CD!: RS“ Wo 
Coral. 1.) and AB: BC* : : CD*: DE. 5 FEI ts 
208, : thence will * RS* = DE“; therefore RS of 6. 2. 
E, and conſequently AB N: eb dE, A. 
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THEOREM xn. 


« LN Ene (BE) drawn parallel to one fide (c + g 
triangle (ACD) divides the "other t460 fides propor- 
ty ea. (Lay, AB: AC:: AE: AD, 8 BO 
Ch, 15 : AE: ED, a AC: BC: : AD: ED). 


8 *, & IK 


„ Let AB add 67; | 
| any one number n (g is 

5 to any other number - 

e hen 8 8 

| ſame, let AB contain 5 _— „ . 
. ſuch equal parts uhere- B . 8 

- of AC contains = (5). H/— 
Then, if from the points . 
05 of diviſion, lines be drawn 
parallel to the fide CD, they will 1410 divide AE 
„Cor, 1. and AD into the like numbers of equal rts'*, 

| to 27.1, therefore AE is to AD, as the number mber of equa 
. parts in AE to the number of equal parts in AD 

br as the number of equal parts in AB to ws 
number of equal parts of AC, that is, as AB 
"fAx.8, to AC f. In the ſame manner, AE i is to ED, as 
ble number of parts in AE to the number of parts 
5 in ED, or as the number of parts in AB to the 
number of parts in BC, that is, as AB to BC. Alſo, 

in the ſame manner, AC: BC :: : AD: ED. 5 
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25. fue aevi. 


2 ad. (Se 8 3 
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* „Da ck and DB. Then will than trian gles BEC 
Cor. 1. — EBD be equal to each other ?; aims, by 


' 4 ws oe BEA to both, 1 will be e b. 


FP 2 4 ors 29. 6 4 
95 0 » . 5 : : U * # 1... 
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But, 
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Boil * 2 3 - 3 2 
But, AB: AC: : triang. on . 
AEB : t angle ARG N. 
(ABD): : AE: AD®; and 
AB: BC : : triang. AEB: 
triangle CEB (DEB) :: 
n = 


COROLLARY. 
Hence a right-line, which divides two ſides of 
a triangle proportionally, is parallel to the remain- 
ing fide: becauſe AD is divided in the fame ratio | 
with AC, when BE is parallel to CD z but noti Ax. 2. 1. 
elſe l. nd 5. 4 


SCHOLIUM. | 
Via this laſt Theorem, whatever akin to the 


(0 ® @® Was wot 


compoſition and diviſion of ratios, when theſe re- 
ſpe& the compariſon of Tn lines will. : appear 
exceedingly obvious, 4 
For, let AB, A LARS, | P- 
AD, ap 1 
DE, be pro- A 
portionals: and Dv — 
om any point » | 
pn two in- 
efinite right-. 3 
lines AP, Ad A 2 
be drawn z in which take PO AB, BC =BC;: 
AD = AD, and DE = DE; alſo take Bc = BC, 
C De = DE, and let BD, CE, and ce be drawn. 
V Since AB: BC :: AD: DE x, thence is EC 5 Hyp. 
K. rallel to DB 1 and fo, Be being = BC, and 
=DE, ec will alſo be rallel to DB. Therefore, , 5 1 
AC (AB+BC): AB:: AE (AD+DE): AD} „ . 


AC (AB+BC): BC : : AE (AD+DE) : +DE z 
c 


> E 82 Oh 1 of 8 X 
Ac (AB—BC): AB:: Ae (AD—DE): AD; 
Ac (AB BC): BC:: Ae (AD - DE): DE; 


And, Ac (AB + BC): Ac (AB — BC): : AE 
(AD +DE) : Ae (AD BE). 


THEOREM XIII. 


| The parts (DE, FG) of the two fides of a triangle, 
1 ee by right-lines (DF, EG) drawn parallel 
to the baſe (BC), are in the ſame ratio wh the 
wholes, (DE: FG: : AB: AC). 


For, DF and EG 
. being parallel to each 
_ 7 - other, thence will DE 
| © 12. 4. AE: : FG: AG; mY 
118 dare," by cs la | 
tion) DE: FG: : AE: 


„ 2 — — 6 
v2. 4. AG?. In the ſame man- 755 f Rf 
+. men AE AS : AB: L 3 2 
| AC. Conſequently DE E N 
1 tt r AC*, 


COROLLARY. 


Hence, if ever ſo many lines be drawn parallel | 
- to the baſe, cutting the fides of a triangle, every 
tuo correſponding MET will have the fame 


5 ratio , 
f f „ 
* 


8 1 0 RE M XIV. 

. ate (ABC, abc) mutually equiangular the 
correſponding fides (AB, ab, AC, ac) PPE -the 
8825 "Ty 87 a) are proportions. Ma” 


h © * = * 


#54 
„ 


# - 
* T — . 2 
2 7 * 29 
; 5 
3 z | ' 
* 0 
— 4 A - X 
| 1 N N 8 n 
K * 
Vs 
3 * 


| Bok TE Fourth. 


EY AB und Ac (produced if nece 


n 


angie DE, 


ADE = abe = ABC; whence DE will be =. 


AD = ab, and n and Join D, 
The jets | 


= AE, and the angle 4 = A, have: alfo the wa gle 


r _ 10¹ 


rallel to BC'*; and therefore AB: AD (ab) 2 2. H, 

AC: AE * 92 t or 2 .qiN49 
Is e 2 : : 1 

ame otherwiſe. * 12.4. WW 


Becauſe e = abx AC", therefore is AB 24: 3. 
tab % AC: 4 0 
COROLLARY, 


H ular tr fimilar 
— Hence un ar 0 are to o each, . Fr 
. en enn 2 
If two triangles (ABC, abc) have one angle (BAC) 
in the one, equal to one angle (bac) in the other, and 
the fides (AB, ab, AC, ac) about thoſe angles pro- 
portional z then are the triangles equiangaler. | 


In AB and AC, take AD = = ab, and AE = ="06; 


and * DE be drawn, | 
8 8. . 
1 N \ ” | | 
| 21. MM i 
ho A IE „ 
ö Cor. to 
Since AB: ab (AD) : : AC: ac (AE), there-, W 
fore is DE parallel to BC *© z whence the angle B= 0 5 
ADE*=5b 8 and the angle 2 AED Ze, Ax. 19, 
| G 2 TH EQS" x3 


, 1. 


N * e 7 
ol * ed : 1 y 
* * 
„ 4 l 


k 4 . 
* 1 
o % _ 
. D 
: * * : $ * 
4 * — 8 A . 1 1 1 p * 
= K " Pt * a oh P 2 _—_— 0 - 
* « N 4 — . 1 Ww ; — e E o 

2 3 WS — —— — —— — 2 — 8 

= D 8 7 * 

bl 


— 


En” drawn parallel to BC, meeting ACin ps oy tack 


. 7 | Elominte Fa Gamer, 


"THEOREM: XVI. 


8 I two triangles (ABC, abe) have one angle (A) 
In the one, equal to one angle (a) in the other, and the 
| ſides (AB, ab, CB, cb) about either of the other 
angles proportional; then will the triangles be equi - 
angular, provided theſe laſt angles (B, b) be, eirber, 
8 8 eſs, or both greater, than ales. e 1 


In AB. let AD be ten = — is. and let DE 0 


Then will 
the triangles 
ABC, and 1 | 

ADE, be — —— . 

ecegqufangu- oy | 5 2 — 
f Cor. 1. lar /; therefore, CB : ED: AB: ADs: : AB: 

07> 1-aþ>:: CB ich; and conſequently ED = *: 


* 2 14. 4. 


MALLS. whence the triangles abc and ADE (having ab =. 
1 Hyp. AD, ch =ED, and a= A) will be equal in all. 
1 12 4.4. reſpects, provided the an we abc and ABC ( 
'7-1- ADE) are either both leſs, or both greater than 
right angles. Therefore, ſince the latter of theſe 
equal triangles (abe, ADE) W to ABC, 

the TINO tion is manifeſt, | 


THEOREM. XVII. | 


%. 


If two triangles (ABC, abc) have all their Ales 
reſpeRively proportional (AC : ac :: AB: ab:: CB 
1 * cb) then are . triangles equiangula. 


In AC "od AB, take AB =o, and AD = 
a, and join E,. D. 


2 
+ 
* 
1 45 


. * 
* — 
: | * 
” 
5 


* 


. Bool the Fourth. „ 85 f 
Since AG N , 9 8 
A 392240 7 Sole 
1 939 K 
ab)", —— 
„ Bs 4. Bs Vr i 
ABC, ADE are equiangular ; hence CB: ED: : 1.4. 
AB: AD® (4b) :: CB: ch; and conſequently” 14. 4+ _ 
ED = cb: therefore the triangles abe, ADE, A. 44 
being mutually equilateral, they muſt alſo be mu: 
tually equiangular a; and conſequently abc, as well « 14. 1. - 
as ADE, equiangular to AB Ct. W's 


G 


8 
1 „ 


* * 5 b Fe 


5 THE OR EM XVIIL | | - 4 
A right-line (CD) Biſeching any angle (ACB) of « 7 
a triangle (ABC) divides the oppoſite fide (AB) into _ 
tuo ſegments (AD, BD) having the ſame ratio with 
| the fades (AC, CB) containing that angle. 


Let "AE and BE be 


perpendicular to CDE. | | 
Then the triangles Ac. 
| Cora, 008 Ars BDF © 
being, reſpectively, equi- x ; 
angular', ie will 2 FFF 
„ „ 
BC. Ac 6 F ws FUE EDT was" Sg , 71 15 - | 5 13 
THEOREM | XIX. ON 


A perpendicular (CD) let fall from the rig bi. angle 
(C upon the Hypathenuſe: (AB) of 4 right-angled S::-. 
triangle (ABC) will be a mean proportional betwedn © 
the two ſegments (AD, BD) of the lypotbenuſe: and © 
each of the ſides containing the right angle, will be 
mean proportional between its adjacent ſegment, and 
| the whole hypothenuſe, 1 


EFF A oo et WAITS Lo : 


* * — 


- 
\ 8 
G h 


v7 , : 
; 


, 
» L 4 
1 - n 
: 
* - 
* = 


t A. is = BCA *, and B common, 


Cor. 1. 1 after the ſame 
d 0. 1. manner ADC and ABC pA. 


P * Who 3. 


under t 


. eee of Gamer. 
For ſince the angle BDC 


the triangles BDC, BCA are 


1 to 5 W es 


. | Therefore by Theor, xiv.” 


BD: CD:: CO: AD 
AB: BC: : BC: 35 
rd AC: AD. ” 2 ' 


"COROLL ARY.. 


Becauſe the angle in a ſemi- circle is. A right- 
angle " it Wan that, if from any point C, in 
hery of a ſemi-circle ACB, a pe ndi- 

cular 25 be let fall upon the diameter AB, and 


from the ſame point C, to the extremities af that 


diameter, two chords CA, CB be drawn the ſquare ' 
of that ee. will be equal to a fectangle 
e two ſegments of the diameter; and 


the ſquare of each chord, equal to a rectangle 


Me 
* * % 
„ 


5 $200 equal angles (ACB, EGF) to the oppoſite fides, 


under the whole diameter and its adjacent ſegment : 


for, becauſe of the above proportions, we have 
CD* = BDx AD, BC'= Sea and AC! 
AB Xx AD, * 


"THEOREM. TK. | 
7. in ſimilar triangles (ABC, EEG) POE 


_ #200 right- lines (CD, Gti) be drawn, making 


angles with the bamolagous fes (CB, GF); 2 


rigbt-lines will have the ſame ratio as the fides (A 


EF) on which they fark 4 and will Wo divide mp 
ons 1 ag 


N 


r 
BD: HG; therefore, 


i IS I YH * „„ 


For or, the cages ADC, EH G, and We FHG 


(as well as the wholes ABC, EFG) being equl- 


angular 7, 7, 


thence is * AB ; ER Ae ber: cb: CH:“ 


and AD: EH (::DC: HG) : : BD : FH 


THEornh XXI. 


| If i in two triangles (ABC, ABD) having one file 
(AgB) common to both, from any point H in that ſide, 


two lines (HF, HG) reſpe&ively parallel to tawo 


contiguous fides (BC, BD) be drawn, to terminate ge” 


in the two remaining fides (AC; AD); thoſe lines 


(HF, HG) will have the ſame ratio 4s the fides 5 
2 | BUY to mains e's erte | 


| "Ft, AB: AH: BE 


by equality, BC : HF 
BD: HG; whence, 
Her rie BC: D;; 


COROLLARY, 


4 . 
. e 1 
* | 8 
\ ' q . 
# 
, F 
* 


9 Hence if BO wire arr in HG. 


THEO © 


—_ L mats 8 
* 9 l eB E n * 


1 


: o / 4 ” H of 
. 
7 7 — 
1 . * * - LY —- 4 FP - 
? * 2 . p : l G * b » | 
5 3 " . 3% 3.4 #4 '\ | 4 ; 
i = ft \ f ; nd . 
. 4 . , . Wein 
4 = ' = 4 — 0 «< - - 
. "CET . 0 we 
) 
* ; k : * + - | 4 Pg 
- g ; . ” 
| res | ”) 
a R K 


THEOREM XXII. 


If, at any two points (F, G) in two lines (AB, \ 

AC) meeting each other, two perpendiculars (FD, 

GD) be erefed, ſo as to meet each other ; the diſtance 

(AD) of their concourſe from that of the propoſed lines, 
weill be to the diſtance (FG) of the two points them- 
May TIES, in the ratiy of one of the ſaid lines (AC) 
all: 0 a perpendicular (CE) falling 2 the” extreme 

5 OY * the other (AB). 


f 15 


8 Let BD be produced to meet AC in H. 


Since the aigles AFD + 

and AGD are rh. 

| > ih ones, the*circumfe- 

rence of a circle will 
paſs thro' all the four 

OP Sk dr anc BD)» 

19» 15 3 

5 and ſo the angles G FD, 

+ GAD, ſtanding on the 

ſame ſubtenſe G, will | 

5 be equal; and — TU Py 8 AHD, 

72 1. FHC equiangular * FL ene * n r2 1 : 

—_ . * 10. 1. HFS: . . 

C24. +> 


5 5 '- THEOREM xx" n 

1 If FRET any point (P) in a triangle ABC) three 
54 1 rigbi- lines ( AE. BF, CD) be drawn, from the an- 
| 3 gular points to cut the oppoſite fides, the ſegments. 
__ —- (Ab, BD) ef any one fide (AB) will be to qach. 

© other, as ibe rectangles (AF x CE, BE x CF) under 

%% theſe 10 988 of the other fs taken W 


LF. : . 
6 „ * 
* 


* 


Ba the ham x. 
Let GCH be parallel RO 
to AB, and let AE and 
BF be produced to meet 
it in H and G. 
It is manifeſt, „ 
triangles FBA, FCG; 
EAB, EHC; APB, / 
GPH, are equiangular*: 


Therefore AF : CF: : AB; 5." 4 K 
»CE;: BE : : CH: AB. Love 0 
| Whenice AFCE: CF BE:: : CH AB: c | 


x AB*::CH:CG'z bur CH: £G::AD:BD=; 92+ 
therefore, 90 es. AF Xx : CF * BE:: 20. 4. 
AD; BD. Alt i 11 U 8 8 0 Den 
29 rs FI | 

| COROLLARY: 43 3 


. if AD Z BD, then alſo will. AP „CR 
ct x BE, and therefore we ac : BE Es. „ e 


*, 


E \THEOREM. n 


Eguiangular triangles (ABC, EFG) 5 
portion 10 one another, as e 9 125 
their bomologous flex. Fn” 


Upon AB and „ e 2 
EF let fall the © © F 
perpendiculars 
CD and GH, to | 2 
and let the dia 
gonals BI, FI. 
be drawn, : — — 


— 


Becauſe ABC : ABI: :CD: AI ah: He 3 


EF (EL.) :: EFG: EFL. e; therefore, alternately,” 20. 4. 
ABC: EO = ABI! EFL?:: AK; EM”. 22.4 . 

| © Cor. 2. os” 
| 1 H E ©. to 3. 2 


ow. Sy Elements - of ce. 


4 | 
a x 
; 4 
7 + 
a THEOREM. XV. 
x 


1 5 (ABC, DEF) baving one . (A) in 
"the rants to one angie (D) in the other, are in 


pe banal e the n e WY: 
1 2 ian he kr 
'+ 
* ny 
| ; © os 0 on 


Upon AB and Pk. Jet fall the he pendeln 
| CP and F. Tben AC x AB: CP Xx AB:: AC: 
*7.4 CP: DF: FG“: PF DE: Fd * DE.; 


yeh © AB: FLOG + triangle 


1 


A 


n COROLLARY. 


| W Pe 
To GY af the Teftangles of the ſides Wing 
8 -& equal angles, be equal, or the ſides themſelves 
* 10, + reciprocally proportional“, the triangles will be 
105 - equal, The ſame alſo holds in panoramas, 
x s doubles of ks triangles, t 


itherratio of the reperg ( 5 re AC 7 DFxDE) . | 


5 „. Whence, alternately, AC x AB: DFN DEP 
ABC:: cara DEF, 


*% 3 «4. #5 4 
* , | 
| ' ? ! i 4x 
ws | | 5 
* | * 1 1 4 ' N 
a 1 $ : 84 >. 
W i 7 \ 5 
R Eee ad 142 
* JL "> * 
#4 * . #1 
1 ay 
& * Ke T E 
= * * ; 
& "7 . | 2 
. * N - 
L 0 1 4 ( j * « 
- 8 
N * 
* . 
\ 4 
' 7 5 
4 * 


* 


- Bak the Eu. 


THEORE M- 3 at 


l femilar right-imed fieures (ABCDE, FGHIK 
een, 2 8 e 
homelogone Jets (AB, RG t 


$ 4s 4 
o W. I s c þ <M . Þ 

I | WR TY "7 ? | 
\ Draw the be übe BE, BD, Gk. < 61. 

. g 


Becauſe A=F, and AB: AE :: FG: FK*, TO 
triangles BAE, GFK are equidngular” ; therefore, of 4.” | 
if from AED = FRI there be taken. AER = 1. —_ 
FK, the remainders BED, GKL will alſo be equal, * Ax, + on = 
Wherefore, fince ED: KI (:: EA: KF*)+; EB of 1 ' 
: KG, the triangles EBD, KGt are Ty 2 FOOLS. 
angular T. In the ſame manner it will appear, 
DBC, IGH are alſo equiangular. | 
Therefore, becauſe ABE: GFK (:: BE*; kh 24.4 5 
: BED : GKI (:: BD*: GP) :: BDC: GIH, .4 
ir is evident, that the ſum of all the antecedents” 3 Wo 
(ABCDE) is to the ſum of all the vents >. 
(FGHIK) as the firſt antecedent ABE is to the = -.2 


firſt conſequent GFK or a8 * to FG“; 1 N * 
wy to be. aid * 


— 


6 
1 


£3.40 


. 


pet 


585 
1 } 


t 11.4 : 
1 * 
bs bi i 
„ 
ME s 1 I : 1 1 & J "7! ; 
* — ; L : a = & | * 
- . * * 0 
2 A 


* 


Elemen * | ts ; 


zona XXVII. 


if three right-lines- (AB, DE, PQ). are proper- 
- (ep the right-lined figure (ABC). «pon 1 feſt, 
will be in proportion to the fimilar, and ale 1 
ſcribed, figure (DEF) on _ 8 as the wu line 

0 * to the third (FQ). 


= : ſl For, ga” PQ 
a2 hatcne):: PLS 5 
1 and 5 ABC: DEF + | ae | © 
. {ab 2 7 


COROLLARY. 


- He: fimilar right · lined figures, are in the 


7. duplicate ratio of their neee $i 92 4 


F. e. "> * 14 


2 » 26 THEOREM, Nin 


- ern be ines (AB, CD, EF, GH) be pro- 


” portional, 545 right-lined Herres deſcribel upon ow 


being like, and in like ler, fituate, ſhall " be pro 
4 115 RK: "EM: DEN? wy pr. 


"Phe; AY ABI: cb 128 B*: : CD*: 1 
. Arte A ct EF. GH 0 


TT. Co 


My, OE 0 OS. 


| Book * 1 by 


1 _ 


tf upon the three Ades of a 1 en h 
(ABC) as many rigbt· lined figur es (CD, BE, BF) 
like, and alike ſituate, be deſcribed, that (CD) upon 
the bypothenuſe (AC) will be equal to both ny oe 


wy * py de. 97 7 Fe * 
For BE: BF :: ABD | Io 
C“; therefore (by com- E 126. 4. 
pobrion) BE + BF: BE 1 
A e rA 42122 
: AB* *D: : BE'; and 6 
conſequently f BE 155 * 5 
S r 
. n 
V N 
ö e | \ | 
Wr 
Tbe End of the FourTa Book. ö 2 


ELEM ENT 8 
8 | Fs tes . | © k a 10 £ | p 
8 
[ 
| t 
5 | t 
. ROM the greater. | bert ; 
(AB) of two unequal 4 
; lines (AB, CD) 10 | 


cet off, or take away 4 
"A part (AE) equal o the 
5 leſſer (CD). 

From A as a center, | 
with a radius equal to 


4 


CD, let the circumference * 5 "Hm 
pol. 3. of a circle be deſcribed , . 
2A. 2. N RL00 and he thing ia | 


* 


. PROBLEM 11 


Ma FO point (A) 10 make a line (AB) cd 
1 a given line (CD), D 4 
Draw : 


þ 
Wee jp =.cq2 


55 Ba 27 Pit. 95 
| OD e the indefinite . 
4 line AF; from which Foſt. 2. 


x | {ve = Ow * en“ 
4 the thing is dane. W 


5 
4 : 


F Z 1 
es PROBLEM m. 3 
| A s given point (A) in * ur NY 

| „ me. * 


In the line pro- 
pounded, take 
two equal diſ- 
tances AC, and 
AD=*; and from IS: 
the centers C* 
and Ds, with any-/ 
equal radiigreat- _ WN 
er than Ac (or AD), let ti two circles EMR 4 ENS | 
be deſeribed; which will cut each other: and, if from 
the point B of their interſection, you draw. BA, 
the thing is done. : 

For let the points R, E, and F, 8. be thoſe 
wherein the infinite line PQ interſeXs the circum · 
ferences of the two circles EMR and FNS * : chen Ax. 2. 
AF being FD! (or CR.) a AR* ; and AS © r. 

DS“ (or CE!) & AE“, the point F falls within, _ 
and the point S without the circle EMR; and | 
the two circles cut each other l. If therefore; from Def. 11. 
the point of interſection, BC and BD be drawn; 8 
then the triangle CBD being wr ga the angles ond Def. 
BCD, BDC ar the baſe thereof, will be eq oF, „ 
and fo, CA being = AD*, and CB = BD= che- en 


angle CAB is ale = Dag. 15 of 6 e | 


* Ax. 10. 


3 * » 
* 
» 
£4 * " . - 
ET, . , 
1 ; 
* N er 15 
1 5 © 
1 * - £ 5 
- 
- 


«3+ © 
2 'S fs 


- thro? the given 


a Poſt. 4- ſcribed 5, interſect. = | 
Cor. to 3 PO in E-; draw the diameter EDB, and allo 


5 arch of a circle be de- 
25 ſcribed, ſo as to paſs be · 


* 
4 
N 0 
"4 
4 
* 4 
L x 
p . — 4 * "? * 8 
- 9 2 54 * t * 
"4 1.2 © + ROT, - 


From any eG, 5 5 
'D aboye the line 


Y as a center, 


point A, let the 
circu mene of 
a circle be de- 


then the angle EAB, being in the ſemi- 
* circle f EAB*, is a right-angle z which was 10 be 


COROLLARY. 


From the former of theſe conſtructions it ape 


pers, that, if from any two points, with two 
equal radii, greater, each, than half the diſtance ot 


thoſe points, two circles be ING . ** 


will cut each other. 


„ PROBLEM. IW. 


given point (A) upon an infinite right line 


3 c 57. fall 4 pan, ( 8985 


en e . 
A, 1 4 center, let an 


low PQ and interſe& it — ——— 
in M and N; from which P1 | 9 N 
points, with any equal 135 
radii, greater than half 
MN, let two other 


+ erthes eee, 
- and from the point of N 
= | 


Bs ma 4a _ A% 


"Ty 'Q = 4 _ | 2. 


et 


ADE in BY then draw ABE for the perpendicular 


C and D, to A and E, the triangles ACE, ADE 


= ah Ak R 
their e C, let the ge CBA -be . 
drawn ; which will be perpendicular to PM. 
For, let AM, AN, CM, and EN be drawnz + 
then AM being = AN, and MC = NC ”, the Def. 55 
le AMB is = ANB*, and CMB = CNB=;, * 1 
al conſequently AMC = ANC? : whence, (as. ,, 


AM = AN,'and MC = NC) the triangles AMC, ; 717 


ANC are equal in all reſpects? ; and ſo, the angle | 
MAB — 7 the en MBA is « likewiſe, Ax. 10. | 
55 | | . Ax, | 


be ſome otherwiſe. 05 


17 5 25 as point C 
in the line PQ, as a. 
center, let the circum- - 
ference of a circle 
be deſcribed thro' the 
given point A*, in- 
terſecting PQ in D * Tv - "> Contr. 

(| | 2 55 
\ 


and from. the conter is oth os Dees. 
D, with a radius equal 


to the diſtance of the points A'and D, let a her 
circle E be alſo deſcribed, cutting the former 


quired. 
or, conceiving labt-lighd to be drawn from 


will be dock of them iſfoſceles *; and fo the demon- 


ſtration is the Hae with chat oo the Fo us 


enn, 


To biſef, or divide into two equal paris given * 
"gt e 8 ; f ; 2 By 2 * 


- 2 . : 
18 | 6 76 RS. 4k. : ” 
* W 5 % 0 * N 4 n 8 
. op 8 N 
„ | . 
x *%3 . 1 ' : | j 
22. % N : 4 * 5 * 
| ou 


A my ce. 


1 the lines contain W N 
„ CP ing the. given Sap ter or Fon 
1.5. take AC=Z=AD<; and 
pon the centers C and 
D., with any equal ra- 
dau, let two circles vbe 
, "Poſt, z. deſeribed“, fo as to 
e interſect each other; 4 8 : g 
aälnd from the point of THEN” 
interſection E draw EA, and the thing i „ 


EY 1 For, let CD, CE, and DE be g "LN 


bor the triangles ACD and ECD being both iſoſceles i, 
| 3. of 1, the angle ACD will be = ADC. and ECD = 
i conſequently t the whole angle ACE. 
Ax. 4. = the whole angle ADE“: whence (AC being 
2.1, 3 AB, ad EG= ED) the N CAE | 18 9 8 
1 = angle DAE *.. 8 — | 


- 1 
1 f 
* 


PROBLEM VL. | 
To bifel a given e ve (am. 


From the extremes . 40 
A, B, of the given line. 
with equal radii, de- 

ſcribe two circles, ſo as 

i Poſt. 3. to cut each other; and 0 

and our: between the two points 

to 3. of of interſection draw CD, _ 

* . ,cuntag ABin Ez ⅛· TIME." 

the thing is done. 8 \ 

x Conſtr. For, if AC, AD, BC and BD be a "Ry 

nd Def. triangles ACB, ADB being ifolceles , thence i is 
Gen the angle CAB CBA, and DAB = DBA 

_ and conſequently CAD = CBD *:. whence * ä 

5 A 4. triangles ACD and BCD 1 equal | in all reſpects ".;. 

Ax. 10. and fo the angle ACE being = BCE, AC = BC, 


e CE pag thence } is AE alſo = = BE "a 5 | 


F? 


at C and D erect the two Þ YA a 


of the former, intercepted by, | 
the lines containing the given 


angle HBG *; then thro' E 11.5, 
draw AEK *, and the thing is Poſt, 1. 
done * | ; pe | 's Ax, 10. 


| Having, in the ſeven preceding problems, effected 


_ recourſe here to Theorem XIV. of the firſt books TY 0 
we ſhall be able to arrive at a conſtruction of the 


* 


0 - * £ 7 * _— 7 
3 . 1 7 A wo 4 4 1 * { 
« * , * - f 1 \ 
N - | _ \ : * . 12 ol 
74 - N L i * * 4 4 ** E 9 *® . % 
a . : 99 1 er - . * — 7 4 p 
: . 4 \ 4 . l ” ; * 4 
N 5 . K i ; , | | 
F : x * 1 r. 4 1 F 3 Py a Lg 3 * 
2 1 83 * & - 
— _ / \ * "* bf e. Y ; . % * . 
. wF : *. p : F% * x 
o * * " 
oe * 1 1 | 41 * ; | 
| 1 7 7 R i e 
* 7 * * "RT . * * 
*; { 5 4 bh * TY. 6 X d 3+ % * 4 + Mt 3 8 
e * 5 1 5 8 0 


„ *,.TCOROÞLART: af 
Hence, it is manifeſt, that CD not only biſets © 
AB, but is alſo perpendicular to it. % 


. N 
. 1 A . S B TG 4 © . 
EET PR OB LEM VII 1 No n NY. 
From a given point (A) in a given right-line (AQ) 
to draw a line (AK) which ſball make witch the former. 
an angle, equal to an angle given (HHH). 


5 
N 


In BG and AQ take two 
equal diſtances BC, AD; and 


rpendiculars CI and DF to 
and AQ“; and in DF - - 
take DE equal to the part CD B - F 


$SCHOLIUM. 


and demonſtrated, by means of the axioms only, whats 
ever was aſſumed in the fourth poſtulate, as barely 
Poſſible, we are now authorized, by the moſſ rigide 
laws of geometrical reaſoning, to make uſe of wy 
theorem or concluſion, whatſoever, derived in the 
1 books, in virtue of thoſe aſſumptions, 

which the proceſs and reſult can be rendered te 
moſt obviousandeligible.—Accordingly,by having 2 


above laid do 2 * | 


Fa . E l 4 * * 
4 
” . * 22 
A % 


oF oF n = A * 
. j i * K A. 
* N i J. N 
* & ' Ore” : 
* ' * * 
rf ; N. 1 
* 
- | * : p 
| 7 
Li BOP 


. of. can. POR: 4. 
> FINS the centers A and 7 
1 B. at any equal diſtances N 
A, BF, let two arcs ß 
de FC, ae e 0 . 
e poſt. 3. ſcribed*, inte 
* = given lines in D, F. and 
uz; alſo from D, wich 4 5 | 
radius equal to the diſtance © 
of the points F, C, WP 
another circular archyEr be 
deſcribed, cutting the for- 2 U —— — 
mer DR, in R then draw. A 1 3 2 
LC AEK, and the thing is de,. V 
eee conceiving right · lines to by drawn gn 
F to C, and from D to E, the triangles BFC and 
ADE will be equilateral to each other, 9 region 
lion, S e l „ IIS 72, 


o . 
8 f Oo 
. 


& 4 


Sf PROBLEM vm. 


5 e Aerni 4 triangle, whoſe three N halt be 
9 25 EY 3 to three given lines (A, B, C); provided any two . 
of 8 aer bene be * than the third,” | | 


A 7 YER . 5 
6 1 * 
0 ; 5 
* * 
„ 
»t 
1 . 
FL * 
. 
* 


8 Make FG == B „und from the centers F and | 
6, with the mem 0 or diſtances A and C, let 


* . . 
e 
» : 9 
7 4s 
4 * 1 A" * If 
4 35. : - 
£ 


— 
=» - 


7 


"En RNs 2 
two W DKL, HKL be 1 8 which * Polt. 3. 
will cut each other; and, if from the point of . 
interſection K, the lines KF and KG be „ 
then will FEG be the triangle required. 

For, the diſtance FG of the two centers, is leſs. ING 
than the ſum of the radii A and C7; and greater 
than their difference (becauſe B A being c CN. 6. I. 
thence is BS C -A); therefore the two circles r 


cut each other: : conſequently FK = a FG = = B, Det: "tt 
and GK = C | Site of by 


* 


. — 


2 PROBLEM, IX 3 


- Through a given point (A), 10 F a np wad 
s ) porall to to a oy fr eas ( 8 


— 


At any point n © 
e given line, make R * 
B C equal to the diſtance | 
of the points A and 
B: and 275 the cen - 1 
ters A and C, with an ß "76 8 4 
interval equal to CB, let *. N KW U N | 
2 circles be deſcribed *, , | « Poſt, JJ. 
then thro? their interſection D, let the ks RS be 
drawn, and the thing is done. 

Let AB, and AC be drawn, It is plain chat Poſt. 1. 
the two circles will cut each other , becauſe the * g. 3. | 
ſum of their ſomi-diameters ( AB + BC 8) is! Conſtr. 

greater than Ac: therefore, if ADS and CD be 19-1. 
- alſo drawn, then will AB = BC = CD = DA? S „ 
and meyer RS will be parallel ro P * 25. 8 


2 * 


. The ſame otherwiſe. 


From A, to any point in PQ, draw AB; ink? Poſt, 1 


the angle AB 2 FBA“ and then AS will be © Pg 
* to POD. 5.55 8. . 


r "ou 
Aa | H 3 : | P RW ©. - 8 


1 103 15 955 Elin of. Gamery, , 


„ ARO BLEM x. „ 
0 x; | Upnpgives ne (AB) n an. rene 
3. $+ and. Make AC perpendicular, | 


1 and equal to AB and from 
the centers B and C, let two 
1 eircles, with the radius AB 
. r Poſt. 3. or AC, be deſeribed ?, inter- 
49. 3. : ſecting each other in D; 


, ___* .- from which point draw DB ³ð — 3 
1 and DC, and the thing is 1 . 


"Po all the four ſides being eq 2 bs 3 | 
x 2g. 1. "tion, the figure is a parallelogram r and therefore 
| the angle A being a right-angle*, the other three 
; Gr * will be all e „ and ACDB a ſquare 
— wem ̃ 
= ED the Gs method a rectangle may be 3. 
. benbed. the lides thereof being ere 


PROBLEM XY 4 


| 25 divide a given ling e _ my | 
oY ber of equal parts, } | 


FA Gen From the extremes 
dw the given line.” 
A, draw two inde- 
finite lines AP, BO 
parallel to each o- 
„9.5. ther”; in each of 4 
3 * let there 
de taken as man 
© - equal diſtances A 
MN, NO, OC; Bo, Q 
on, . ma, 28 any 


; — os N ES, 
is at Tae as you would have AB drifed/ 
into “; then draw Mm, Ns, Os, interſecting. AB” 1. 5. 

in E, F, G, and the thing is done. 1 
| For, MN. and mn being equal and parallel , ; Contr, -.j 
FN will be parallel to EM”; and in de faine” ***** . . 
manner will 60 be parallel to FN : therefore, 


AM, MN, NO, &c. bei a ns "RESP Cor. 4 2 
FG, vw e Ha "Io ro | 
= ſame otherwiſe | F . py 


6 any ri fins 
AP, drawn from A, 
take as many equal 
diſtances (AM,MN, _ 
NO) wanting one, 
as you would have F< 

AB. divided into; 
then, having drawn 
the indefinite line | | 
 OBQ, in it take an n 
equal number of parts or diffances OB, * GEE -- 

each of the length of OB, and let DN _ 
cutting AB in G; make GF, FE, each 

BG, and the thing is done. 

For, if AD and BN be drawn, they will be | 
parallel *, becauſe OA: ON : :OD : OB ), and* Cot. to 
ſo, the triabgles BNG, ADG, being N 75 coal. 


— 


it will be BG: AG:: BN: AD: 0A e . and 
Therefore BG is the lame part of aG, 4 ON i: s 7-1 / 
of OA. | | 114. 4+ 
*. | 'Y 77 


PROBLEM XII. 


'To two given lines ay BC) io fud a third pro- wh 
1 | EP -. 


- 
- * 3 
* 
* * . | 
8. BY 4 From 
a . - © 
a N N , - 
N £ 


20 AQ; e which” © 
y take Ab = AB, 
+, RED; and? 
3. DS SBC draw © 

Se, and parallel ⸗ 

to bc, draw DES, 

cutting AQ in E; then cE. 


. preg given lines (AB, AC, BD) to Jud a 
Sy TO? Proportional. | kh EP 
5 Having drawn AP . 
and AQ, as in the A— B . 


Elements . an. 


From any point 


A, draw two in- 


definite lines AP, 


proportional required: for, AP (8B). : Ac 3257 
eee he „ 


8 PROBLEM xIn. 


preceding problem, A — C 

take therein Ab = 1 | 

AB, Ac = AC, and 

- 6D = BD; "draw 

; be, and parallel to 

«, it, draw DE „ inter- 4 
ſecting AQ in . 
chen is cE zbe fourth prop 


* 
B * 
&..* *4 


2 5 D925 - 
wh be the third 


* 
4 


92 (Ah At Ac; 1 (BD) : eE = 


* 
1 


'PROB LEM. xiv. 


* 


7 


* 


**. 


Between two given lines (AB, BC) fo find a mean. 
proprio 15 


8 
Ns 4 A 
* ; "2 


ET Eo ods ( 


” 


Buck the Fi Bj) _ 
In the deficlietine- 9 | | 
AP, take Ab = AB. T4 
and C = BC *; bl. N 
ſet AC in Ee, an- 6. 8. 
from the center E, ei E 
the diſtance of EA, 8 
or EC, let a ſemi- p 1 
| circle ADC be de- "0. * ; 
ſeribed ?; erect 2D | | » Poſt, 3 
perpendicular to AC *, cutting the circumferences i 3. 5. 
in D 1 then will D be the mean-proportional re- 
uire W. | 
For, Ab (AB) : 4D : bD : 0 (BC) r, 19. IM 
| 2 5 20 
PR 0 BLEM XV: 9 5 
75 divide a given line (AC) into two parts (AB. 
BC) having the ſame proportion as "wy a lines 
(AM,MN). we: 5 
| Frm AdrwAD king 4 Au 25 2 
| any angle with AB; in which MTN. . 
take Am AM, and n x I | 
MN; draw. C, and mB 
parallel thereto *, meetin 
AC in B. Then will AB: 
BC:: Am(AM): m* (MN). 
Which was 40 ve done, 
P R OB LEM. XVI. 
To add a line (BC) n « line given (AB), Jo that „ 
the whole compounaed line (AC) Hall be in proportion LE 
to the part added, oy IT line (OP ano. as 
ther a 3s = 3 
2 : „„ 6 : 


, J Sy ö . f C 6 54 
* * * 
a 1 1 


R oh 3 a - 
* 1 * 15 * * : 9 * 
LS a | 2 * XY _ . p . , 4 * 

* - 
o 

F — 

* 
. 


© - Blink of Game. 


_ 1 INES From A draw AD, making A _ i 5 
=_ anyanglewith BA; in which +. -- © 126 V2. 
= "#184 take A#ZAN *, and am = N. RE RAE 
NMH draw aB, and C pa- K | 
$ „„ on Bu Se1 rallel thereto *,. meeting AB j 
3 Produced, in C; then will 

5 1 112. 4+ AC: BC :: Az (AN): n 

= - IMN). Which was to. be © 

—_ 547 dune. 3 5 

= e -# 5 


rr PROBLEM Xun. 
0 divide @. given line (AB) inte two ſuth parts 
Ac, BC) that the refangle contained under them, _ 
"3624 4 Hh be equal to the retiangle under two given limes. 
(PM, MN); provided that the given rectangle is not 


©, areater then the en the ne A) c 
. 


. ."Berween PM Ws 
and MN take 
a mean - propor- 
tional MQ *; * 
make BD per- 3 
pendicular to AB,-ao# e te to M; bife& AB 

in O*®, from which, as a center, let a ſemi-circle 

be deſeribed; and draw DE parallel to BA b, 
* which {becauſe BD is lefs than the radius“) will - 
meet the circle in ſome point E; ri which, 


| * ROB L. E 1 xvn. | | 
To @ given line (AB) to add anather line (BC), 
ſucb, that the reftangle under the.w Me compounded | 


line (AC) and the part added, 2 * equal to 
"Ro under two 3285 lines (PM, MN). 


Between / 0 
22 
4 0 
7 4 2 A 
* 8 4 Toa" 
5 „ 
4 * 
** . 
Ol WP. ov . 
Is ; 
eds \ = » 


PT ICT — 
„ 
Y * 5 


Bel ths: oY 
Between PM and MN I 

take a mean proportio- 
val RS 7; make 3 
perpendicular. to AB 5, 
and equal to RS; biſeck e ee 
AB in O, — OD, x... >" 
and take GC SOD; ö 


9 — 
* 


0 hall ACx EC = PM Ne 


x MN, as was to be done. 

For, if thro* A and B, nr, « 
circumference of a circle be deſcribed, cutting 
DO in E, and E, C be joined; then, the trian les 
OCE, ODB (having OE = OB, Cz 
and the angle EOB config) wilt be equal in * 


& Conſtr, - 


reſpects! ; and ſo, EC being a tangent to the Ax. 10. 


circle in E, we have AC & BC CE* =*BD*, 
= RA e Vw 15 


. 


7 0 divide 4 4 | given the (BH) into two ſuch puſs; 
that the ſquane of the ane (BC) ball be equeal 40 the 
reflangle under the other (C H) and a jr given 
1 (AB). F 

Taking BA in the fame 
ſtrait line withBH, between 
them let a mean propor- 
tional BD be found 1; bi- 
ſect AB in O Draw OD, | 
and make OC = OD; ſo A 0 


ſhall BC“ = CH x AB, 

at was to be done. 
Por, by be _demonkeration; of the precedent, 
AC x BC (= = BD*) = ABxBH; from each 


ala aw AX Bop: hor. 5 
BC! = AB x . ; wy 


« 


5.58 


n Cor. to 
2 
5 10. 4. 


- 


"> "4" 


1 
. 
. 
* 
Kt 
N 
$ b 


108 | Elenons of Gates. e 
* „ REM xx oor 


4 Pot. $ lar arch n be deſcribed *, 


% 9 4 eMac! * ” 4 
a * N . | 
7 7 1 * * 
1 
* 5 * 
* « Z 
LY by : 
© : 
- 
: , "UE, 2 


1 


„ od: 


P 4b then will BC. = BH CH; in 
Which caſe the line BH is ſaid to be divided ac- 
r extreme and mean· proportion. re * 


. 0 


2 a given kircle, to apply, or inferite a Jing (A B) 


CO. Ito «gives line adn 4s mY the ae 57 | 
7 From any EFF A, in 5 5 


' Se. circumference, with- 
the radius CE, let a circu- 


cutting the given circle i in 
ht, B.; then draw AB, * 
yy 155 ' the c is done 


© PROBLEM N 
7 draw a c to 4 . eas cen thre 
given pon (A). 


„ ER \ 


1 


„ K 00 a ACS . a nD_ 


= 8 
5 W 
Cas I. If the given point be in FR circum- 

EG 1 z then, to the center, O. draw AC, and | 


2 which will 
4 CAR Il. 


7 Nan 
* perpendicular to n 
f "A N earcle A's; © 


a the Fifth i og Wg 
' "Car 11. If ths point A be without the circum- AER 


ference ; then 'draw AC, which biſect in P; andb6.g, 
from the center-P, at the diſtance of AP, or CP, 


let a ſemi-circle A EC be deſcribed *, cutting the © Pot. 3 


given circle in E*; then draw AED, which will“ 9- 3- 


be the rangent We 8 becauſe (CE. ate 3 
N AEC is a right-angle | TY 13 Th | "13-3. 


— 
* 


: 1 1 V * 


| PROBLEM: XXII. e 


Upon a given line (PQ) to deſcribe « ſegment of + „ _. 
circle (PEQ) to contain an . (E)] equal to 4 . + 
angle (BAC). eee 54065 eo 
Make AD perpen- 9 © _ baditgt 
dicular to AB*; alſo _ £ wal 
make POO,andQPO, 
each, equal to DAC 
(the difference be- 
tween the given angle 
and a right one); 
then upon the point 
of interſection O, as 
a center, at the BL. 


tance of OP (or OQ), let a clicls be deſcribed ; 
and the thing is done. 


For the angle E = right-an + Po! ='16, 5 
DAB+ DACK= n 


* 
* 


» 
”— * 
— 


„9 SCHOLIUM. 


In the ſame manner the problem may be enn 
ſtructed, when the gore angle is acute; only the _— 
lines PO, QO muſt then be drawn on the other #3 


3 the 16th theorem || 225 
of the 3d book. . © 


110 5 | Element of ce. 
05 TY 5 2 * 0 B L E M XII. 
22 0 y two . 5 
45 and AC, be biſec- 
of ted by two perpendi- 
Ty culars DF and EF“; 
OY which will let 


1 / 
_ 1 , 
: / 

_ 
= 
7 
W 
4 FS 5, 5. 
1 ; 
< % : 


| ſcribed. . ) 


each other in D; 
make DE per- 


©AB?*; then, if, K 
from the center Wh: 
2 at the diſtance of pr a yet? be Skcribed, 
it will touch all the ſides of the triangle. 


OR | each other in the center 5 
„ N of the required 
. \ 8 PIP 3. Circle”; from whence 


the 8 8520 be de⸗ £ 2 


SCHOLIUM AR 


Mo the ſaute: method, the circumference of ry 
| circle may be deſcribed. thro* any three given 


points, not ſituate in the ſame right - line: a 


from hence, the center of a circle may be . 
by having a ſegment of the circle We, 


C ðͤ 


12 0 el. a circle in a a given ot (ABC). 


'Biſe& any wo” e S 0 
of the angles, A i 


and B, by the 
lines AD and 
BD'®, meeting 


lar to 


4 - 
* 


aa ea. AE. . . Ge” ies 


5 


Biel aber th A 
For, 10 DG and DF be perpendicylar to. AC: 1 


and BC; then the triangles ADE, ADG, having” 4 4. 
two angles equal, each to each (by conſtruction) | 
and AD common, will not only be equiangular d, « Cor. 1. 
but alſo have DEZ DG. By the ſame argument to 10. f, 


DE = DF; therefore the cireumference of the 1. 


circle alio paſſes through G and F *; but it touches Def. 33. 


the ſides of the triangle in thoſe Pane, : becauſe 18 15 
— 1 9 
G _ F are * e e 2 
| P R 0 B L E M XXV. f . $ N. VB : «; 
In a given circle ( AFB) to deſcribe 4 wiangh, K .. ak FR 


angular 10 to 4 | g# ven e (PQR). 


—— 4 o 5 
draw the radii CA, n 
CE, CB, making the _ R 


angles ACE and BCE 15 
equal, each to the | 
angle R *; join A, B, 5 


and make the angle 2 
ABF = Qs, and from 


the point E, where BP cuts the trek! ail FA; ; 
ſo ſhall AFB be the triangle required. 


For, ABF =Q*, F (= A l ndr . 


conſequently BAF = „ IF ** 
5 | | * , 3 : Conſtr. 
| © Cor. 1% 
EO b 


ol 
N 
» 
— II 
5 = 


. 


r 5 2 aint dah bis ru. 
Ns” * & & 1 10 — q * . 9 A, 0 


of cum. e ok 
\ +> PROBLEM: XXVI, 


CER a "0s 4 given circle (O), to rote a tri | 
OE SS a "OE 10 a Ts "poet (ABC). e 


Produce out the fide AB both ways; and draw 
 _____ the radii OP, OR, OQ, fo as to make the angle 
. . POR = EBC, and POQ = DAC*; then draw 
three right-lines to touch the circle 1 in the e 
21. 5. P, Q and R“, and the thing is done. 
For, if PO be drawn, the angles SQP and SPQ 
1 Vill be leſs than the two right-angles SQO an 
22 par” „ . SPO“; and fo PS and QS, not being parallels *, 
Cor. '3* they-will meet each other !; therefore, as the like 
107. 1. may be inferred. with Naan to PT and RT, Oc. 
* and it js manifeſt that the three tangents form a triangle 
35 3 Now, POR + T bein two right- 
© Gor. 2. angles * = ABC + EBC, and OR = = EBC Ss; 
: Wo. thence will T = ABC: and, by the ſame argu- 
28 8 ment, Sa BAC; whence alſo HSC. 


1 PROBLEM XXVII. : 
In a circle given (ABCD) to inſcribe a ſquare. 
+ Draw two diameters AC and BD perpendicular 


» 5. 5s. to each other *; then draw AB, C, CD and DA; 


* ſhall ABCD be a ſquare inſcribed | in the * 
| or, 


. 
75 
1 


. 3 An. 
* rad * 
* 


P ĩ ᷣͤ ͤ—». ̃ 05 age. 2 


98 8 


ky For, the angles AOB, 
BOC, DOC and DOA 


ing them) being equal, 
the oppoſite ſides AB, A 
BC, CD, DA will like- 
_ wiſe be equal *: and the 
angles ABC, BCD, CDA, 
DAB, are all of them 


: fore are equal. 


co ctagon Aa BCCDd may he inſcribed in the circle, 


the diameter FG, erect 


Then draw BH; which pgs! 8 
vill be equal to the ſide of the pentagon from 28. 3. 


* 8 
Y N * * * ” "7" 5 
R : ad 

b 


aA * = 
OS 4 % 
. ö 5 G 
t the Fifth 
„ 7 
115 0 the 4 4 898 *, F 
, 4 Ly 
* | 8 * + ; 
* 1 " a <2) * « 
B ws 
mn he \ . : + 
L 
1 1 „ 


(as well as the ſides OA, 
OB, OC, OD, contain- 


right - angles, and there- 


4 44%, $CHOLIUM: 45, ve 
If twobother diameters ac, id be drawn (5 | 
Prob. 5) to biſect the angles AOB, BOC, a regular 46 1 


And if all the angles at the center O, be again bi- 
ſected, a regular polygon of ſixteen ſides, may in like 


manner be determined ;z and fo on, at pleaſure. 


oo ONUS LEN EW or 
nx a circle given (ABGE) to inſcribe @ regular. | 
Pome roche ne RE ar 01 

 Atthecenter O, upon... 8 


the perpendicular OB ®, -_ 36 
meeting the circumfe- /” N 
rence in B; divide OG p 99 G 
in H (by prob. 19.) ſo \\ bp 

that OH*=GHxOG ;- . 85 

that is, take OR gg OF, g 


and RH = diſt. R: E 


Te” 


: 


whence the figure itſelf may be deſcribed; $3 and 3/2, 
sf? 0: 90-4" 4 26 OS” 76 
* , 7 . * N * 5 , - * 
Te” KF N fx | | * 8 . 1 | | 
bh | „ 5 8 4 % it Bs ts 
# ; © . 


9 


Ein „ 0 mug. 


x 


$EHOLIUM: 


028. 3 . Hence a ave decagon may be Aaſeribeds1 in 
e the circle z the fide thereof being = OH*.. 4 
Feta hip  _.PROBLE F 
A 85 5 a circle given, to i, a "Or n 

. 13 
From the extremes 7 
* any diameter AD, 
apply AB, AF, DC, | 
and DE equal, each, to 
» 20. 3. the radius AO“; then ; 
| join B, C, and E, F; 
and the thing i is done. 
For, if the radii OB, © 
OC, OE, OF "ray yi 
the triangles AOB and . 8 
1 Conſtr. DOC, being vilateral 7, will. alſo hive the an- 
14.1. gle GAB =D Le whence AB is parallel (as 
"+ Cor, to well as equal) to OC *; and conſequently BC and 
38. 1. AO are likewiſe N and parallel ©: There» 
226. 1. fore, ſeeing the triangles AOB, BOC, COD, c. 
Td are equilateral, and alike in all reſpects; not only 
the ſides, but alſo the angles ABC, BCD, Sc. of 
*Ax. u. he hexagon, will be equal among themſelves *, | 
. . COROL DART. 


_ Hence it appears, that the fide of a gun 
hexagon, inſcribed in a circle, is equal to the 
ſemi· diameter, or radius. 
_... SCHOLIUM. „ 
Beſides the figures conſtructed in the precedi 
a, 2 and thoſe ariſing from thence by ling 
tinual biſections, or taking the differences, no other 
regular polygon can be deſcribed, from any known 
method, purely geometrical, by means of N 
and circles 15885 52 | 
| \ PI O- 


. 


_ 


8 
Book the Rl. 


And xx t 
Aout a given circle 10 deſcribe .@ regular gaht —_ 
of the ſame number of fides with a regular po gon 
(ABCDEF) inſcribed in the circle. 
From the center O. 2 e Que 


to the angles of the in- 4 
ſcribed polygon, draw . 
OA, OB, OC, &c. and 


perpendicular. thereto V, 
draw PAQ, QBR, | > 
Res, Sc. interiect- 

ing in P. N r 

V; ſo ſhall QRSTY | I 
de ide polygon. t ðͤò ITT 
1 ee 3 . ee 
For, by taking away che equal ” angles OAF,” Hyp. 

OAB, OBA, OBC, Sc. from the equal (right) 2 
angles OAP, OAQ, OBQ, OBR, Sc. the re- 
mainders FAP, BAQ, ABQ, CBR; £94. will alſo . * 


appear to be equal: therefore the triangles FAP, x Ax. 5. 1. 

ABQ, BRC, Sc (having alſo FA =" AB, = BC, 

Sc.) are equal in all reſpects? and ſo the gies, 

F, Q. R. Sc. as well as the ſides PQ, QR, RS, RY 
Et. are equal among themſelves *. *Ax.41 | 
FEODEE NOR” Hers 
Au two circles (ACE, ace) being given, to deſcribe IT 

a polygon i in, or about the one (ace) that ſhall be mila 


to 3 olygon deſcribed in, or about ihe other (ACE, * 
having drawn ; 


. the adii OA, OB, . -/\, 7) Ir, 
= 
DEF, a HD - 
— — — 
the angle ach = AOB, * 
doc BOC, Ge. Then, the 27 ab, 1 ala 82-15 


- . drawn, l "0 bis a * will be im 
lar 


15. 1. 


® 
* * y u 
> 
* , - 
10 
* 
» 


+ 


ES ni 


$2 
4 


Contact of the given 5 


V * N 4 : * A. n ſu — R 
. D enn l F 
3; 2M bak : 
= . 
. 
* 


N '4 uy 4 
* 1 - . p 7 * 
<7 3 
3 * 1 
. , 
© * 
— 4 2 , : 


115 Elements of Geometry, © 
Aar to the given one ABCDEF. |, For, the triangles 
Cor. 1. AOB, ab; BOC, Bloc; &c. beingequiangular®, the 
2 105 1. angles ABC, abc muſt alſo be equal ©; and * AB: ab 
r Ax. 4.1. (Y: OB: 06): : BC: hc. In the ſame manner, the other 
414. 4. correſponding angles are equal, and the ſides con- 

tdtieaining them proportional: Therefore the two po- 
Def. 14. lygons are fimilar*, A r 
, e nnr RD £8. 

+ drawn the radi 3 / 2 

*:. ADA;OB; a e Y Des S 

to the points of #\ ) 
f 


N 
—p 


circumſcribing po- 
. ___  * lIygon PQRSTU; „ 
77.5. draw likewiſe the radii oa, ob, oc, &c. making 
53.5. the angle 40 = AOB, boc = BOC*, &c. perpendi- 
cular to which s draw pg. gr, 75, &c. ſo ſhall the po · 
lygon pęratu be ſimilar to the given one PQRSTU, 


9 


Ax. 2.1. For, the angles OAQ, OBQ, oag, obq, being all 


_ ? Conttr. equal, and AOB alſo ab; the remaining angles 

and Ar. AQB, agh of the two quadrilaterals AOBQ, 40% 
bx Wes "muſt be equal*; as muſt likewiſe their halves OQB, 
290 (for the right-angled triangles OAQ, OBQ, 
116. 1. having OA = OB, and OQ common, have alſo 
OO A= OQB)). In the ſame manner is ORB = 
. m14. 4, orb, &c. whence, the triangles POQ, pg; QOR, 


gor, &c. being equiangular, it follows“ that PQ: pg + 


5 » Def, 14. (:: OQ: 99): : R: qr: And ſo of the reſt, There- 
fore PQRSTU and pgrotv are ſimilar . 
+ OI OD ROLILATNY.: 17 
lt appears from hence, that the ſimilar inſcribed 
polygons, as well as the circumſcribing ones, are in 
proportion, as the ſquares of the radii of their re- 
ipectise circles. For, in the former caſe, AO“: a:: 
-*14.4 * AB*: ab*:: ABC DEF: abedef; and, in the 
d Cor. latter AO! : 4%: : PO: p : PO : 


| : 3 vg E QRSTU : pgrotv. 


1. End of the Firn Book, 
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7 | 2 y e 4 85 7 1 * : 
GEOMETRY. 
% : ws | 8 2 | {4 2 "CUE RES 7 Þ® 
'B 0 0 K- vi Þ e Ry, : N | 
PROBLEM | 1 
7 To make a ; ſquare equal to W bac 
| 
| | N one ſide AB of 
J the rectangle; 3 a 
f A duced, take BE =" ; 
1 the other fide BC; biſect/ 
; AE in O!; and from 
{ the center O, at the : 
. diſtance of OA, or OF, ” 


let a ſemi-circle AFE de . 
' deſcribed; and let CB be produced to meet che 
circumference thereof in F 4 then a ſquare deſcribed 
on BF (by 10. 5.) will be —_ to the given „ 
a e OY 5, 0 - 
| beg? Fob NI 


3» 8 


* 


. WV TÞ «as 
* 


18 Elements of Go : 


[PROBLEM 1. 


1 Wn | Ry 7 make den fm fra gies 
3 Tank” 


J LAB and BC MO Hp ee 0 
= the Sales of the two given A—— 
5 es Aude alte 1 E. 
5 Lines BP, BQ, at right- 1 

25 3. angles to eachgrhers*; in | 

* which take BA = BA, ETON | 
BC = BC, and join A, * 7— 5 n 
N then a ſquare deſcribed / ＋ + e e 
n AC (& 10. 5.) will V5 


be equal to the Nom of "op two on deferibed 
48.2: upon AB and BC . 


schobliun. 


la the ſame manner a ſquare may be made equal 

to the ſum of three, or more, given ſquares : for 

if AB, BC, CE be taken as the ſides of the given 

1 3 ſquares, then, by making BH AC, BE = CE, 

aal and drawing EH, it is evident that a ſquare upon 
EH will be equal to the ſum of the three ſquares 
upon AB, BC, and CE; or that, KEE BE 
* + BE'= AB N NO 


PROBLEM. 1 


7 nate e 10 the auen, of we 
give Jquares. 15 


* 


4 
5 


, 


e the Sith, 119 


et AB = BC (taken Be ons 
in the ſame ſtrait line} bee V 
equal to the ſides of tze my 


two given ſquares. 
pon the center B, wich ENT | Y 
the radius BA, ler a circle B 0 — n 
be deſcribed, and make CE . 
; perpendicular to BC*, meeting the circumference * 3.3. 
thereof in E: fo ſhall a ſquare deſcribed on * 


3 


(978 10. 5: ) be Re to BE 7 — 80. | 1 I 
5 penn 
| To make a triangle Tt 0 4 9 . 
1 7 Dis. the 7 Ac. . 3 6, — „ „ 
alſo draw DE parallel to L py n 
Act, meeting BA pro- 23 5 | 


duced in E, and join 
CE; then will the triangle 
E. S the given n 
7 lateral een 
For, the triangles ACE, 
5 ACD, being upon the | 

fame baſe AC, and between the fans ae Ac be 
and ED, are equal * ; therefore, if 407 be added Cor. 1. 


„ 


to each, then alſo will . ABCD! | { "00 4. 3. 
8 | e aer 4 1. 
. =" 1 ; = 4. 


21 50 of | 


„ | Element: of cane, 


| "PROBLEM. v. | f 
wo make a ee, - val to 4 iben penta on . 
 (ABCDB): * 5 . by 
Draw DA and DB, 
A4 gc alſo EH and CF ; 
* 9.8. , parallel' to them“, 
weeting "AB. pro- - 
. duced in Hand F; 4 
then draw DH and . 
D i; tal the -. 8 ( 
triangle DH = the H N 4 
2 ABC DE. 
| For the triangle DHA is = DEA, _ DEB. ] 
7 1:Cor. 1 1. = DCB*;' therefore DHF (= DHA + DAB + a 
EN 02-2. DFB = DEA e | 
2 8 | 
"PRO B L E M VI. 
5 L's a given line (EE), to 5 4 "uy * | 
| to a given Mee. 9 | 8 
Thro' C, the ea 
vertex 1 the 7 | 7 or pemes be M 
-angle, raw KN 3 _— oy 4 en i | 
le parallel to the bale BANS, 2 — 7 N | 
9. 5 AB*; and biſe& | 1 FM 
„„ ON wich the per- e Dar p 
26. s. pendicular LQ*,E x T * 
NES meeting KN ia SET I, | % | 
2 5 K; allo draw BP f 
vz. f. perpendicular to AB, interſe@ing KN in TH FOeeg i 
LI in AB, produced, take BM = EF, and draw ] 
MIQ cutting LQ in Q; draw QO and MO, t 
_ parallel to AM and LQ*®, meeting each other ( 
in Os then will INOP be the tes required. | ! 
op | 4 n | For, 
A; : \ f ? 


g % 


o & 
$” * = — 
SY . 
| R "2 08 
G 2 | 
| 


„ WIT ep” 


- For, it is n that LI, IO and LO are aal! 
WO} ay therefore IN = BM". EF and 9 Cor. to 


10 =I. ä e . 
| The ſans aue. OY * 

From the vertex 98 2 

C, upon the baſe N 3 

AB, let fall tbe | Fg e 
perpendicularCD®%; 4 ____ , 

make EH perpen- A X We "6 B 8 
diculat to EF*, and 3.5. 


equal to a fourth proportiooal to 2EF, AB, and 
CD: then. the rectangle EG contained under EF 5 223• ** 
and EH will be equal to the triangle ABC. 8 

For, ſince, by conſtruction, 2EF : AB:: CO: 
EH, therefore is 2 EF x EH = AB x CD*, and 10 — 
conſequentiy EF XEH =4 ABxCD = ABC*. Cor. 2. 


to 2. 2. 
SCHOLIUM. xe 


By either of the two preceding methods, a pe- | 
rallelogram having a given angle may be de- 
ſcribed upon a given ligę, equal to a given tri- _ 
angle; if, inſtead of MB, MLQ, or BDC,'FEH © 
being right angles, you make them all equal to the 


angle given: the reſt of the s NOR. 
the ſame, de | 


PROB L E M vn. | 
Upon. n given line (AB) 0 deſcribe a re 
equal to a groen right-lined 55 (OP * 


Let the given [ 
Ggure be divided 


into triang. PQR, C 8 
PRS; and upon of „ 


the given line AB B. 9 
(by the precedent) 


let a * ABDC, N to the rriangſe ron, 


ny _ - PR war * 
0 r 


2 — 2 = g — — OY er IE * 
- . — * J — 4.444 . w N 1 - _ - 
— bn > A. — ERR eto od ou SANE oo — MU Sai Ä — ig A 4 1 . p 
4 * : * ä * 3 ** * 2 * _— 8 * 9 4 * ** 2 7 

N © 0 — * - T3 7 [4 & * n a or * * 

« n * * a * 

FL N a « _ f 
D SES | a e .4 

L * . * 8 


oe 5 Ax. 3 


e 


n * 


hes 8 
A er 
* 


— 


e La 1 
be deſcribed; alſo. upon OD make the rectang ole 


+ ++," CDFE equal to the triangle PRS: fo ſhall ABEF, 
Which is a rectangle (becauſe both ACE, and 
BDE are continued right · lines b) be = POR + 


OE 2 1 ee e be done. | 


5 CHO Liv M. 


Wuen the ggore given has not more chan five 


1 80 ſides, the conſtruction will be more eaſy, by firſt 
finding a triangle equal to it (by Prob. 4. or g.) 


OE We OP, MN ag (% 10% 


F of two cog Pra 


AF, 


* Ax. 4. 
Or 5. 1. 


5 Let the two 


ABN and P. 


na nd then making a rectangle equal to that triangle. 

But if the figure be a rectangle; the eaſieſt way of 
all, will he to take a fourth- 
| the iven line AB and the two ſides PQ and PS 


rtional BF to 


e given rectangle (by 13. 5.)z which fourth- 


8 will be the altitude of the rectangle 


required. For, ſince AB : PQ :: PS: BF ( 
4) ABX BF = = "ty XPS. 


PROBLEM: vin." 


al to the fum, or don 
u. 


To ro deſeribe a reflangle e 


given figures be 


By the prece © 
dent, let two re- N 
tangles AD and 5 
| ray 1 | 3 
equal to ABN and E — 
P, be deſcribed r | 

on the ſame, or different ſides of AB, accordi 

as the difference, or ſum, of the two figures 1s 


required: then will the "Ig CF be equal to 


4+ that ſum or difference *, . 


"COROL- 


| Bob ts a. 


CconroLtany,” 


Hs two lines having the 8 ratio ER C 
two given right-lined figures, are determined: for 4 
AC: AE: "AD . AF,. * Ss 2.4 | 


1 


PROBLEM IX 


To 0 * a ſquare uu! to 0 bee *. 
given (ABCDF). 2 „ 


Upon AB 4. TREE EE V4 | 
ſeeidiecrs | poſtulate TH RC hone Der KI, 2) OO 
AK 2qual is: ABC: d dne 
DE s; Gale INE 3 9. 6. ; 

a ſquare BH eq ual. «* 0H 2539 3. 2 
to that e hi W 
. AN wal ee 44>: 
«fi | | © I TE | Ke [E777 1 | 
ee Hyd 251.40 4.0; i nth}. 


«.  \wt As 29 
£219 5 


n 


After the ſame manner (from prob. 8. Ja ſquare 
may be deſcribed equal to the ſum, or difference, 
'of — two _ fame as r 2 


i] 
+ 
1 
1 
ql 
1 
1 
13 
1 
4 
24 
» 
7 1 


„ Elements 7 can. N. 
5 a PROBLEM, 7 2 


To ae a figure (FGHIK) 8. and ſimilar 
1 to, a given een figure 1 22 55 


q Þ 2 4 . 4 
£ * 


— 


— 


780 8. "op AC and AD, and alſo FG * to 487 | 

* * make the angle GFH = BAC, HFI =CAD, 
and IFK= DAE *, likewiſe make FH = AC, 
Fl = AD, and FK = AE; then draw GH, Hl, 

and IK, and tbe . . 

25 Hap 10. For, ſince the triangle FSH ABC? _ 
5 FHI = ACD, &c ; therefore is the whole po- 
llygon F GHIK, alſo, equal to the whole polygon 

Ax. 4. 1. ABCDE .. | 

| Moreover, theſe equal crizngles being alſo equi · 
angular !, it is manifeſt, that GS B, GHI=BCD *, 

HIK'= CDE, and ſo on; therefore, FG being alſo 

= AB, GH = BC, HI = CD!, Se. the two 


*; 4 = — Ad 
R * gg. — —— 5 2 — "+; vh 
5 — —— Sid ww 6 <tr. tes oe fr ret os Vt * 
=, : tat. da Ab. K q 9 * — " 
= 
os 


"Det 14 other. 


'$CHOLIUM. = 


„„ The figure FGHIK may be otherwiſe. con- 
c ſiruQed, by making the triangles FGH, FHI, &c. 
reſpectively equilateral to ABC, ACD, Ge. as is 

| * from 14. 1. and Ax. + | 


polygons ADE: FGHIK « are ſimilar to 8 | 


* . . 
4 a : 1 
59 p 5 
1 ; * 
E. . 1 a : FS, 
4 * » 
% : - 
= Pa f . 0 


d 
fl 
Uh 
C 
Ir 
al 
de 
b 
fi 
A 
a 
fc 
t 


- | FR N * 6 V : * 
5 ö \ ' * 
| > 5 + | 
» 4 0 0 N Si. 1. y D 8 8 b a ; 2 N 
P * F * . *. 4 a - 2 . 
. ? x 


| PROBLEM: Kl. 9 885 


Upon. a given line (AB) to  deferibe a 
(ABCDE) fimilar to @. given. * gure 
(PQRST). 


| Draw PR 
and PS, and 
in PQ (pro- #1 , 
duced ifneed- 
ful) rake Pq. 
= AB; draw 
gr parallel to 
QR, meet- 
1 in 2; N "Ya 3 

lo draw rs and 38. parallel to RS and STe, in- 
terſecting PS and PT in 5 and /; then upon 'AB, 
by the precedent, deſcribe a polygon equal and 
ſimilar to Pgrst z and the thing is done. 
For, ſince any angle BCD (grs) of the polygon 
ABCDE, is equal to its rs rey RS Cor. 1. 
and alſo CB NN CD (rs): : RSV there - 0. 1. 


fore the two polygons edi. P RST are like? 21.4. 


to TE: 8 et? n 


SCHOLIU N. 5 


This laſt problem may be otherwiſe conſtructed 
by making the triangles ABC, ACD, ADE equi- 
angular. to the Tingle PQR, PRS, PST, re- 
ſpe&ively. 

For, then the angle BCD being =QRS, DE. | 
= RST, Sc.; and alſo BC: A (3:4 C: EN), Ax. 4.1. 


: CD: RS Se. the two polygons muſt ran! I 
be Rinne to each W oak FE EN 1 Def: 146 


* 4+ 


127. 4 


®7.6, 


IE * at equal | 
to a mean pro- nc 


| 4 


Hy) take PA to PQ in 
to be deſcribed to the figure 


5 _—_— e between 
5 & by the precedent) let Parst, 
m 


TO ABEG | 


2 of gau N 


PROBLEM XII. 


: 7. deſeribe a figure, ſimilar to a right lined f figure 


given (PORST) which ſhall be 10 it in 4 7 
ratio of one right-line to another. LN 


In P (produced if ne- 
the given ratio of the figure 


ven “; and, in the fame 
line PQ, take Pę equal to a 


Pn and PQ *; upon which 


ilar to PRS T, be de- 
ſcribed, and the thing is dons, 


For, ſince P: Py : "Py. : "PO ( Con. 
therefore Pn: PQ: pr Fami 5 
PROBLEM 9 7 


75 Ade a figure that fhall be equal to_one 
right-lined Jgure ern Eh. and e to _— 


_(ABCD). 
Upon AB 


eee e e , 5 D 
= ABCD*, _ 
ks the race 


tan le AGNE ads ao 5 B 


3 in AB * | * 1 . *, | 1 
. 4 , N 
: on 4 d . 8 I © 
* N . 


portional be- "Ws 6 r 
tween AB and 

A* *z and 9 Al let AIKH be derbe tes 
Jar, 


4 24 a 


„ wh 


. > kk, - 


ry 


figure (ABCD), which ſball be to another given 


" E * um R 
: = IP k 
8 4 
1 4 8 
0 o 
— 
- y 

1 . 1 


Bool 10 Sub. r 
lat, and Ale + Ix to ABCD', and the thing IG. 
is done. t N. 7. 4. 

For ABCD (AF).: P (AN): AB: AE a2, 8 
ABCD: AIKH*; and nes AIKH = Fe A. 4-4. 


| PROBLEM XIV. 
2 0 defertbe a figure ſimilar to à given e beat 


* 


right- -lined figure "55 in 4 RY: ratio "ot one #% uo 4 


N 
| . ms, ; 
Make the reftzngle ABFG = ABCD 5, and the: 7.6. 
1 AGNE=Ps; alſo in AE, produced, ' 


take AQ = a fourth-proportional to R, S and * * 


AE“; then, by tbe precedent, make AIKH fimi- 13. 33. | 
lar to ABCD, and equal to the rectangle AG % 
AQ: then will AIKH (AG x AQ): P (AG x 

AE |): MAE + 283 R“ which was to. ben Couſtr, 
done. ee | * wake 


The End of the Sixta Bm. 
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+, DEFINITIONS. 


"Riohr-line | is ſaid to be — 
to a plane, when it is perpendicular to 
All right-lines, that can be drawn in 
that Ls from the point on which it inſiſts, 


1 27 5 One os is ſaid to be perpendicular to : 

- Another, when all right - Iines drawn in the one, per- 
pendicular to the common ſection, are perpen- 

dicular to the other, | 


* \ 


| 4 


* 


2 Parallel planes are hel which are every 
here <qually diſtant, the one from the other. 


e that, which has ee breadth 
. "ad thickneſs | 2 


<0 
1 Similar ſolids are 00 as are ; bounded by 1 
5 number of aer planes. | op 


| — 
! ” 
Y ? ; 4 . * 5 - l ER” < A Priſm 
. 4 : | - 2 - 


1 


— r 


FY. 22 n "HALL Le 
| DN, Boot rb Seventh, op 1 £) 129 
6. A Priſm is a ſolid, whereof \ | ET v; 
| "Wd planes of the ſides are parallelo—— 
883 and whereof the two ends, or 1 r 
* baſes, are plane; en re e 8 
figures, RS. to 1 _ ef. [22am F | 


1 | a 8 iS 
* 


9x: wh # > ts 10 Piat. 
Ck 


7. A parallelepipedon is a 

ſolid ante by be parallelo 
grams, whereof the oppoſite 
ones are parallel, eqüal, and W 
like to each other. Ar ln 9820 


5 8, 45 dprig ohe priſm, or ene pee, 3 
a that, /whertof "hs plane of the fides are e 
dicular to the plane of the baſe. 


9. A rektangulat paral- A 
lar lelepipedon is that, whoſe [| 
to bounding planes are all rect- 
in angles, and which ſtand at 
| be KN Ap one to o macher. | 

on + © 8 


3 
: 


7 10. 1 all che 33 planes |: > 42210p4® | 8 

are ſquares, the parallelepipedon is Na. . 

5 a cube. TIO" | 
"WM" > ab is; 1 


11. A Phrawad abi ns go n 


ug whoſe baſe.is any right Aale 
ned plane figure, and 
whoſe bdes are triangles; | E L 
havin ag. all their vertices 105 
united in a point, above : 


the baſe, called the vertex B 
of the pyramid. Thus 
ABCLE-re rene; a 8 whoſe ner is . 


* baſc B LE. 39 gp £#16- 3; 481% 
* wo „ 
. 8 : 1 
£Y 


12 A a a is a Jo tee $f? 
ſolid generated by the rotation. „ WIEN 3s 8 
of a rectangle ACDB about one Werren 24» 


hee .. _ of its ſides AB, ſuppoſed: at x 1 
8 reſt; which quieſcent fide A8 
N 2 Fee. axis of ahe he 4 ; 


3 der. gre N 
N , 1 „ TY "Nc 
P's ; F , * \ - + G4 N. 


13. A 3 fi 8. r ON 
py ſolid, gem » Fax A 
'- © tion of a right - angled tri - 
EX angle . ABC about its Ig 
/ _  - pendicular AB, SO 

xis of the. cone. 


: * 


3 


1 1 A PPE Mp is 4 lid generared ih de . 
5 tion of a ſem-circle about rs diameter, pete 


43 


1 
*# » 4 _ of \\ | & 
* * = a , 9 "Io g * 4 2 7 » 4 we 1440 : & # 35 3 61 


15. The Fruſtum of a urg or cone, is 
that part which remains, when an part next the 
8 vertex, cut off by a plane parallel to the os die 
| A e e POOR” 2 


T—— Mo 


* ALES 3 me" 2 ob — 
2 5 = & * a. m— 1 — — ” EIN — * -» pay * — — * * — Jon - 
v ——— rn hee — "war | 
— e r . : 0 „ 
hy a 8 4 * * * 83 p FORM , 0 N — * 3 
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%ͤ;õ ;ĩr altitude of a p pyramid, or ar is the 
„ 3 diſtance of the vertex, or or 
e Pa 1 1 Fan the baſe; | 
i N 5 
2 Wi Kvery- os ppp is faid 

to be contained under the three right-lines woken 
the ty th, a: and- altitude thereof. 5 


8 1 3 4h $617 7. We? 


* *%, 


j 


= 158. A Plane is did to be extended (or to paſs) 
1 1b night line, hen every part of the latter is 
= placed * or ane WY". the — e 


Fr 
d 
l 
It 
ji 
b 
4 
1 


a bs: 1 


7 


Upright 4 (AabrCBA, Du F 


ſame altitude, ſtanding upon baſes (AH \ DEF). 
equal and hikg "4 "ms; Rn are * themſelves é 


Te fe 1598 
of "this Aron in ; the 
4 e plane fi- | 
gurt POR to be farm. ' 
ed, equal and like in all 
reſpettsto the baſes ABC, K Pong 

DEF of the two priſms, _ , 


ul 
— fe 
e 1 
* 
* 


* 930 214 * y; I I + 45.16 Fr 
g d 7 3 10 : 
* 


* 


* 
* 


7 


P 


upon which, conceive the pra "A be 1 one aftes' 


another, ſo that their baſes may cointide therewith.” 
Then, betauſe the pl F the fides fand, in both © 


. — AY 
: 90 - 4 * 


caſes, perpendicular to th? plane of the baſe,” upon the © 
ſame lines PQ, QR, PR, and are carried up to the” 
p ſame height, it is manifeſt, that the bounds of the wn 


ſolids, when thus placed, have the very ſame poſition ; * 


and, conſequently, that the ſolids themſelves, occupying 


one'to dg rer 


Mt ds ls POSTULATE. 


aha by any two tight-lines (AB, AC) enn 
> in x point, a plane may be ene 


1 order the. better to + 
comprehend the ſenſe and 
deſign. of this Poſtulate, 


wa to 


4 _ —_ SF we q 


. let a plane BDEC, EX. | 

| tended by the right- line _ . 

joining the points B and C, B p 

2 be conceived to be revolved. | 

i about upon that line, till it meets with, or et in the 
ou A then the plane E in that 1 5 


(ſucceſſively) the ſame en . are 3 ne 


4 . — 


L 


_— 
2 1 * 
7 
0 1 7 
+4 | 4 p 
$0 þ 
L-4 I. 
Me 
* Pr 
— 


* 


E luer 25 er 


he chi points B, C, 0 and f 11 
extended by, the right- lines C, BC, joining 
thoſe point which * in * Too plane with Par 
extremes (by d, er 
Hlente it appears, that, 5 any threg vines, fav. 
may be extended; and that all i 
| right- -lined We are in the bh 


22 


Py 


+ THEQREM-1. 


| nh mar in of 1p (AB, £1 is 
right line.” e 5 


7 


For, Jn he tuo ex- A 
treme points E, F of the | /© 
| common ſection, let a right- E 
* Poſt. 1. line EF be drawn; then, tha | 
v Def.6.1. line being in the plane an 


1 8 and alſo in the plane CD. ir 5 
ee CL: be the common leon of 
them both. nn Vo rs «rs 
| | 8 n ur Ae 
ph — ö . A 


. H E. 0 R E. M n 8 1 WE 


If a 170 2 (AB) be perpendicular 70 leb * 
riebi-lines (CE, DF) cutting. each ather, at the'\com- 
mon ſeftion (A), it will be perpendicular to the plane 
(WWE) Kale v * two 50. Ale +4 160 


Take AC, AD, AE, ar 
all equal to one another; and, 
having joined CD, DE, EF, - it 
CF, let there be drawn bro; 1 .2ů 
A., in the plane CDEF, a | 
- rightAine GH, mecting C 1 2 
and DE in G and H; and 8 
let BC, BG, BF, BD, BH, 
Wa BE be alſo Joined. | 


v4 
N A" 4 
| 
"P | j Becauſe 
, : 


- 


W 


rern 


Dre 


* 


wit © ere 


It 


* . 
j 0 9 N 
” 2 | ayes 17 


. 1 MEI Zane _ 6 

| Becauſe AC AE = AD = AF, and AF,. 

DAE-*, therefoſÞCE =DE *, and the angle FCA; . 

(or GCA) =. DEA owFHEA); and fo, GAC be Ax. 10 1. 

ing hkewiſe = HAE*® and AC = AE, thence _ 

will AG = AH* and GC= HE. . 
Again, ſince the right angled triangles CAB. 

DAB, E AB, FAB have their baſes all equal“, and* Hyp. 

the perpendicular AB common, their hypothenuſes 

BC*, BD, BE, BF will be equal too; and therefore, 

the triangles CBF, OBE being murually equilateral, 

the angle FCB (or CB) muſt be =DEB (or ; 

HEB 8); whence, GC being alſo =HE, and BC 14. 1. 

BE, thence is BG = BH *: Therefore, AG being 

likewiſe (as is proved abi = AH, and AB com- 

mon, the angles GAB, ee equal, and con- 

ſequently right - angles. In the lame mannet, AB Def. 8. 

is perpendicular to every other right line drawn, 4. 3 

thro? A in the plane CEF; which was ie be de- , 

V. ß 


20 | ain, 
 2044COROMLARY4 - v 
Hence it will appear, that, if one rightline | 1 
(AB), meeting ſeveral others (AF, AE, c.) in 
the ſame point (A), is perpendiculat. to them a 
theſe laſt will be all in the ſame plane. Becau PO EL, = 
it is impoſſible for a right line (Ab) drawn from ' 8 
A, ay of the plane (FDC) of the two former 
of th to be perpendicular to AB; ſeeing 1. e 
angle B Ab is lels, or greater, than à right- angle (ir * 
BAH *), aceggging as Ab is poſited above, or be- ks. 7 
low the ſaid C FEDC : 15 Sab n. 
Vibro any given point (A) in I given plane (BD). 
a line (CD) te drawn, and perpendicular to bat 


line, at the ſame point (A), two other lines (AB, AE) 
be alſo drawn, the one (AB) inthe playe given 


= 
. ” 
> % 
1 


(BCD), and the other in am other" plane (CDE) Af. 


A 
| 
* 6 


” F.; 
Oy 9 
A SY 


de drawn. 


2 having AB'= DG®, AD com- 
v» Def. 15. mon, and the angle BAD (= right angisꝰ) = — 
Ax. 10.1, ADG* „ Will alſo have BD = AG,: And ſo, the 


4 — 
© 45 1s 


| 2 he lng (AF) drawn from 2 2 paint. (A), at 
wu 
* ane (BAE) ef the two, will be 3 to the 


3 
F TR s UN. | 


"Io Plane (EF), are parallel i 


0 


"> AK of. 8 15 | 


paſſing by the: firſt. line (CD); then, 1 ſay, that a 


2 angles 10 the firſt penpendicular (AB) in the 


5 plane (BCD) attbe 28 a (Qs 


For CA being perpen- 
© Gicular both to AB and 
"AN. it will likewiſe be 

perpendicular to AF“; 

ſo FA, being Ape = 
3 to AB® (as 
well as to CA) is alſoper- 
FREE w 
BCD, in which AB and 15 
* are drawn *. ou | 


In this laſt Theorem, the manner of erecting 2 
pendicular to a. plane, at a point given, is 
indicated, and the conſiſtence of me 6 0 
of this book, evinced, - 
>,  PHEOREM W. 
Two right-lines (AB, CD), e prom to th 
þ other. 117 
Draw in the plane EF, the b 
right - line AD, and alſo DG per- R = 
endicular to AD; make DG= = [-: 
AB, and let AG, BG, and BD A. 


* 


The mien les. BAD, ADG; I IF 


triangles BDG, BAG being, mutually equilateral 
the angle BDG muſt be AG tight. angle: 
. the line CD (as well as BY and AD) being per- 
FR: = Y Ks 1 - I 


* 


? A 
” o 4 
; / * . 
* 2 5 
* * * 
» 4 . 
* - 

„ 4 

- 

> $35 4 . 

#x 4 


* 
4 - 


7 


e 3 Bay , +098 


hal alſo be perpendiculnr to the ** plane N Jet” | 


5 
f 


(AB), any 1 (ED) paſſing 


ow er 


lane (CDAB) with BD and AD*; and coniequent-* Cor. co 
ly, as the angles BAD, CDA ate both e „ 27 
it muſt be alſo parallel to BR“. ge = 22 hes 


4 


eee 


Hence it follows, that from the ſame given pyint, 
to one and the ſame plane, more than one perpen- 
dicular right-line cannot poſſibly be drawn; Be- 
cauſe" all perpendiculars to the fame plane, are pa- 
rallels; but lines drawn from the ſame N are 


not 2 


* H F 0: R BM. v. 75 S 
If, of two ODT riobt- lines (AB, y. one (A | 
is perpendicular to any plane (EF), the. other (C wr . 8 


1 * 


The conftratiivn of DG, AG, 


Ge. being ſuppoſed the ſame here TIS | e 


as in the preceding Theorem; it 
appears from thence, that ADG 
and BDG are both right, angles: 

And, becauſe BD, as well as AD, 
is in the plane of che propoſed | 
parallels BA, CD. , the angle 


2 F is alſo a ri ht-one *, * as is likewiſe bo Ger 2. 7. | 
AV. 2 4 SN is per eu 27 
plane ADS e . a 1 
* : : . 1 —_ 
"«— 8 VE: EW 
"If a right u Ye 7i | 


r to * lame plane U WF | 
„ TM 


* to DG?, it is therefore in dhe 1 L7 + £ 7 


1 * " sf, 


1 5 A Elements of tary | 
8 % In the plane ED, from E P. Re 
_ | any point K, draw KI r 
1 2 to the common 
=_—  - ſection CD. Then, the an- 
_. ;:. gle DIK being a right-an- 
rde. 15. gle = DQP?, IK will be 


5 I, 
; 45. 7 


parallel to PQ, and there- 

fore perpendicular to the . AB, . By che ſame 
inference, all other right-lines draws in the plane 
; E, perpendicular to the common ſection CD, are 
. alſo perpendicular to the plane AB. Therefore the 
TY, Def. 2.7. a ED itſelf is PSY to iche Ke AB b, 


"COROLLARY I. 


ticks it will appear, that the plane AB (ac 

cording to. the ſenſe of the definition) is perpen- 

dieular to the plane ED: For a right-line QR drawn 

| in the former, perpendicular to the common ſection 
- <Hyp. t being alſo © perpendicular to PQ, it* (and 
Def. 1. 7, . conſequently the plane AB in which it is) 3 be 


4 2. 7. 


0 6.7. ee e, to che ane: ED*, 


COROLLARY. 515 


„ Hence it alſo appears, that a line Aki at 
| right-angles to one of two perpendicular planes at 
any point (I) in the common ſection (CD), muſt be 
In *. & other plane: For the line IK, in the plane 
5 75 js perpendicular to the plane AB; beſides 
2 ch hie, another perpendicular ro AB, from, the 
fn, 1 (cen © {ame pry by Fannot be drawn *, qi 
=. 4.7. 
= 1 wp H E OR T M vi. 
| | Planes (ERF, GH) to hich dre and the ſame right- 
fn (AB) #s PT Pena, are N to each, 18 


From 


— —— TSF ——” ——— 3 


/ Fink's any point C, in the E 


. 7 Riff I. * V9 


are alſo parallel to each other. | 


e Seventh, 


plane EF, let. CD. be drawn 
parallel to AB; which (as 
well as AB) will be perpen- . | 


dicular to both the F N 22 : i 1 15. 7 3 
| FE © Yi 1 8 
- EF ' git - H | OY | 


and ſo the angles A, B, C, 
D (when AC and BD are X 

Joined) being all right · ones d, 7 Def. hs 
the figure ABDC (whereof the bes AC, „ 

are in the ſame plane with the parallels AB, | 
CD ZN will therefore be a rectangular parallelo:' Def.6.r. 
gram *; and conſequently CD AB. By the 224 5 

very ſame argument, all other perpendiculars, ter- 124. oY 
minated by the two planes, are equal among 


Fives ne Was to be demonſrrated ©. cf ines 4 | . 3 


— 411. 4 


| COROLLARY. | 83 
Hence, all right - lines perpendicular to one of tWw- v 


| parallel planes, are alſo "ps joe eng! to 1 e 


sc HOLIU M. 


From the two laſt Theorems, the ele, and pro- 


priety of the two definitions of a Fx 
ar reg planes, appear manifeſt. n 


THEOREM VIII. 


; Right. lines (AB, CD) parallel to one and the ſame . 
right-line (EE), tho" not in the ſame 1 with it, Ae, 


Let GH and GI be dran A I 
perpendicular to EF, in the B 


planes AF and ED) of the pro- E J wv = 

poſed parallels, Then * ſhall Ea A 

GF be perpendicular to the 8 9 a 
lane paſſing by HGI; and 1 | wry 
B, ID will alſo be perpendicular to the ſame 955 


Plane”, „ and therefore PUN to each other . . 7. 
TH EO CE 


— 


3 3 be both equal, and parallel, to AD”, 


Ax. 1. each other; whence BC is alſo equal 


25 pg th = d oe are] 


* 


Elements of > 8 5 


* 
* 
4% % 
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r IX. 


wh two. right-lines (AB, ac) mbeting 401 other, 

Y 85 - be Keen parallel to-two' other rigbt. lines (DE, 
DF) alſo metting each other, and not being in the 

Van plane with ibem; ibe angles 8788 EDF ) fur 
0 A” 2 thoſe lines, will be a | 


1 ake AB, AC, DE, DF all e 
60 each other, and let BE, AD; 
C, EF be drawn. Then, AB wb 
"ED, as well as AC and DF, being 
yp ab , and parallel , BE and CF vi 3 


22 
81 
io 4 
* = 


and therefore equal, and parallel, to 


and 8.7: . EF. and ſo, the angles ABC, K 
DEF 4 mutually sten lateral, the. 
A e „ 


—_— 


'THEOREM X 


ck two TO nr (AB, AC) meeting 25 aber, | 


- be je eie parallel to two other right-lines ( DE, 
DF) alſo meeting each other, and not being in the. 


' ſame plane with them, the planes (BAC, EDF) e er- 9 


tended by theſe lines, vil be pavalleb.. 


| Let AG be perpendicular to 
the plane BAC, meeting the 4A 
pulwKuane EDF in Gy in which laſt 
_ Plane, let GH and Gl be drawn 
| - __ to ED and DF; and 8 
they will alſo be parallel to A | 

*8.79, and AC; whence, ſeeing the 

» Confir. angles GAB and GAC are both right *, AGH and 


Ws at wok likewiſe be * angles; and ſo. AG 


_ being 


* 
et 


5 IV WW 4D 
* 
© * 

— 


aber by de eee 


| rutting De D), ave al po : 
"mw the one to the other, I EO. Lbs ay 


ee 


| drawn parallel to each other, 8 2 55 
in the plane EFHG z, alſo | 


lar to the plane 


16, KH be joined: Tben, . 
EG being parallel to FH *, ; D. 10 * Conktr, | 
and El to FK *, the angle "v5 93 777. 
GEI is = HEK f; but the . 


minated by me oe n OW are Pls t 
| ww other. 


Z Foo Sel alan (AFs Bo). LH 


Bab l a 


bei „„ to the plane EDE 0 * 2. 
= BAC Du * two planes are parallel to each d Ce 


{ S345 S160 15 


1 nEORRM W 
"ek hc (EF, GH). made by. dlant (EFHG). 


1 EG l BU hs; 


let El, EK be oe! icu-- 
D, and let 


angle EIG is alſo = FKH, loving 3 3 1 
gles *; and ET 1 W-= - FK *» . 'Therefore EG will be! Def. 1.7. 


equal * (as well as parallel) to FH; 20 _ Des. 7. 


1. 1. 


ane EP likewile: paxallel 0 GH*. * 26, 3. 
$95. COROLLARY. ah 


'F 


It appears from hence, that — nes, ter⸗ 


: „ 


THEOREM XII 2 


. from the two extremes of a rig bi- line (AB) cut | 8 
ting a plane (CD), two pur put (AF, BG) be | 


drawn to the plane; the right-line (FG) joining. the 
Points where they meet the plane, will paſs thro' the 


point (E) in which the propoſed line (AB) cuts the 
plane, ſo as to be divided by i into two parts (F 1 
EG), having the ſame ratio to each olber a as thoſe _ 


| For, 


Elis, wi cue. 


ge, if AF be *produced | 
8 > the lines A/ and 56 e 
{which are both perpendicu- c | 

p. Jar to the plane CD?) wilt” 8} 
. 7. be parallel to each other * 
therefore AB and. FG bling -/ e 
5 both 1 in the ſame plane with 1275 —— 
_ theſe para lels, in which their | 
Def. 1, extremes are poſited *, they 
mimuſt neceſſarily (as; they . 
not themſelves parallels) in- * 

—_ ..,. terſe@eich' othef; And ſoo * 
5 1. the alternate angles FAE, GBE dend equal, as 
yz. 1. Well as the oppolite ones FEA, GEB?, thence will . 
114 4 FE: EG: : AF: nth which Was to on | 
e | 


&..F 6 
N 


„„ . F 
. eee if; in the plane CD, the lines FC, GDbe 

lp 8 parallel, the one to the other, and in them be 

taken Fa FA, and Gg GB; then will the line 

(ab) joining the points a. and 5, cut FG in the very 

fame point in Which it is cut by AB, For, if e be 

taken as the _interſe&ion-of ab and FG, the trian- 
3. and zles 4e, Geb will be equiangvlar*; whence Fe: 
7. of 1. G:; Fa (FA): G GB) : FE: EG,. There- 
2 4+ fore, ſeeing FG is divided in one and the ſame ra- 
Ax. 3. tio, both by e and E, theſe points muſt 2 8 88 

Wh 5. coineide . 

„ 18 


THEOREM XII. "4 

If two 1 (AB, CD) cutting each other, be 
both perpendicular to a third plane (GH), their com- 
mon 5. will Bog pe perpendiculer to the 258 N 


89 


” ” * 9 4 
, ; a 1 * 
| n PHILLY ' or 
| 7 8 1 | 7 
ff T * - * 3 
! ; : | ; - 9 b 4 ; , 


| e — r IL 
e e the extreme 1 ke 

t F of the common ſec- 12 
tion, let the right · line FE' 
be-erefted perpendicular to 
the plane Steen ee X. — A 
being in both the Planes: Noi eit ei 8 
AB; CD., it muſt neceſſa- arts 9381 yt al! Corea. 
"= be their common tion.) Therefore the com- 0 6. . 

antesten is dee 9k plane GHz. ante 


15 161) FI N ee ie, 


> THEOREM e e 


755 the angular points (A, a) of two equal * 
8 (BAC, bac) wo rig bt Ene (AD, ad) be drawn, EY 
or elevated on bigb, abaus the planes of the ſaid au. 
les, Jo as to form equal angles with the lines firſt 

given, each to its correſpondent (DAB = dab, _ 
= dac), and if, from any points (M, m) in 

elevated lines, perpendicular (MN, mn) be * fall 

upon the planes (BAC, bac) of tbe firſt mention'd an. 
gles ;, theſe perpendiculars will be, in proportion, as the 
paris (AM, am) of. the, elevated lines included be- 
ew them and the angular points (A, a) firſt. named. 


„ 


i} Make AD and ad equal to each other; and in 
the planes ADB, ADC, adb, ade, draw DE, DE, 
de, perpendicular to AD and ad; and from their 
interſeQions. with AB, AC, ab, ac, draw EF and 
ef, meeting AN and an (produced), i in 2 40g b. | 
and let D, SD; Sil 4 5 er b. 


, 1 
; 3s L 
* P 
- 


'» Conftr. | The angle ADE, Abbe both right · ones, 


824.7. not only the line A), but the plane ADG e 
5.7. tended oy It; is perpendicular tu che plane EDE r. 
plane ADG is alſo perpendicular to che 


| | refore te common ſection EF 
was, likewiſe perpeBdicularironke plane ADG; and 
N conſequently the angle EGA a righx-· one. By the 
5 7 ey oy , ga is aright-angle;' Now the: 
{452 trighgles ADE, ade; ADF, aufe bein g equal In all 
Hyp and reſpects *, and the angle EA F = cf, Se triangles 


t Ts. „ AEF, arf are alſo equal andalike* ;and fo, the 


 o 
- * 
7 & 
14-52 
= 
S 4 
* 
” 


an ce. angle AEG W atg, EGA ='ega, and AE= 


f ae, thence 45 „and the angle DAG 
258 . (MAN) '=*4 4 ecauſe ADS, adg le are both 
714.4. We ede MN: 1: AM: am. 


I's Sl n 


e ad two perpendiculats MN, un ſubtend 
equal angles at the points (A, a)] from whence the 
£90 N (or inclining) lines are en To 
„ I BEOREM xv. 

1 Ys (Ac), having areZilinear baſe( ABCD), 
wboreof the planes (Ab, Bc, Cd, Ad) of the fide 4% 
parallelograms,: be cut by 4 plane parallel to the 
e * GY: will be h e to 15 


8 Fot, the plane EFGH a 2 ** 

* Hyp. lel to ABCD*, EF is therefore pa- „ 8 
| b Def. > rallel to AB *; and ſo, AF being a 
7 fx "M pantry ram, EF is equal (as well 
24. 1. 28 parallel). to AB e, In the ſame 
manner is FG equal, and parallel to 


: BC Fc. Whence. alſo. the angle 
ey EFG is=the angle ABC !.; and ſo 


of the reſt. Therefore EFGH.- is W ors 3 
Cc O R 0 L- 


"both Om and 9 to ABCD. 


On *% eee K 


* 


$3. TI <2 
2 „ 


ͤ . WEE 


J 


| | 0 PRES 7 73 WEEEL 24 
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Hence the oppoſite haſes of à priſm are equal 


* e as parallel) 0 cac _ git 
50 


1 e the angular. e 9 5 | 
rallelograini( AC).a right-line( AE) be elevated above * © 


the plane af the 'parallelogram, | fo" at ſo male am ans èĩx“b 


el (EAB, EAD ) with the tꝛva contiguous fides there. 6 
of, and there be alſo drazon; from the ihres remain - 
ing angular points, three other right-lines (BF, CG, 
DH) parallel, and equal to the Former (AE); thes, 

the extremes of - thoſe lines being joined, I ſay, Ibe fi 

gure (AG) * lee wi beg Wannen 


For AE, BF, CG, DH. 3 


being all parallel to each | 0 
other, AE and BF are in i and 
the ſame nen, as are alſo 1 
AE and Sc. There 35 fDef. 13. 
fore, all theſe lines bein s [/ fe m. 
equal —_ themſelves, Ay 0 50 . 
lel rains) 3 an F paralle to. h 

ral to DC, parallel to E100 11 and HG are in wh <a 
lame plane i; and EG is alſo a parallelogram, equi · 25. 4 


lateral to its oppolite AC: but EG is equiangular, 
and parallel (as well as equilateral) to its oppoſite 
AC; becauſe, EF being parallel to AB, and EH 
to AD, the angle FEH is therefore = BAD! and, _ * 
the plane EG parallel to the plane AC *. 
the ſame manner, the other oppoſite parallelograms 

appear to be equiangular and parallel (as well as 


equilateral). Therefore the ſolid AG, bounded by 
_ is W een > 


COROL- * 


* * 
* % 0 
0 * » [ 
4 Ly * — 
# "ax f > * - ; 
FF 4 * 7 
. Book the | 143 
# * * x . 0 
" . 4 * N : * ＋ 
0 
- w ; 4 


And in = 10. 70 


e XVI. kings k co 40 


1 


Hyp. and planes AC, 
| 24. 1 
| 7 16, 7. 


13.7. 


r 6. 7. 


e 9 ce. 5 


Oe 


I the angle A of the ie AC. be 4 
ri ght-one,. and AE be erected perpendicular to the 
"IE AC; then will the parallelepipedon be a 
rectangular N for, all the three contiguous 

AH bein grectangular e, o, their op- 
* will be rectan ar likewiſe”: and: ſo, the 
angles HGF, HGC right- ones, HG will be 
ene to the ira; GB *; and conſequently 

th the planes EG and DG likewiſe * 
w the plane BG And fo of e 8 


sc HOLIU M. : 


"In this Theorem, a way to deſcribe a parallele: 
pipedon of any given dimenſions, is indicated: 


and the ENTREE of the 7th and gh. definitions 


upon equal O boſe (AC, ac), ne me __ altitude 


| On" 


| THEOREM XVII. of 
' ReBangs lar parallelepipedons (AG, an) ftanding 


(AE, ae), are equal, 


£ a and KL, equal and like 


; 42, Is 


of the two ſolids, be fo 
formed, that NK maybe | 


with KM; then ſhall PK 
be alſo in the ſame ſtrait 
line with KI“; and the 


Let the rectangles OK | 
to the baſes AC and ac N 


in the ſame ſtrait line 


NI, PM, OL, 


formed by producing the H I Py L. | | 


* Cor. to e will likewiſe ng. OS 


ſides of the two rectan- 


" hs 3 


Wa HK and QK being drawn, * triangle | 
NHK=I1HK-, PKQ MRO, and the tectangle 
OK =L.K*; and conſequently: {by.the addition o 

be 4 & <quals) OQKH=LQKH.. Therefore, HK be 
d the ing a diagonal to the rectangle OL *,: dividing 
be a into two equal, and like triangles oOQH, LQ 
vous if upon thele, as baſes, two upright, priſms be &> 
1 op- ceived to be erected, of the ſame common a 
„the tude Kö). with the propoſed ſolids, theſe priſi 
in de will alſo be equal ?. But the former of theſe is con 
ently ſed * of three priſms, on the baſes OPKN, NH 
cular PQ, and the 1 latter of three others, on KML1, 
I HIK, KMQ; whereof the ſecond and third, in 
both ranks, are reſpectively equal? I herefore the 
remaining two,-on the baſes OPKN, KMLI muft 
„ alſo be equal. But the former of theſe is =" A 
llele- ] As, and the latter = 1 er IM t is Ax, 
ated 3 „* Sag. - . N i 

tions , 82 v5 Aa i} nr. 13 11 1 Se walks 


Ss DO ed 4 2 — s 
0 = 


THEOREM In 


V. at the Salt points of any given right. lined | iS 
Jeure (ABCD), equal perpendiculars (Aa, Bb, Cc, N 
Dd) be erefed to ibe plane thereof, and the extremes | 
of theſe (a, b; b, e &c.) be joined; an upright priſm © 4 
(Aabcd DCBA) en the Ren boſe (ABCD), will I: 
therthy be. formed: © e | 


For As, By C. Di belng 3 


* 


ale ual b, and parallel , it is . 1 | 
1 that AabB, BbcC, Cc. 4 F 15 S 
are parallelograms * and that . F 
the planes of theſe ate all per- 14 C ] £26.16 
FS pendicular to that of the. bee 
; ABCD! (fince Aa, Bb, Ct are 
ſo, by conſtruction), More- {+ 1 N N 


over it will appear, that abcd A 
is one pin bgure, parallel to 


1 3 ö | < ' om." | 
Now „ 3 1 


8 4 
: 
a * 


* N £ 


* 73 1 + 'S * N * . Kt F 2 90 4 : * | 
L 1 $+.8 3 : . . . "7s * 
* : | | I 4 
- * 4 i 0 . R 
* WI . g g 3 3 * % l K * , 
4.5 2 m > 5 7 * 
* ** : , ö 
5 3 A So f * ** - 
1 8 ” » 
bn * , 
= 


di of nts.” i 


Ach fun, te Nnes ue, A (Nhen 4,4 and K 
are joined)” being parallets TT well ks! ab; A 
ad, AD), rhe. i Foy abc is, therefore, p 25 * to 

Bes (or ABCD); and acd-is likes tallel to 
KLBCD. Bat -abe and cd ate in dne lane ;; be. 
wiſe Aa being perpendieular to both ef them“, 
C cohſequently to all the Erez ab, ue, ud; theſe 
oft © necefſarity be all in one * plane; Frakes to 
BCD ; Weh was to be demonſtruled. 


1 N 1 We * 205 48 7 4? 


” CORDELL Any, 


1 appears from hence that, if upon ll che parts 
2 ACD, into which any rectilinear figure ACD 
n divided, upright priſms (Abc CB, AadDC):of 
. 'the ſume altitude be conſticuted ; rheſe priſms will 
form one priſm, on the (Whole) given baſe ABCD; 
ſeeing that abc and acd form one 55 


18. 0 TIO ey 8 to ABCD. 


8001 UM.. 8 


After the ſame Way, 2 Prim, any how FRG 
on the given baſe ABCD, may aj Ba ai egy by 
iving to Aa the propoſed inclination, and then 
F rawing Bp, Ce, Dd parallel, and therew. 
26. 1. For AabB,Bb(C, Oc. will (ſtill) be parallelograms : 
AM that abcd is one plane, pale to > ABCD, will 

' alſo appear (in ibe ſame manner]; if a perpendicular 
from à to the Ha Bag: 20:76 age to FOR. 


drawn. 


NEE THEOREM: XK. " 
F, on We baſes (ABC, PORS), as 
angular priſm, and a retangular , parallelepipedon te 


© erefled, of the _—_ 4 Ra the two ten- 
. will 4 4 co wy inc 


n tri- 


a 
* 
— 


g ? A 
4 


. 


28 
x? 
. 4 


et: to AE, biſect- | 

1 in Wo ſo. ſhall AGHE. = TOTS: 2 1% 
= PQRS*. Nov, the two priſms on ADC? Cet. t% 

and BDC, into which; that on ABC may be di-, St 
vided ), will be reipectively equal to two others, e Cor. to 
on the qual and fimilar f;baſes AEC and BFC s: 18. 7. 
and conſequently the priim on ACB = half the Wa 
priſm on A Erb ball the: two priſms on aG HEA | palin 


and BGHF | S the dun on n 5 * mow bs * Shs 


ae: e wo * 17. 7. 


W ben 5 


$2 upright priſm-(AaceA) is equal.to ous 5 
ee Of of we bale, oe. 


Ly ude « 


LetACc)AD,\. 4. | =; þ 
ad be drawn; and * 

in the doſe FI — * 
the parallelepipe- 

don tet HLAIM, 
be drawn parallel 
to FG, in ſuch 
ſort that the = 


we FH,- 


y be re vel equal. to >the triangles OY | 
ACN, ARE : Then alſo Kare prinn ( 8 6. 6% 


r — —— 


a this alen ay px = weak + the. bf ifs are AY en 
frribed z becauſe a great multiplicity of has, tends te product c- 
fuſioa in the mind of a learner ; 77 ecially where Rude are repres © 
 fented. The ſchemes, hoavewer, may be formed, at large, by thoſe © 4. 
.«»bo think proper to do it : "But very tittle of the Ed | 
uin en. 


ET; 


5 1 


= 


"Ls 4 bs 


„ 3 of — 0g 
edu ABC; be equal to the parallelepipedon (#b) on 
1 119. 7. FH! and the priſm (AacdDCA) on ACD, equal 
88s the parallelepipedon (Li) on LI“ and conſe- 
quently the whole priſm (Aace A) on ABCDE, 
"equal to all the parallelepipedons on FK, which 


orm one parallelepipedon (Fx); becauſe LA, Mm are 
85 5 in the e Fn e, and Hb, Ii in the plane t. 


Hite <7 COROLLARY, . 


Heger al upright priſms, having equal baſes, 
— and altitudes, are qual among themſelves.” "i 


. wo ne CHOLILUMSY, 
as. FO hes very ſame manner, the en of any 
el eee of priſms, of one common altitude, will 


appear to be equal to one ſingle priſm, or paral- 
lelepipedon, of the ſame altitude, whom, © baſe | ls 
equal to the ſum of all theirs. n 


7 ee 


Redlangular parallelepipedons (Ac, pf, ) Pk 
| "equal altitudes (Aa, Dd) are in 1 n e 
44 their baſes ( AC, DF * ä 


Let the pro- # 
portion of the J 
baſe AC to the <(- 
| baſe DF, be 

that of any one 
number m (3) |/. 
to any other A 3 . 
P / 
Let AC be divided by 9 equal val (or 108. 
angles) AL, IM, ividing AD into that 
211. f. number of equal parts e, and drawing IL, KM pa- 
29. and rallel to AB)“: And let DF be divided, in like 
12. manner, into u (2) equal parts, or rectangles, DP, 
: eHyp.an NF: Which parts, taken ſingly, will be equal, in 
Ax.8.4. umd to thoſe of the 1 <diviſiva 0; and on 


— 


* 5 0 
ES EE TH A WEI, + 4 Po NE i KT 


NF) will likewiſe be all equal ?: Therefore che ſolide 17. 3. 


| from the reaſoning laid down in the Schallum to 


* 


the parallelepipedons upon them (AJ, Im, Kc, Do). 0 


Ac is in proportion to the ſolid Df, as the number ß 
parts in Ac to the number of equal parts in D/, ora Ax. 8.7. 
as the number of parts in AC to the number of equal mJ 
parts in DF, that is, as AC to DF %,—If the baſes | 9 
are ſuppoſed to be incommenſurable, the ſolids will _ is 
ſill be in, the ſame ratio with them, as appears 


Theor. VII. Book IV.; which is equally applicable 

in cal ©0025 55,6 ST 

44:44 THEOREM EEE, 
Refiangular As ge non (Ac, Eg) ſtanding 


upon equal baſes (AC, EG) hbavethe ſame ratio a 
their altitudes (Aa, Ee). SON 3 * 
n | rare eh nb 
a parallelepipedon _ 4 e t 
on the baſe AC, a — 2 | | 
whereof the alti- —7⁰—0 | 
tude AM is equal TTY 4 ef 3 
to that (Ee) of B Ic 
the parallelepipe- 7 | P; 1 
don Eg: ſhall & e eee ö 
the ſolid A0 = the ſolid Eg*. (But if Ab and · 17. 7. 1 
ON be 1 as baſes) it will be Ac: AO (or , 9 
CA: AN!: ;: Aa: AM (or Ee): which was 21. 


COROLLAR FT. 
Hence, and from the preceding Theorem, it fol- 

lows, that all upright pfiſms are, alſo, as the baſes, 

when the altitudes are equal; and as the altitudes, 

when the baſes are equal; all ſuch ſolids being (7 

1heor. XX. ) equal to rectangular parallelepipedons 

ot equal baſe and altitude. pe LE 

WEE L 3 THEO. 


* * 
4 F 
a . ; 4 - 
9 * 
— x bi < N . 
: 1 FT L Cr : þ « : d 5 : N - 
: 8 1 7 > "TI | = - x4 1 
/ - qc * - £ 


owe vin: 


Upright priſms and parallelepipedons (Ac, Eg) 
which baue their baſes and altitudes reciprocally pro- 
_ portional (AC ; EG: ;: hes Au. are e to each 


| _ 


d 1 AO be Aa Ne — 
. a priſm on the baſe 4/ | 
RE whereof the N 

altitude AM is 
ual to that (Ee) 

| of the priſm Eg. 
” 1. Then AQ: Eo: A 

7257. AC: 561 Fi Ms 

5 (AM): Aa: : AO: 41 and a pe n Fe 


. 


Ax. # Ein 8 
of + 


1 THEOREM XXIV. 1 
* — upright priſms and parailelepipedons (AG, 
a ) are, 10 unt another, in the MERELY of bei 

ieee (AE, * 


| _ Having made AH 
1 Wat, take AE, AH, 
1 25 Al, AK in continued 
$1. x. proportion *; and let 
AM be a priſm on 
the baſe AC, whereof *: 
the altitude is AK. 
Then {becauſe of the * 
ſimilar planes) it wil! 
26. 4. be AC: ar: : AB*: 45˙:: AE; 2 6% (AE 
* to:: AH*2* A;: : AH (ae): AK; and ſo, the 


— — 4s 7 
, 
- 2 * 


d baſes and akitudes of the ſolids AM, 6g being 


. the ſolids themſelves are 
—_ 


"Ad e propor 


. 
fr 


; * e ie 0 r 


| 17 | therefore, A ag 140 AM 52 7½ 1. 
wh ; Bux eng of AE . AK, ig 5 
plicate to ef AE to AH (e. %  Thete- 1 5 4 


e „ if 17 7 AT Def. 
N Th ef . 


4 % 
4” LAOS 


io 15 Ni Nb enk £6 _ » 7110) «7 | 
| | Hence, eubes are in the tfiplieate raff tlicir W 
dere oF bd auß a 


* 1 4 3 
7 5 . 21 


9 0 COROLLARY | 1 e 


| >the ISS i» $24 
Hence, alſo, all Hiraifat vj r vpight pf e 13 45 ho 
Kn pete as the cubes of titiſges ; ace | 
riſms and cubes, are in the 1 POM" (> 

the altitudes. 


| THE O-REM v. | ; 
1 parallelepipedons, contained under the 
- correſponding lines of three ranks of are 
tbemſelves proportional. E +, AESOOgeIe 
7 and AB: FG: : KL.: Op, | 
I., if JAC: HF: : MK: Oo. 
£4D: Pi. 


— * 
= 
2 er 
: , 
i 
1 


then ſball the ſolid (Cc) contained under the three firſt 
antecedents, be to that (Hh) contained under their 
three conſequents z as the ſolid (Mm) contained under 
the three other antecedents, i is to that (Qq) contained 
r the three remaining conſequeni ß. 

L 4 Ian 


6 


. 21.7. ; 


* 


11.4, their ſides, are themielves proportionals!: 


1 22. 7. 


» Hyp. 


F 
$- 
FI > 
* 5 
* 
* 
* 
6 
ky : 
: 
by * 
4 4 
” 
4 * 
EF - 
o 
» 
* 
1 
— IT. 
2 
. 
RY | * 
"Roy! 
+ 


= = 


Geometry. 


be p nen the baſes 
„ot the : hs altitude with Ce and 
——_—— 44 G2. 2 8 a 
Then ſhall Ce: oy : ; baſe CD: f band Hur; 

: baſe MN : baſe QR“. Bur 
abe of the proportionalit of 


Let Hy and 


o, 

by equality, the ratio of Ce to Hr, is the ſame as 

the ratio of Mm to Qs. And the ratio a Ke =. 
"Bbis likewiſe the ſame as we” of "Qs 

KL Ay 0 


cauſe Hy: Hb :: Ef (AB): 
Op: 10 450 Cbereiore ſhall Fo ratio of 
S che ame, as the ratio of Mm 


Ee to! Hb," 
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4 1. HAT, of any two We Nt 
92 tudes, 'of the ſame kind; the _ i 

Wy be myltiplied ſo ws, till i it oO - 
the . e N 


Gras 
. That, 4 n thay be taken S 5 
"this the ſquare thereof n be 1 0 a kn: . 
B aligned. M a | 


3. That, the KS > 2g of acirele is 3 e 
* the perimeter (or the ſum of All the ſides) M -., I 
any inſcribed polygon ; and leſs than the perimeter _ We 
175 any polygon deſcribed about the circle, - : 


"What is required. to "= granted, in the [econd "= 
Fa. three Paſtulates, might be effefled and proved, 
in form, by means of the Firſt ;,. but being itſelf more 
obvious (if Poffible) than even * it ſeemed unnecgſ. EY 


L E A. 7 


* 


Jary to make it depend thereon. 


2 . Gama 


a 


LEMMA 15 
2 * the greater (AQ) of two une 


I ma 
| tudes (AQ, CD) zhere be taten the half (rig 
From ibe remainder (AP) he again taken the half (PO), 
and. ſo on, continualiy; there ſhall at length be left a 
magnitude, * than 20 OR bee 7 the two magni- 


n 5 | 
e ee R — Q 
ſo often dane, — — 3 F 


5 till the multi- R 
5 © Pol. 1. ple CF exceed A. Let the © propoſed biſon 
TOES 3 wake Po be continued till the parts PQ, 

I 73 Op. A equal in number to the parts EF, DE, 
dHyp. 2 Nos AP (ZAG CF ACE. And, 
in the ſame manner, wid Fg * (CD) 3 
Gets ANN ; g 


775 en ATU. 


When the magnitudes given ( AQ, CD) : are : 
7 She lines, a part, or meaſure (AS) of the one, leſs 
£11. 5 than the other, may be found at one operation *, 

by taking AS the ſame part of AQ,'as C is of 

CF*, For, the whole AQ being leſs than the 
| 'whole CF, * 1 AS ein de be Jos _ * 
e D 30; 20) 4388 


8: 


ROH G 1 

W 7 we 5 may be formed, the one in, the ather 

4 about a given works wobich all differ leſs from each 
"other. (and conſequently from the circle 47 ) than by 
- Med 9 0 Q however f 


L.ct 


| fideofaſquare 7 
f equal to; or 7 
le chan W 
and in the cir- ; 


having drawn 


3 e we _ 


LD Is FT” oo v7 


Let I be the a 


cle apply A 
217: and, 


the two per- H 
pendieular di- N 
ameters AE, 

CG, proteed by : a chatten biſe&tion of the angles 
at the center, till you arrive at an AOB le . - 
than the angle AOn ſubtended by Aw's : Inſcriber f. f. ws 


rhe regular polygon ABCDEFGH, by making the Tem. 1. 


BOC, COD, &c. equal to AOB: and let * Ax. 10. 
another regular polygon QMNPRSTU, of the *+ 
ſame number of fades, 8 deſcribed. about the 30. * 
circle z which will exceed the inſcribed one by a 
magnitude leſs than Q. 

For, if to any angle N of the greater, ON be „ 


drawn, it will biſect the ſame ; and will cut the e 785 * 


ſide CD of the inſcribed polygon at right an 

(in 9): And ſo, the r dee OCN, CN — 12. 1. 
28 ular®, they ncly their dou- » 19-4 

bles OCNDO, CD) parry. in proportion 30 each 

other, as OO to Cv“, or as* AE: to AB“. And" vl 


it is manifeſt, that the whole circumſcribing poly - bs) 


gon (OCND + ODPE Sc.) muſt. be to its whole. 


_ exceſs (CND + DE, above I inſcribed one, 


in the ſame * proportion of AE* to AB*. But the 
it antecedent is leis than the /erond, or than a 
vare deſcribed about the circle ?: Therefore the? 4 4 K 
Er conſequent (CN D rs alſo AB“, _ 


n | 2 2 


Other 


555 e „ 


4 


| Sin OM; and, having made 355 


* 3. 8. perpendicular” to AO, meet- 2 "FE TMP 0 h 


kae 15 Sun! 
3 Otherwiſe. Tg Ft F Fan 


eg 
* 


of the propoſed circle; and B 2 
27. 6. on the radius Ol, make the *'Q 
recdangle OMNI = : 315 28 7 
Ne 1 9 as before): Take | l 
bi a part of OA, leſs than Eo of 


„„ „ %% 
draw AP, BFQ;CGR, DHS. 5 | + nt 


- Ing the circumference in A, 


| *g. 5- FG, H; through which points, parallel to AO*, 
| he © "draw PFI, Vs) RHz, meeting AP, BFQ, CGR, 
_ ia F, Q, R: Join PQ, QR, RS, SI, as alſo AF, 


e Hf. Then will the two polygons 


— a 


OA FGHI and OAPQRSI (whereof one is leſs, 
and the other greater than the quadrant) differ 
less NET other, than by + of the ern | 

vant) 3 
"96 fo that the former. OAFGHI i is leſs than che 
A 2. quadrant, in which it is er thn is manifeſt v: 
And, that the latter is greater than the quadrant, 


wWu.ill alſo plainly appear ſeeing dar jo ſides AP, SI, 
456. 3. only, touch the — ts U the reſt PQ, 
N, RS, N GR e It 2 ſides of 

* triangles PE Q, QG 18 bee Bur of the cir- 

n Conde cle*. No the xl As ok \goly gon OAPQRSI 
and Ax. 2 mo OAF GHI, is com e triangle PAF 


Conf. Kae e PEGO gy = Bren \ 


2 2 I. Sc. the ſaid — 5 will E de : 

20 4.2. x ODp! + ISI OD IFA OMNT (ET) 
to 

x. 2. Qs; which was 10 be done — This laſt con- 
_ 8 Hyp- ſtruction is vally applicable to other cucvilineal 

* 3 Mme ormer is peculiar to the circle, 


COROL- 


| Dal ts Bt 


$6 4% ED I h | 
4" 2. COROLLARY! e e, 


It follows from-hence, that a 4. which 
1 greater than any polygon that can be deſcribed 
in, and leſs than any polygon that can be formed 
about a given circle, muſt be equal to the circle 
itſelf : ſeeing that a polygon may be inſcribed, 
which (as well as that formed about the circle) 


Mall exceed any quanti Nei than the circle itſelf, „ * 


de the difference ever ſo {mall ; and becauſe a po- 

Iygon may be formed abvur the circle, which (as | 

| well as that in the circle) ſhall be leſs than . 
quantity that excecds the circle. 


$ T8 E O RE M 
Every circle (ACE) is equal to a Ra ( e 


N 


* . 


under the radius thereof (OR) and a right line (0 

 . equal to half the circumference. 

It is evident, in the firſt place, that the 2 

poſed rec E 9 7 2 is greater MIR any r 1 
nn: 2 


920 ABCDEF that can. be. PL in the cle- 
cle: For, drawing OA, OB, &c. And alſo Ov per- 
pendicular to AB; it is plain, that the triangle 5 
AO5B (© Ov x AB) will be leſs than! OA x: 8 ta 
(or OR AB): And, in the ſame manner, BOC, 

2 ORx;BC, Se. Conſequently, the whole poly- 20 * As 
gon ABCDEF is leſs than * OR NY ABA 15 8 


9 


BC, Se. that is , leſs. than a rectangle (Om)* Ax. 2. . 


under (OR and Op = half the perimeter AB BC 5: 2. 
+ CD of c.) But this 3 (Om) 1 is, icſelf, leſs | 


than 


* - 
© Lage 


* N * * n 
0 — e = 
P +. * 
Ag 1 
; 9 p 4 - + 4 7 1 5 
* * * # 
* a 5 


* 
„ | e „ e 
tz Tun of  \Geottry. 


= Poſt, 3. polygon) is leſꝭ than OT ® (balf che circumference 


I35᷑ä lefs than the reftapgle OS, © Ea 
| But, ſecondly, it will appear that the ſame rect- 


8 5 15 5 5 "2 angle OR SI is leſs than any polygon HIKLMN : 
iat can be deſeribed about che cirele: For, if OH; 


DI, Sc. be joined, and the radius OP be drawn to 
the point where Hl touches the circle; then will 
3 


5 » Cor. tothe triangle H OI OP HI (OR 1. Ex 5 
| IN, 


2. . the very ſame manner IOK = OR 1 
And therefore the whole polygon. HIKLMN = 
"wk 4.1. OR x ;HI + OR ZIK, Cc. a rectangle 
> 5. 2. 


feſtly greater than O8, ſince Qg (= half the pe- 

1 Poſt, 3. rimeter of the polygon) is greater than OT- . 
SZBeeing therefore, that the rectangle OS is greater 
than any polygon that can be deſeribed in the cir- 
cle and leſs than any polygon that can be deſcribed 

Cor. to ahout the circle ; it muſt be equal to the circle". 


4 ö 1. 8. " 285 - i ” ; 


41 * 


22 circle ACE. For, firſt, it is evident that Q 
is greater than any polygon. ABCDEF that can be 


© than OS, becauſe, Op (half the perimeter of the 
of the circle). Conſequently the polygon ABCDEF 


W 


(On) under OR and Og = half the petimeter (HI 


other, 'as'the. [quares of their radii (A O', ao), 
LetQ: circle ace :: AO*: 40 then I ſay, that - 


— — on Kaya A Kt, oo ow kw _ 


oy 


— A 2 © „ -—, rr. 
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deſcribed i in the circle ACE : Becauſe, if ah Y 
polygon abcdef, ſimilar e in che“ 31. 5. 
circle ace; then will polyg.  ABGDEF nap 
abedef (:: AO, 4%: Toby : * circle ace; where the* Cor. CY 
firſt conſequent (polyg. abedef ) being leſs than the; 3" * 
| ſecond(or, than the circle in which it is inſcribed N. 
it is manifelt, that the Grit antecedent ABCOER 
muſt allo be leſs chan the ſecond Q * 2. . 1 
In the fame manner it will appear, that An 
leſs than any polygon HIKLMY that can poſſibly 
be deſcribed abour the circle ACE : For, if about 
the other tele ace, a ſimilar polygon n be de- 
ſcribed”; then will HIKLMN : Zieh (:: AO“ . g. 
6%); Q.: *cirele ace; where, the firſt conſequent» Tor. to 
(bitimn) being greater than the jecond. (ace) b, the 3 r » 
firſt antecedent, HIKEMN. eaſt therefore M 40 As 2 1 
greater than the © {econd, 2 Ks ar.” 
 , Therelores) leczog that & is grenter ths any po- 
lygon that can be deicrioed in the circle ACE, and 
leis than any polygon that can be deſcribed about 
the circle it mult be 3 to the Circle es 


NN WK 3.6 
'$CHOLITUM. W. *. 


Aer the ſame. manner, other fimilar core | 
figures are ar to be in proportion, as the 
ſquates of their diameters, or other homo] 
4 1 by e of the ſecond conſtrution 
of the firſt propoſition; it being v to de- 
monſtrate, at the polygons wa thence, - - 
whether both within, or both without two ſimilar "9 
ures, will themſelves be dr 05 


* ö 


© OB, ob; and let OG, 
op be two rectangles 2 
contained under the 


lines OH, ob, reſpec- 
tively equal to the 
ſemi-circumferences ABC, 4. Then, theſe hs 
angles being equal to the circles themſelves “, it 
. will therefore be, OE: OG:: ce: 467. And in 
- "this ſame ratio are i alſo the baſes OC, OH; oc, ob: 
_-whence (by 1 20 and alternation) OC (OB) : oc 


” (circum, alen) 


generating plane EBCF, 

draw OR perpendicular 

to the axis EF, meeting 5 
BC in R. 


OR, during the whole 
| revolution, every- where D 
| Preſerves its perpendicu- 


* 
} 


2 $ Wk cn. 


— -" WED 
1 


. og THEOREM IV. YR 
be circumferences of all circles (ABCD, abel, | 


ED ogg are in the Jams proportion as theit LT N ob. 22 


Let OE, oe be 
ſquares on the radii 


fame radii and right © 


% : : OH : 0b: : 2OH un ABCD 9: 200 


e eee | 
If a ſolid ( AC) generated by the revolution of any 


Plane figure (EBCF) about a quieſcent axis (EF), be 
cut by a plane perpendicular ts the axis; the [etion 


will be a are, ag its u & in " * wy 


5 where it meets the ani. 
Fn © ©. 44 


"Fa" front? o. in 1 | 


Then, ſince this line 


, d ene ou ns 


y 
0 
N 
) 


larity to the axis EF, it is therefore always in the 


given point P, draw CP; take, 
diſtances CL, PN, and let LN 'L 2 N | 


| 
of the cylinder in M,. e446 LA a 
| Becauſe CL and PN are pa- FINES 
rallel “, and therefore both in NIN.) n 
1: | 0 4+ 7o 
the ſame plane, LN is parallel, | 1 Def. 3. 
and equal to CP =, Therefore, \\ © 26h: - 


Boa the Eighth, lt 


a\ 


plane paſſing through O perpendicular to the faid 


axis : and conſequently, as the length thereof alſo * Cor. 0 


continues the ſame in every poſition, the line Ryrry 2.7 
deſcribed, in that plane, by the extreme point R, 


by which the ſection is bounded, muſt be the cir- I» 
cumference of a circle *, whereof the point O is! Def. 33. 
the center. 3 1 


1. 


SonolLa Ar 
Hence, not only the baſes of cylinders and cones, 


but all ſections parallel to them, are circles. % 


LEMMA 3. ; 


A right-live (PQ) fanding perpendicular to the 
plane of à cylinder's baſe (and not exceeding the axis 


CF) falls wholly within, or wholly without the cylin- | 


der, according as the point (P) on which it inſiſts, is 
ee ugh within, or without the circurhference of the 
aſe. ö | | 0 f 1 | 


From the ernter C. 60 dhe 


L 


in CF and PQ, any two equal |. | 


de drawn, meeting the ſurface _ 


when CP is leſs than the radius CG, LN will be lefg 24, 1. 

than CG, or than its equal LM”; and fo the® DN 

int N muſt fall within the cylinder. And the ox. 
ame is equally true with regard to any other point 


7. 
2.1. 
in the line PQ, But, when CP is greater than | 


CG, LN "Fill alſo be greater than Tis (LM); £6 
and the point N will then fall out of the cylinder*. 
M THEO. 


* f " 

* 
* ; 
N * - . 
 Blements of - ; ” 
e . * 
3%. "— 2 . of * oe. | Oo 
* Fy * i 


4 8 
* 45 4 R 
n WW LF #3. | , * a * 4 
| | 11 Bf et 
- F * a; i; "+ 7 


Be hade is We tia regu peat. 
"pode ct * baſe and altitude. 6 


2 1 fly; if the baſe auf the eylimderas bi equi 
400 the baſe IKLM of the rectangular-parallelepi- 
pedon IP, and the altitude OH of the former be 
alſo equal to the altitude KO of the latter; then 


the two ſolids will be equal. 
| ES For, firſt, it is evident, that the eylinder exceeds 
| any parallelepipedon (Ip), of the ſame; given alti- 
5 tude, whoſe baſe Iklm 1 is leſs _ 1 Bale (ace) of 
| 2 R 2 r 3 ; 5 0 | 0 1 | 
_ IF 8 
| 2 Vu 5 . 5 4 . 
eo | If 4 * | l 
ry, 21872 y _ 
Ll 4 
/ *. 160 2 Fe 
7 i N * 


. 1 cylinder, Becabſe's ue (abraef ) may be 
. ® 1,8. deſcribed in the circle ace, that ſhall exceed TK/m® 
upon which, an upright priſm (of the given alti- 

4 18. 7. tude) may be conſtituted 5; which wilt be leſs than 
the cylinder as being wholly contained therein; 

+ _  fince (by Lemma 3.) all right- lines drawn perpen- 
hoe 2. dicular to the baſe, in the planes of the ſides “, 
0 6. 7. from any points in ab, bc Sc. fall wholly within the 
cylinder, and conſequently the planes themſelves, | 
in which they are. But this contained priſm is 
. 27. 7. greater than the Fr, nectar Io: therefore 
by Ty oylinder irſe] muſt, ak. be greater 
t Ax. 2, * * , fog 


* 
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Jad like manner it will appear, that * cylinder 
Is Jeſs than a ay parallelepipedon Ir (of the lame 
altitude) whoſe baſe IK vf exceeds that of the cy- 
linder: For a polygon. (ABCDEF) may be de- 
ſcribed about the circle ace that ſhall be el than 
IKvt ; upon which a priſm may be conſtituted “, * _ 
which, tho! leſs than I 7, will, nevertheleſs, gs AR 
ceed the cylinder. Ax 
Therefore, ſeeing that the cylinder can neither 2 


be leſs, nor greater than. af it muſt en 
be equal ro ih. 25... 


* 


* 


1 


=_—— 


EET IS. 


Hence, whatever is demonſtrated in the 21ſt, 22d, AAS 
and 23d Theorems of the preceding Book, with re- fe; 
ſpect to the proportions, of priſms, holds equally 
true in cylinders alſo; being ny to a priſm of 


n baſe and el 0 440. 5. 
„ and 5.8. 
. schortuxn. r 


F rom. the ſame demanſtrarion, it will likewiſe \. 
appear, that every regular ſolid, whoſe ſections, N Y 
by planes perpendicular to the baſe, are all rect- 
a les; is equal to a parallelepipedon of equal baſe 
and altitude; and conſequently, that all ſolids of 

| this kind (which may be comprehended under the 
name of -Cylinderoids) will be equal among them- 
ſelves, when. their altitudes, as well as baſes, are 
"We DN 
| Wi? oh E'M M 4 4s 


* two falids (HAH, hah): f zhe ſame altitude 
have their ſettions by planes parallel to the baſes, at 
all equal diſtances therefrom, equal to tuch otber z, it 

is propoſed to demonſtrate (under certain reftriftions 
ſoicefied hereafter 0 that the my A 11 * 
l | "7 


” k 
9 16 a 
6 5 . kr 1 
* © 114 % 
1 1 4 * * * — 
„ Þ& - 
* 


m Hype . 


D 20. 7 


and Sch. 


75 5.8. 
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Elements of Geometry. 


Let ll, KK &c. #, kk, &c. be ſections of the two | 
ſolids. by planes parallel to the baſes HH, b, 
dividing the altitudes AB, ab into parts BC, CD &c. 


bc, cd &c. all mutually equal to each other. Then, 
every two correſponding ſections being equal! 
(HH bb, II ii, &c.) the upright ſolids HNNH, 


* bnnb\, LOOT, ioo &c. formed thereon, will alfo be, 


reſpectively, equal one to another ", whether they 
be priſms, cylinders, or cylinderoids, that is, whe- 
cher the ſections themſelves be right-lined figures, 
circles, or curvilineal figures of any other kind. 


Now if theſe ſections HH, II Sc. be ſuppoſed 


ro decreaſe, from the baſe upwards, ſo that the ſo- 


lids (HNNH, 1001 Sc.) formed upon them, may 
exceed the correſpondent parts (HIIH, IKKI Sc.) 
of the given ſolid HAH, it is manifeſt, that the 


ſum of all the ſaid folids (HNNH + 1001 &:.) 
wilt likewiſeexceedthewhole propoſed folidHA He. 
But, if within HAH, on the ſame ſections (but on 


- contrary fides thereof) another ſeries of ſuch ſo- 


_ lids IRRI, KSSK Sc. be formed; the ſum of all 
theſe will, maniteſtly, be leſs than the propoſed ſolid 


Ax. 4. 


HAH, in which they are contained ?. And it is alſo 
evident, that this laſt ſeries will be leſs than the 


former (HNNH + 1001 Oc.) by the greateſt ws 


2 
5 
". 
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theſe ſolids HNNH ; becauſe (this one, alone, be- 
ing excepted) to every other ſolid of the rank, an 1 
equal, in the contained rank, may be aſſigned, and 


. 


vice verſd: For * IRRI = 1OOI, KSSK=KPPK.,a 20 7. 
Sc 


LEEK. = IAJOL.: MN TO _ , anSSch, 
- Now, ſince the altitude BC, of the ſolid HNNH 5% 
whereby the contained, and containing ſeries, differ 
from each other, may be taken ſo ſmall a part of 
BA, that the ſolid itſelf ſhall be leſs than any aſ- 
ſigned magnitude whatever * it is manifeſt (from. Lem. 1. 
the reaſoning in Corol. to Theor. I.) that a magni- and 22.7. 
tude, which is greater than any ſeries of ſolids (of 

the kind above ſpecified) that can be formed within 

the propoſed ſolid HAH, and leſs than any ſe- 

ries that can be formed about HAH, muſt be 

equal to HAH.' But the ſolid hab, being greater 

than any ſeries of ſolids (irri +ks& &c.) contained 

therein *, is therefore greater than any ſeries of ſo-* Ax; 3. 

lids IRRI+KSSK Sc. contained in HAH (zheſe, © 

being, reſpectively, equal to the): And the fame 

ſolid hab, being leſs than an ſeries of ſolids (bnnb 

+ iooi &c) formed about it, is alſo leſs than any * 

ſeries of ſolids (HNNH + 001 Sc.) that can be 
formed about HAH. Therefore the ſolid bab is 

equal to HAH, F< vc | 

In this demonſtration, the ſections are ſuppoſed 43 

to decreaſe, continually, from the baſes upwards ; | - 

ſo as to have the ſides of the upright ſolids formed | 

thereon, placed wholly without, or wholly within, 

the ſuperficies of the given ſolids HAH, bab: 

Which can only be the caſe, when all perpendicu- 

lars, from any points in the ſurface of either, to 

the plane of the baſe, fall within the limits of the 

baſe. If, however, the ſections be ſuppoſed to de- 

creaſe to a certain diſtance, only, and then to in- 

creaſe again; the two ſolids will, ſtill, appear to 

be equal: Becauſe the parts of the one, terminated 

„„ Wt e by 


| 
) 
f 
| 
| 
J 
. 
f 
e 


ey 07 cane 


by ſuch limits of decreaſe, or increaſe, will { 
the ſame demonſtration) be reſpectively bat to 
_ __ the correſpondent parof the other. But, as no 
"4 fuch ſolids have a place in the Elements of Ges- 
*. metry, to ſay more about them here, would be 
improper. 


4 


LEMMA: 4.5 


1 7 pyramids. and cones arc 1 
having equal altitudes (AM, TN), be cut by planes 
8 to 725 baſes; the ſeBians, (bedefg, pqrs), at 

> all equal altitudes (Mm, Nn), wo be in ihe Joe 

£2 progeny as the baſes. 


For, the plane bedefe beide alle to chere 
11, thence is bc parallel to BC, bg to BG, &c, and 
9 7. conſequently the angle cbg = CBS. „ bd = BCD, 


1 Ee. allo bc: BC (:: Ab; AB): : by : BG, And, 


in the ſame manner, the ſides about the other equal 
* angles are e 9 the two po- 


9 5 


4: Sone lade, BCDEFG being Balla 9 they 1 


2 26, 4- in proportion *, as Be to BC?, or as Ap to *f AB?, 
5 © or, laſtly, as AM* to: AM* ; becauſe (BM and bm 


: 8 8 - being drawn) the angles AMB, amb- will be right- 
7.5. o ones 7, and Im, —_—u ne to BM. 5 
* . 4 But 


Wy df... at aa 


. Mi aw. i 


Ms en 4 nn 


Css . If ibs verneadieuli; let fin from the 
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But the ſection pgrs is. alſo to the baſe ORS in 
che ſame proportion of An (T#?) to AM (TN); 
becauſe pgrs, PQRS, being circles, they are as the Lem. 2. 
{quares « of their radii pn, PN*, and conſequently as * * R 


Tui to 'EN*. Therefore, ſeeing that the tuo ſec- 


tions have both the ſame ratio to their reſpective = 4 9 
baſes, the 'Propoſition | is manifeſt ®, - 


COROLLARY. 


It appears from hence, that the ſcion of. any 


pyramid, by a plane FT to the baſe, is . 
to the baſe. g 


THEOREM VI... 


All pyramids. of the ſame: altitude Panding i 
equal triangular baſes, are equal among — ; ; 
every ſuch. pyramid (ABCD) -is- equal 0 4 cone 9 
(QRSTU) o bs was baſe and allitude. | 


vertex D-of the pyramid-upon the plane of the baſe 
ABC, falls not out of the baſe, or beyond the li- 
mits of the triangle: Then it is manifeſt, from 


—_ 4, ſeeing the nn the ons en 
Av 


\ 
L 
* 
* 
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Lem. 5. be equal *, chat the ſolids themſelves will likewiſe | 


Ele of Geometry. 
| QRSTV, at all equal diſtances from the baſes, will 


be equal. 
Case II. If the perpendicular (DE) from the 


"4 © vertex to the plane of the baſe, falls beyond the li- 


mits of the triangle: Then, to the point E where 


it meets the plane, let BE and CE be drawn; and 


on BE let a triangle EBF be deſcribed equal to 
| ABC (or QRST), and let F, D be joined. So 


Dal the pyramid CBFED, ſtanding on 'the baſe 
C FE, be equal to the pyramid CABED, ſtand- 


„Lem. 4. ing on the equal baſe CABE*, from each of 


Ax. 5. 


* Ax. 1. 


titude. 

THE OREM VII. . 
very priſe (ABCDEFA) having 4 triangular 
13. Faq (AFE) is equal to the triple of a pyramid wy 

ſame baſe and allitude. 

In the planes of the three ſides, | Bing 
let the diagonals BE, BF, FD be A 
drawn. Then will the part FBCD RT — >» 


y Des. 15. priſm itſelf O, both ſolids being | Ne. 


extended by FB and FD, be a J *, | 
9 8 on the baſe BCD, hav- oh Oh 


which, let the common pyramid: CBED be taken 
away; and there will then remain the pyramid 


BFED = pyramid ABCD ” : But the former of 
theſe -is (by caſe 1.) equal to the cone QRSTU); 


therefore it is evident, that the latter ABCD will 


alſo be equal to the * cone QRSTU ; and, conſe- 


22 that all pyramids of the ſame altitude, 


anding on equal triangular baſes, will be equal 


among themſelves *; ſeeing every ſuch pyramid is 


© equal to a cone (QRSTVU) of equal baſe — al- 


of the priſm cut off by a plane |*: 


ing the ſame altitude with the 


3 contained between the ſame * pa- ELON 


7 rallel * AFE, 3 More. PINS 
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over, the remaining part FABDE of the priſm, if 
a plane be extended by FB and FE, will be divided 
into the two pyramids FBAE, * FDBE, which are 
equal to each other *, as ſtanding on the equal Þ tri. © * 1 
angular baſes ABE, BDE. But the former of 328 | 
theſe pyramids FBAE, if B be now conſidered aa 
the vertex thereof, will appear, alſo, to be equal 
to the firſt mentioned pyramid FBCD*, the two 
baſes AFE, BCD (as well as the altitudes) being 
equal b. Therefore, ſince the three triangular py- 
ramids (FBCD, FABE, FBDE) into which the 
priſm is reſolved, are all equal to each other; the 
propoſition is manifeſt, 'S — 


85 COROLLARK brats 4 
Hence, every priſm having a triangular baſe, is I 
equal to the triple of any pyramid of the ſame al- | | 
titude, ſtanding upon an equal triangular baſe e. _ R 


THEOREM vitt. © . 


Fa priſm (AbcE) and a pyramid (PQRSTU) 

ſtand upon equal and ſimilar baſes (ABCDE, 
PORST), and bave both the ſame altitude; the 
| priſm will be equal to the triple of the pyramid. 


If the baſes S 5 1 
be reſolved into / A 
triangles, ABC, 
ACD Se. it is 
| manifeſt, that 
BbacCA will be a 
priſm, on the baſe 
— oy becauſe 
e being equal x | | 
and — hy, to \\ — 
Aa, AacC will 7 27 DLC. 
be a parallelogram * (as well as BBH and BBC ). 225 3:7: 
\ | | There-fDef.6.7. 


- 1 
, A * 
*% 4 


he 
4 X os 


* 
* 
* 1 


5 - hd ag: ch 1 N 
Therefore BhacCA is equal to the triple of the 

I'S 8 to pyramid, PQRU 5, ſtanding on an equal baſe 
1 EY POR). And, in the ſame manner, the priſm 
4. 10. AacdDC, on the baſe ACD, is equal to the triple 
Sis " of the pyramid PRSU, on the equal baſe PRS; 
and ſo on. Therefore, alſo, ſhall: the whole priſm 
Ad, on the baſe ABCDE, be equal to the triple 


of the whole een PQ * U, on the a, baſe 
PQRST. 


COROLLARY 1. 


| Hence, pyramids having the ſame baſe and 


IRE "ah equal; bei like parts of one and 
5 the ſame pri iſm. 7 x 


COROLLARY. Ul. 


5 Hlence, alſo, all priſms having the ſame baſe 
N and altitude, are equal; being OS" of on 
1 4 and che ſame pyramid. 


COROLLARY III. 


i herefore it appears, that every priſm inclinin 
on its baſe, as well as every upright one, is eq 
to a rectangular parallelepipedon of equal baſe 
* 20. 7, and altitude *; and, conſequently, that all priſms 
and Ax. 1. whatever, having equal baſes, and altitudes, are 
equal to each other“: which muſt be allo true 
in pyramids and cones, every ſuch ſolid being ſub- 


triple to a pO iſm, or e of the ſame Fu and 
18. 8. and altitude. 


6.8 , 
on COROLLARY Yo" 


Hence it allo follows, that whatever is demon- 
ſtrated in the 24ſt, 22d, and 23d Theorems of the 
preceding Book, concerning the proportion of 
8 may holds ron in pyramids and cones z theſe 
e 5 co ROL. 
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COROLLARY. V. 1 . 
11 follows, moreover, that all correſponding ro- 1 0 
ums of pyramids and cones of the ſame altitude, 
are alſo, in proportion, as their baſes, For, the 
lectione, at all equal altitudes, being in that propor- 
tion , the parts cut off (as well the wholes) will ® Lem. PR 
be in the ſame proportion; and, , conſequently, 1 the. Cor. 4+ 


remaining parts likewiſe *, 3. 


COROLLARY VI. 


LLaſtly, it will appear, that all eones; which have 

their altitudes and the diameters of their haſes di- 
realy proportional, are in the triplicate ratio of 
their 5 — being to each other in the ſamev 24. 7. 
proportion with priſms of _ baſe and n.! 1 Cor, 8 


whereof they are like parts 2. 101. 4. 


All femilar priſms, nd mand, are in the x | 
cate ratio of my ee 


From the exttemes of the komologods fides Ak 
Ee, upon the baſes ABCD, EFGH of the pro- 
POOR? ſolids Ac, OH let fall the raren | 


b, 2 The angle BAD: ER = FEH, BAs, 
=FEe, and DAa = H Ee, thence. is aP: Q:: age. 
aA; LIE AB: EFT: AD: EH. Therefore Del 14 
210 . two 4. 


TE 


” 6 EY 4 * "I 
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x92  _ZElements\ of Geometry. 
5 two upright priſms conſtituted on the baſes ABCD, 
 EFGH, of the ſame altitudes (aP, 2Q) with the 
| two ſolids Ac, Eg, will be ſimilar, the one to the 
Def. g. y. other ©; and, therefore, in the triplicate ratio of the 
24.7. altitudes. But the ſolids Ac, Eg, when taken as 
priſms, are reſpectively equal to the ſaid upright 
ones; and, when taken as pyramids, are like parts 
- et Cor 3. of them :. Therefore the ſolids Ac, Eg are alſo in 
C 5 5 8. the triplicate ratio of the altitudes aP and Q. 
os 1. 4 - . | h | 225 | 
| Ls COROLLARY. 
' Becauſe aP: Q:: Aa: Ee: AB: EF Cc it 
follows, that all ſimilar priſms, and pyramids, are 
co one another, in the triplicate ratio of the ho- 
mologous ſides of the like planes by which they 
ER Pt bY DE 3 . 
1 THEOREM X. 

The fruſtum (ABC DEFA) of any pyramid having 
8s triangular baſe, is equal to a whole pyramid, of the 
ſame baſe and altitude, together with two other pyra- 
mids that are, in proportion thereto ; the one, as any 
fide (BD) of the upper baſe (BCD) is to its correſpon- 
dent (AE) ef the lower baſe (AFE); and the other, 


28 the ſquare of the former /ide is to the ſquare of 
ibe latter. 5 Y 


0 —— OP a r 


"= 


In the planes of the three © ©. 
' ſides, let thediagonals BE, BF, 
FD be drawn. Then will the 3 D 
part FBCD of the fruſtum, x 
cut off by a plane extended by * 
FB and FD, be a pyramid, c 
on the baſe BCD, having the 
—ſiame altitude with the fruſtum | 
pet 6. itſelf *, both ſolids being con- Aldo 
7, tained between the ſame * pa- & 
4 1250 15 rallel planes AFE, BCD, 


More- 


Bun the Eighth. ang | 

Moreover, the remaining part FABDE of the 
fruſtum, if a plane be extended by FB and FE,, ö 
will be divided into the two pyramids FBDE, 3 
F ABE, having the ſame ratio, one to the other, as | 


with the fruſtum given: And the pyramid FBCD« _ 
(firſt mentioned) is therefore, in proportion thereto, and Cor. 
as the baſe BCD to the baſe AFE *, that is (be-4- 08-8. 
cauſe the baſes are ſimilar ), as BD* to AE*: Gor. to 


whence the propoſition is manifeſt. | t . 0 
COROLLART. | 
Since, of the three ſolids (FABE, FBDE, 
FBCD) into which the propoſed fruſtum is di- 
vided, the ratio of the firſt and third, is the dupli- 
cate of that of AE to BD, or of the ratio of the 8 
firſt to the ſecond ?; Is evident, Ras theſe three t Cor. to 
ſolids are proportionals *. From whence it appears, 27: 4. 
that the Hollow of any triangular —— is Def. 7.4. a 
equal to two (whole) pyramids of the ſame alti- 
tude, on baſes equal to the two op baſes of 
the fruſtum, and to a third pyramid, which is a 
mean proportional between the two former. And 
it is alſo evident, that whatever is above demon- 
ſtrated, in relation to triangular pyramids, muſt 2 
hold equally in all pyramids and cones, whatever: 
Becauſe every ſuch ſolid is equal to a triangular 
yramid, of equal baſe and altitude; and every! Cor. 3. 
St wk of the one, alſo equal to the correſponding , 8 8. 8. 


- 1 
— 


fruſtum of the other. 


i Ten LEMMA 6. 

If with radii, reſpectively equal to the three —_ 15 5 
any rig bi. angled triangle, three circles be deſcribed, + | 
that whoſe radius is equal to the bypotbenuſe, will be © 
equal to both the other two, taken together. 5 


to 8. 8 
8. 8. 


p 


It 


E 0 e iS 
wie has n b (in Theer, 3.) that circles 
are in proportion, as the ſquares of their radii 
therefore the demonſtration here, is the very 
ſame, as in ſimilar right-lined figures (Theor. 29, 
Book 4.): Wich (if n ou 282 ache 


falt. 
1 TREOREMN 

NT Every | ſobere i is two-thirds of its Bal o- 
We 11 (Ss 2 a N of bal Oy. * WT 
dude.) G m ¶ or Son 

| WI as 3-5 £Dadahg . 
Le ee ſphere a. . K D 
and cylinder ate gene- 'H 52h 1 L. 


kated, by the revolu- * NI 
tion of the ſemi-citele 2 e 
2 K * 2 . = 


AG and the rectangle Ft 
iet 1% ADCB*; let HL be ©: 
| 8. any right line perpenn 
| 1 _ ge nr v.46: 
10g In o an 3 Y * 
periphery of the ſemi · my B 2 
circle in K; and from the center O, let ok and 

<7. ioterſefting) HL, in I, be drann. 
= Hyp. Since AO is = AD”, and Hl parallel to AD”, 
| 82 . therefore is Hl =OH >: But OHK being right-an- 
1 + gled at H, the circle whoſe radius is OH (or HI). 
will (H the preceding Lem. and Ax. g. ) be equal to the 
difference of the two circles whoſe radii are OK 
1. e and HK: Or, in other words, the circle? 
Aaeſeribed by HI, or the ſection of the cone gene- 
rated by the triangle AO, in its revolution about 
the axis AB, will be equal to the difference of the 
two cireles generated by HL and z that is, 
Wo 2, . equal to the annulus deſcribed by , or the 


35 


ſection of the ſolid which remains, when the ſphere 


is taken out of che cylinder, Theretore, cing 
| | the 


— 


theſe two ſections are, every-where, equal to each : 
other, the ſolids themſelves will likewiſe be equal; Lem. 4. 


* 


that is, the cone (EOD) will be equal to the ex- 
ceſs of the cy linder (GDEg) above the inſcribed 
hemiſphere (G Ag); whence, as the cone, or ex- 


maining thirds. And what is here proved, with 
| reſpect to the halves of the propoſed ſolids, holds 
| equally in the wholes. Therefore every ſphere 


i rain of eee 
COROLLARY! E: 

Hence, a cone, hemiſphere and cylinder, of the 
ſame altitude, and ſtanding upon equal baſes, are 
in proportion, as the numbers 1, 2 and 3, reſpec- 
tively. | „ 


--COR OLILARY.M 
Hence it alſo appears, that all ſpheres are to each 
other in the triplicate ratio of their diameters *, be-: Cor. to 


ing in the ſame proportion as the circumſcribing 5. 8. and 
cons, eee er 
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ceſs, is one: third part of the cylinder, the he- 6. 8. and 


miſphere muſt neceſſarily be equal to the two re- 5 1 ä 


Bu ib Eighth, uns. | 


1 : : a ve * : 3 - : . >*1 . 
” 0 1 - - b 9 ie Ph 
NY - : Fe \ > "5 . 
” . . * 9 f * SY 
* ? "FS - o 3 ; * : | 0 : 
* E 1 , ; by = — * 
4 : n " — 7 * 
” - 1 N 2 \ 4 
. * . 
— Sd * a , p 1 . 1 
: Y 4 ; „ " : * 1 4 wi. 1 
Ky * 
4 * — * 
* < 


* a 


1 
* ' 
* 
* w _ - - * 
n 5 ” 44 ** 1 
— * 
* 7 * B. 2 * 
bot 7 
> LORE 
os 
— $ 


* 7 


% 1 N. 4 4 * 
\ , 
” oy 7 2 .* i 
| 2 5 8 4 
; 43 By N |. SO SIAN Yn 
ol "Iv V * 1 L : © 
q £ Fu 4 * 4 F 
Li - i — * 4 — 
” GY > tn 4 * — 
. 6 k 


£3 * 7 
q 1 


1 : . ? 
0 4 
1 1 : Ts % - "7. # - > 
. O F 
; 5 : | 


» 6 
: : 4 5 | , 4 * 
| * * . — 4 * 1 
1. >. x 4 >» 4 x 4 - 
# 5 f by 1 1 * 1 » 1 = ; * - * 41 " 
8 . ON , 6 = . = '® " 
*, N - o # % 
* 4 
* ; . 4 
< e L - . 2 9 
n 2 * — - . * 1 2 * N 8 
1 \ N 4 f y / 


: 2 8 D 83 i oO 155 © go 
. . | =] ; | £2 
.4 2 2 n e 
'VERY quantity is meaſured by ſome other 

quantity of the ſame kind; as a line by a 
Sy} line, a ſurface by a ſurface, and a ſolid by 
a ſolid: And the number which ſhews how often 
the leſſer, called tbe meaſuring unit, is contained in 
the greater, or quantity meaſured, is called the con- 
tent of the quantity ſo meaſured, Thus, if the quan- 
tity to be meaſured be the rectangle ABCD, and 
the little ſquare E, whoſe fide is one inch, be the 
. meaſuring unit propounded ; then, as often as the 


ſaid little ſquare is contained in the rectangle, ſo 
many ſquare inches the rectangle is ſaid to contain: 
So that, if the length DC be ſuppoſed 5 inches, 
and the breadth AD 3 inches; the content of the 

| ZI ne rectangle 


\ 


3 


AY n N wm * 2 a 
rectangle will be 3 times 5, or 15 ſquare inches: 
Becaule, if lines be drawn; parallel to the ſides, 
at an inch diſtance one from another, they will di- 
vide the whole rectangle ABCD into 3 times 5, 
or 15, equal parts, of one inch each! And, ge- 
nerally, whatever the meaſures of the ewa ſides may 

be, it is evident (from El. 7. , 4.) that the rect - 
angle will contain the ſquare E, as many times as 
the baſe AB contains the baſe of the ſquare, re · 
peated as often as the altitude AD contains the 
altitude of the ſquare. -., Therefore, to find the con- 


tent of am reHangle, multiply the baſe by the altitude, 


and the produtt will be the anſwer... Thus, let the 
length be 38 inches, and the breadth 15 then 


the content will be 15 times 28; or 270 ſquare © 
. 1 | 8 1 ' oh f e 


inches. 7 7 1 8 Niere ES A 
\ The method of find. N 
ing the content of a 
rectangle being thus ./ 
known, the content 
of any parallelogram 
ABCD, or triangle 
ABD, will alſo be 
known; the former of 


; 


pendicular DE 12 feet; then the content of the 


parallelogram will be 216, and that of the triangle 


108, ſquare feet. 
ONO” 
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theſe figures being equal to a rectangle of the ſame 
| baſe and altitude; and the latter equal to the half 
of ſuch a rectangle (by Cor. 2. to 2, 2,), There- 
fore, multiply the baſe by the perpendicular; for the 
content of any parallelagram; and the baſe by half the 
perpendicular, for thai of any triangle. - Thus, for 
example, let the baſe AB be 18 feet, and the per- 


N. 


1 
* 
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F 25 


8 


- 
Soi, bry. AER > In = ann. 
th K Bone a 


A 


termined, 1 widing © N 


and finding the content 
of each triangle. Pha 4 let the Fividing Hes 


ſomewhat ſhortened, 


their ſum by the common baſe of t 
angles. Thus, in the laſt example, the half- 


ov the dual. * 


"05651 ** 2 7 5 OY 


; * 
| f N 722 2 J _ . | 
manner * at n ne 
be e ann af . ag 


Funding the area of 2 K x: 77 VEIL ** 
triangle} the uren f anx g e IS 
right: lined plain figure. 
as ABC DE, may be de- 4+: 3 


the whole into triangles > RE e ; 


AC and AD, be 20 and 16 inches, and 8 
a BF, DG," EI, falling thereon; 8, 125 
=_ 10, e Wen, ts content of 775 f 


* : +» +» * r bi W * 1 
7 , : 4 5 as : , 1 9 1 oh 
wk : 


Triangle JACDE. being 5 140 f. iti en 


ADE K. 80 5 


be the ſum of all theſe, or 280 ſquare inches. 
But, when the given lines are expreſſed by frac- 
tions, or very large * the work will be 


every two triangles, having the ſame baſe, at one 
operation ; that is, by firſt adding the two 1 
pendiculars together. and then muriphig 1 5 

two tri- 


ſum of the two perpendiculars BF and DG be- 


ing 10, if this number be, therefore, multiplied 
by 20 the meaſure of the common baſe AC, the 

product, which is 200, will be the content of 
the trapezium ABCD A; to which 80, the con · 


tent of the triangle ADE, being added; the ſum 
will be 280, the ſame as before. But, if the po- 
lygon propoſed be a regular one, that is, one 


whole lides, and angles are all equal, the ſhorteſt 


Þ.- 


Way 


0 


: eee of the whole a" gill 


y, finding the content of 


--4Y 
"oF \ 
4 


. 7 
. x 9 


— and 2 


way of all, is, to multiply balf the ſum of all the 
2 by the length of the line drawn from the middle 
fo any fide to the center of the Polygon. The rea- 
ſon of wk * from the © GO 


Haring & "A, how the 8 5 any y right-lined 
figure may be computed, it will be proper here, 
to ſay ſomething with regard to the area, and pe- 
8 75 of the circle. 


Ss . Hg 


It is well . that. io eras che true 
area of a circle, and to find a right· line ena 
equal to the circumference thereof, ate looked 
upon, by mathematicians, as abſolutely impoſſi- 
ble: But, though neither the one nor the othet 


can be accurately known, yet ſeveral Ways have 


been invented => which they may be approxi- 
mated,. to any aſſigned degree of exactneſi. 
That, which 1 am now going to lay down; 


though leſs expeditious than ſome others, ſeems, 4 : 


neyertheleſs, to be the moſt proper for this place, 
as depending on the moſt ſimple and evident 


principles: I ſhall nnen with ONES 


the ee 


e ; LEMMA. 


fn AD be. a. de, and AB, BC two equal 
arcs of the ſame circle, and if the chords.DB, DC 
be drawn ; then, 1 ſay, that DB. = = Ab x DC + 


AD. 


N 2 For, 


| toy \ 8 
'E "ty — * Ky s _ 
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* * 8 
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r rn, ena > 
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3 Ya . 


* 


For, if in DA produced, there be taken AF= 


De, and BF, BA, BC and the radius BE be 


drawn; then, the external angle FAB, of the 


trapezium ABC D,, being equal to the internal op- 
Polite angle DCB ( 17. 3.) alſo AF = DC, and 
AB = CB (by Hyp.); it is evident, that FB is 


alſo = DB, and conſequently the angle F FDB 
"= DBE: And ſo the iſoſceles triangles DE 


DBF being equiangular, it will be as DE (3AD) : 


B:: DB: DF (DC + AD); and conſequently 
—_—= DF=:AD x DC+zAaD.. E. Dv. 


* 


a "I q * - 2 : * * Li 
K+ - wat & cÞ . o - 4 * ? & oy 
N N 9 4 
* * p i — 9 > 0 1 0 * 
. 25 4 As ® - ; ö 
* 


Hence, if the diameter AD be denoted by 


the number 2, the chord DB will be denoted 


by VDC 2: whence, it appears, that, / 


the meaſure of the ſupplemental-chord of any arch 
de increaſed by the number 2, the ſquare-root of 
_ the ſum will be the ſupplemental chord of balf that 


— 


Now, to apply this to the matter propoſed, that 


is, to the finding of the area and circumference 


of the circle; let the arch ABC be taken equal 


to + of the ſemi-periphery. ACD; then will the 


chord AC be equal to the radius AE (by 29, 24 


— y Y 


. RD 


F 


Slupenficiot and Solids) 18 
and therefore, ſince ACD is a right angle (( 
13. 3.) DC. ( AD — AC}, by L. a.) will be 


24-1 2 and conſequently DC =\/3 = 
1,7320508075, &c. Wherefore, ſeeing the ſup · 
plemental chord of + of the ſemi-periphery” is 

_ 1,7320508075, we ſhall, by the preceding Co- 


V. 
. 


" V IF T7732050807;,=1,9918516525 ] | 0 . 


T1 /2+1,93185 165 25=1,9828897227 : ay 
- 4 2+1,9828897227=1,9957178465; | 2 * J 
3 * 24 1,9977846 21, 9989291743 EY 2 4 
Vs 

2 +1,999732275 719999339678 ho 40 3 ; 
* 2719999330678 3:9999330678 4 8 1:48 


No, therefore, finceitisfoundthat 3,9999330678 
is the ſquare of the ſupplemental-chord * Tix of 
the ſemi-periphery, let this number be ſubſtracted 
from 4 the ſquare of the diameter, and the te- 
ö mainder 0,0000669322 will be the ſquare of the 
| chord of the ſame arch; therefore the chord "its 


— oO m—_— 
x” 


v 2+1,9989291743=1,9997322757 


Io 
1 


tract —_— „ _ 


ſelf being = /0,0000569322 = e _— $ 
this number be multiplied by 768, or twice 3 ©" 
and the product 6,28 17 will be the pertmerer of 3 _. == 
„ a regular polygon of 768 ſides, inſcribed, in the 
1 circle; which, as the ſides of the polygon verey  ' © 
f nearly coincide with the circumference of the Me. 
þ cle, mult alſo expreſs the lengthy of che circums 
f ference itſelf, very nearly, „ 
0 * y 
t , 
e | 88 
| 0 | 
e N 3 But, 
3 5 
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0 & "Y dauere. 40 


wk $6: 4 


* * 
4 
+ 
> 
4 
4 
4. 
43 
. 
4 


f -Dity it in ls: 0 "4 . : 7 
b ; 2 near this | 85 
1 is to the truth, let 2 5 
AB repteſent one og 7 ſt 
1 fide of a regular po- | 
4 lygon of 768 ſides, 20 
4 inſcribed in thecircle 


n 


(whoſe | length, we 
have found above, 
to be 6,008 18121) 
and let ab be a fide 
of another ſimilar 
Polygon, deſcribed 
About the circle; and ew 10 center o let ON 
be drawn, biſecting AB and ab in M ang N: 
Then, fince AM is = AB = 0,0040906, and 
AO = 1, it is plain chat OM» (A0. — AM?) 
will be = 0,99998327, and conſequently OM = 
9,9999963 ; Whence, becauſe of the ſimilar tri- 
' angles AOB, 405, &c. we have 9,9999963 
F (OM): x (ON) : AB: ab:: 6,28317 (the peri- 
| \ Aon of the inſcribed lygon): 6,28 322 the pe- 
meter of the circumſcribed polygon... - Bur the 
circumference of the circle being greater than the 
- Perimeter of the inſcribed polygon, and leſs than 
- that of the circumſcribed one, it | muſt, con- 
ſequently, be greater than 6,28317, and lefs than 
6,28322; and muſt, therefore, be equal to 6,28 22, 
very near; ſince this number exceeds the perimeter 
of the inſcribed polygon by no more than 0,00003, 
andi is leſs than the perimeter of the circumſcribed 
one by 0,00002, only. 
From the 1 "thus found, the area of the 
. circle will allo be known; being equal to the pro- 
duct of half the periphery into the radius (by 2. 8. 4 
that is, = api > x 1 = $1416. Fg 
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 Superfieies and Solids, "MF >" 
Therefore, fince it is proved (in Theor. 3 and 4. 5 | 
of 87) chat the peripheries of circles are in pro: 
portion as their diameters, and the circles them- 
ſelyes as the ſquares of thoſe diameters; it fol- 
los, that, as 2 is to 6,2832, or as 1 to 3,1416: : 
the diameter of any circle to its periphery; and 
as 4 to 3,1416, or as 1 to 0,7854 : : the ſquare 
of the diameter to the are. 
But, if you had rather have the proportions in 
whole numbers, and the caſe propoſed. does not 
equire_ any great degree of accuracy z then, in- 
ſtead of the foregoing, thoſe of Archimedes may be 
uſed, viz. 7: 22 : : diam. : circumf. and 14: 11:7 _ 
ſquare diam. : area. Which proportions differ but 
little from ' thoſe above, as will appear from the 
following example: wherein the diameter of a 
circle being given 28, its circumference and area 
are required. Here, according to the firſt propor- 
tions, 1 multiply 28 by 3,1416 for the circum-. 
| ference, and the ſquare of 28 (or 784) by 0,7854 Allis 
for the area; and there reſults 87,964 and 615,75, _ 
reſpectively. But, according to the proportions of 
Archimedes, the circumference will be found equal 4 
to 88, and the area 616; which differ very little 
from the former. N 5 


By knowing the proportion between the diame :- J 
ter of a circle and the circumference, and between | 
the ſquare of the diameter and che area, the con- 
8 ſuperficies of ſolid bodies may be determined. 
„ „ | 
The convex ſuperficies of a cylinder is found, 
' by Arſt finding the circumference of the baſe, and then + .. 


JJ Zn MBE ͤ ͤùo-uö-ö;h T1 


e multiplying by the altitude of the ſolid. Therefore. 

- if to that product, the area of the two circular J 
) ends be added, the ſum will be the whole ſuper- * 

5 ficies of the cylinder. 7 
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circumference of the baſe. 0 
Jant fide of the fruſtum. 


7 5 Hy. 3,416. ee ee c 


1 164 0 'the Menſuration , 
: In * the convex ſuperſicies of a cone, a. | 
tiply. half the length of the es "OT n ” 


1 be convex ſuperficies fs any COIN, of this 
ſolid is found, by multiplying. the ſum of the peri- 
pheries of the two ends into ha. ibe __— of * 


To find the ſuperficies, of; a ſphere, ales” 
_ the periphery, of the greateſt, or generating, circle by. 
its diameter: Or, cal the e of wy diameter. 


The convex elle of any feament of a 8 


is found, by multiplying the periphery of the greateſt. 
circle of the A into "the altitude of the ſegment. 


-" he nalen of theſe laſt rules, for find 
ing the curve ſurfaces of folid bodies (which is not 
2 given in the Elements, for reaſons mentioned here- - 


ter) is inſerted at the end of this ſection. 


"Oy, Tur MxsuzAT10N or 801.156. 


As every EVT 
ſuperficies is 


ithſoced hy d f 4 
ſquare, Wwhoſe x 
ide is unit, 
(as one inch, 
one foot, one 5 
| yard, Se) fo 
ſolid is 


* 
pd e 
„ 4 
- * 


5 | N W 4 
G = 
, * = 


He ured. by a 


cube whereof | /© | 9 
the fide is alſo A 5 


an unit. Thus,. 


a ᷣ . é ]ꝗ³ A a w·W·W. 6˙ ẽůmͥp O O ö and amor aan a. as ad tw ca airs am 


' | "Superficies' and Solids... 


let the ſolid to be meaſured, be the 


parallelepipedon AF, and let the cube P, whoſe. 
ſide is one inch, be the meaſuring unit; alſo let the 


length AB, of the baſe AC, be 4 inches, the 
breadth BC 2 inches, and the altitude AH of the 


ſolid. 5 inches: Then, becauſe the area of the baſe 


ABCD is 2 times 4 (or 8) ſquare inches, it is eaſy 


— 


153 


to conceive, that, if the ſolid were to be only one | 


inch high (inſtead of g), the content thereof would 


be juſt the ſame number (8) of cubical inches; 

becauſe then, upon the eight equal ſquares into. 
D is diviſible, a cube of 

one inch might be erected, ſo as to compoſe a pa- 


which the whole baſe ABC 


rallelepipedon on that baſe, of one inch hi 
Therefore, ſeeing that the content of the ſolid, at 


one inch high, is 8 cubical inches, the whole con- 


tent at 5 inches high, muſt conſequently be 5 
times 8, or 40 cubical inches (ſince the whole ſo- 
lid AF may be conſidered, as compoſed of 3 ſuch. 
heights of cubes, one ranged above another.) And, 


generally, whatever the dimenſions may be, icis 


manifeſt (from 21 and 22. of 7.) that the parallel- 
epipedon will contain the cube P, as many times 


as the baſe ABCD contains the baſe of the cube, 


repeated as often as the altitude AH contains the 
altitude of the cube. Therefore tbe content of any 


of the baſe by the altitude of the parallelepipedan. 
Thus, for example, if the two dimenſions of the 
baſe be 16 and 12 inches, and the height of the 
ſolid 10 inches; then, the area of the baſe being 


192, the content of the ſolid will be 1920 cubical 


inches. 1 


| Tien the content of a parallelepipedon, thus 


known, ' that of a'priſm, or a cylinder, will like-- 


wiſe be known; every ſuch ſolid being (by 20. 2 
or, 5. 8.) equal to a parallelepipedon . baſe, 


parallelepipedon wil be found, by multiplying the area 


Y 


and altitude. Therefore, multiply the area of #h 


baſe (found by the rules for ſuperficies) into the 


beight of the priſm, or cylinder; and the product wil 
Hence the content of any-pyramid, or cone, is 
- alfo obtained; being (by Cor. 3. 0 8. f.) equal to 
2 part of a priſm,” or cylinder, of the fame baſe 
and altitude. Therefore, multiply the area of the 
baſe by 1 of the altitude, and the prodult will be the 


474 « 


Every ſphere: being (by 11. 8.) equal to? parts 


of a cylinder of the fame diameter and altitude; 
the content of any ſphere will, therefore, be fou. 
by multiplying the area of its greateſt, or generati 
circle into + of its diameter: Or (becauſe the are; 
of ſuch circle is to the ſquare of the diameter, in 
proportion as o, 7854 to 1), let the cube of the dia. 


4 meter be multiplied by the fraction, 3236 (= of 
9,78 54), and een eue will be the content. Thus, 


if the meaſure of the diameter be 20, the cube 
thereof will be 8000; which, multiplied by , 3236, 
will give 4188,8 for the meaſure of the ſphere's 
ſolidit 7). nene ä 


The manner of finding the 
content of any fruſtums of 
the ſolids above determined, 
is collected from Theor. 10. | 
and 11, B. VIII. Let the fru- | | 
tum (MN), firſt p ed, be 
that of a pyramid z then, hav- 

ing found the content of a 


+3 
- 


N 


whole pyramid, of the ſame // \ My | 


given baſe and altitude; ſay, n 
as any ſide A of the lower end or baſe, is to its 


correſpondent B of the upper, ſo is the ſaid con- 
| | | - tent 
. — | | 


c ( 


3 " __ r n 8 9 ”— 818 


% 


. content to à fourth - p ional; and, as A is 

| (again) to B, ſo is the quantity laſt found to an- 

other proportional: which two proportionals,,add= = 

ed to the content firſt determined, will give the 
true content of the fruſtum. But when the op- 

| polite baſes of the fruſtum are ſquares, the rule 

will be more ſimple, and put on a better form; 

For then the area of the baſe being A*, the con- 

| tent of a whole pyramid thereon, of the ſame alti- 

* tude with the fruſtum, will be equal to the paral- 
lelepipedon G & A, C being + of the given alti- 
rude of the fruſtum. But A: B:: C A.: C & 

8 Ax B (by 22.9.) and A: B:: CN AXT B: CX B. 

| Therefore Cx A*+ CXAXB+CxB(=Ccx 

| A*+ AxB +8), by Schol, to 20, 7.) is the true 


unten in his caſ e 

Hence, o find the content of the fruſtum of any 
ure pyramid, add the produtt of the two fides of 
the lower and upper ends to the ſum of tbeir ſquares, 


| and then multiply the aggregate by 7 of the fruſtum's 
beight. Es O95 apt W * 
6 From the con- r Horz 
tent here found, that | r 2 * * 
of any conical fru \ 
ſtum (PQ) is rea- | . FP 


dily obtained; be- 
ing in proportion 
to the content C & 
TAX BTB) 
of the fruſtum of a 
ſquare pyramid cir- cone; May fs 5 
cumſeribing it, as the baſe of the former is to the 
baſe of the latter (by Cor. 5. to 8. B.), or as the frac- 
tion, 7854 is to unity: And fo, will be equal to the 
2821 Part of C Xx A* AHT E x 


A*+ AB + B*; by taking E =,7854xC='the 
2618 part of the whole given altitude. 8 4 
oP | 5 | Tore, 


1686 
a fore, 10 find the' content of any fruſtum of 'a tone; 


4 * * , 
hs 


Of the Menſuration'of 


add the product of the diameters of the two ends 10 


the ſum of their ſquares; then multiply the aggregate 


y the fruſtum s beight, and the produts, again, by 


For, it appears, 


from Theor. 11 


the frattion 52618. oi 
0 


B. W 6 Re e 
for finding the 1 

content of any —, 
ſegment IAK of 
a ſphere, may 
alſo be deduced : 


from thence, that © FF 
the ſegment propoſed, TAK, is equal to the dif- 


| ference between a conical fruſtum FCDH and a 
cylinder ECDG of the ſame altitude, ſtanding upon 
. a baſe, whoſe radius CA is equal to'that (AO) 


of the ſphere itſelf. But the content of the fru- 


ſtum FCDH, if the two diameters CD, FH be re- 
_ preſented (as above) by A and B, and the ,2618 


part of the altitude (D) by E, vill be Ex 


A* + A X B + B* (that is, equal to a parallelepi- | 


on whoſe altitude is E, and baſe = A! + A x 
+ B'): And the content of the cylinder ECDG 


will be = 3E x A“, or Ex 3A*. Therefore the 
difference (or the content of the ſegment IAK) will 
be = E x2A*—A xB— E (Schol. to 20. 5. and 


Ar. 5. 1.) But 2A. — A x Bis compoſed 


of A*—A x B and A*—B*z whereof the for- 


mer part A. Ax B is A- BN A (by 5. 2.) 
= 2DXA (becauſe A - B (or CD- FH) =FE 


"+ HG =2AB or 2D); and the latter A*— Br= 


_ A=BXA+bes(b,. 2.) 2D „ zA—2D: 


Whence the ſam of both will conſequently be = 
2D Xx 34 ; and the content of the 3 


; * 
; * * S ” 
, > 4 
2 Ts 1 


„eres aasee e 


S ao.cd eos 


" Q , „ 


= i : 
* 2 


ee. 


r '* ls th, won CD WAY 3 OY: WO . . nw t - ' 


—— 


irſelf =1 =E 4 iD A 25 = 236 * D. 
JA—2D (becauſe 2E 54360). 
Therefore, zo find the coins an NWA ! 


here, multiply the % ” +: the m ſemen be beig be 
25 exceſs of Ibrict . ww? 


1 
tion +5230.” * '® 


The demonſtration of * als for a 
the ſuperficial content of the cylinder, cone 


diameter above be 


7 
- 
| : 


ſphere, and of their ſeveral ſegments, or fruſtums, is 


r from the two Lemmas here r 
F' "+ EMCI x. 
— The age ſpe, or the ares of al he fi of 


regular pyramid, in which a cone may, be inſcribed, 


„ ngle under the perimeter of the baſe 
7 ous e of then? Jai 2 


For, let BCDE, 
Sc. be the baſe 
of the pyramid, 
and BPGM that 
of the inſcribed 
cone; and from 
the vertex A to 
the point Pw˖here 
any fide DE of 
the polyg. touches 
the circle, let AP 
be drawn. Then, 
ſince the triangle | 
ADE is = ZAP 5 | 
X K 2 2 AB bi 
DE; and as the 
like holds we 
with regard to 
vp other ſide 


* 


f CREMA WA 2 FIDEL 
- - ? 
i ” 
— + 


: 200 Df tbe: Menſuratian''of = | 
= of the pyramidꝭ it is evident that. the ſum of all a 
the ſides, or the whole ſuperficies of the pyramid 


« excluſive. of, the baſe). will be equal 10 AB x G 
DEN EE + Ge: that is, equal to a rectangle : 
under ZAB and the whole perimeter of the. baſe, I 

3 n Fa 5 . ot aa * f de Th, Nd 4 
COROLLARY 1 e p ge 

Hence it will alſo appear, that all the fides 11 

of any fruſtum Bg of the pyramid, will be equal 8 


0 a rectangle under half the length of each fide 
and the ſum of the perimeters of the two ends: 
For, the area of the fide DEed being = ;Pp x 
DE + &, or *Bb Xx BE T d (by 4. 2.), the 
area of all the ſides will, therefore, be 4Bb x 
7 oo, 


A Therefore, ſeeing that the foregoing concluſions 
4 | hold univerſally, whatever the number of the ſides 
may be; and as the pyramid, by increaſing the 
number of its ſides, approaches nearer and nearer, 
continually, to the inſcribed cone, which is its li- 
mit; thence will the upper ſuverſicies of the cone 
(as well as that of the pyramid) be equal to a-re&- 
angle under half the length of its ſlant fide and the 
| perimeter of its baſe. ' And the convex ſuperficies * 
of any fruſtum of the cone will, alſo, be equal to * 
a rectangle under half the length of its ſlant ſide th 


S. ONOFF 


and the ſum of the peripheries of its two ends, Ti 
odr baſes: Whence it likewiſe follows, that the con- * 
; vex ſurface of a cylinder will be equal to a rect · th 
angle under half its altitude and twice the peri- Ny 
Phery of its baſe (or under the whole altitude and By 

once that periphery) ; becauſe then the two ends are R 


l ec gqual.— From this Corollary, the rules for finding 
= - _' the ſuperficies of the cylinder and cone, are 5 7 BE 


— 


5 er TY 


1 3 
n Nr offs „cbm 25146 


wed ; 7 
=: LEMMA. . . 27) aa 

FOE a. 4. ay | 5 
. Far. N 


: | re 
3 ar regular -” polygon ” ABCDE, 1 I of an even 
number F abe wirbt its inſcribed cirele 
RQSg, Be Juppoſe. to revolve about t (produced) . 
diameter RS, as an axis; > ſafe of the ſoli 4 | 

erated the gon. to a rectangle 
My pet fi F. oh a right line we 1 the Ar. 
e RQS9-efi the 1 r 


* 1 181 my 
* 8 ww 
To 1 


DU 203 19} % 


3 the 
center - O, 7 


any ſide BU, * c Sdn, 
let the radius 
OQ be drawn Ja 
alſo draw BAM," | 
Q Pg, CeL,.' 
Ge. pet bend. 35 
cular to AF, 
and BN e N 
pendicular to CL. th R 
Becauſe the ſolid generated by the N Bb;C 
is the fruſtum of a cone, the "convex ſuperficies 
thereof, generated by BC, is equal to a rectangle 
under +4.BC- and the ſum of the peripheries of the 
two circles deſcribed by Bõ and Ce (by Cor. 2. 10 
the precedent) : But the ſum of theſe two periphe- 
ries, as QP is an arithmetical mean between, Bo. 
and Ce, is equal to twice the periphery Qg 
therefore.the convex ſuperficies of the ſaid aum 
equal to 4BC x a periph. Qq = 58 Q . 
But, becauſe of the auler triangles O BNC, 
we have BC: BN (e): : OQ PQ: 3 a 
RQSg : N Qg (© 4.8); and conſequently 
* * e a ä RQSq = the ſu- 
perficies 


J d ᷣòwòſj dn ee i had 


of be "Men E 

|  perkicies.generated by BC. By the very ſame at. 
gument, the ſuperficies generated by any other ſide 
CD is = cd x periph. RQSq : Whence it is mani- 

-  /feſt, that the ſuperficies of the whole lolid is = 
AFFE+ 4 + x periph. R = AF x 


192 


| | | 1 R \ 
” 
15 Pe riph. QS wo wept wh 
5 wt wa 1 iy d "YG 7 „ » 4 "FF 5 
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* = DA. .7% SS, i £ 
> * ©, wi 8 q , * * 1 * <8 


COROLLARY, L 
Sine the ſuperficies of the ſalid is, univerſally, 


equal to AF xperiph. R Ogg, let the number of ſides 
£198 6 the generating polygon be what it will ; and as 
te ſaid ſuperficies, by increaſing the number of 
' ſides, approaches nearer and nearer, continually, to 
the ſuperficies of the inſcribed ſphere, which is its 
limit; thence will the ſuperficies of the ſphete, it- 
ſelf, be alſo equal to a rectangle under its axis RS 
and periphery ROS: and the convex ſuperfi- 
cies of any ſegment thereof vRe, will likewiſe be 
equal to a rectangle under its axis (or height) Rc 
and the ſame periphery ROS; ſince it is proved, 
that the correſponding ſuperficies of CBAML, is 
_ _ univerſally equal to Ac x periph, Ras g. 


COROLLARY H. 


Hence it alſo appears, that the ſuperficies of every 
| | ſphere is equal to four times its generating circle: 
Becaule (y 2. 8) the circle RQ3q=3zRSxzperiph, 
RQ = RS Xx periph. Rag. 


In deriving theſe concluſions, as well as thoſe de- 
pending upon the preceding: Lemma, the Reader 
muſt have obſerved, that ſomething is aſſumed, 
which is not demonſtrated in any part of theſe Ele- 
mentis. But this will not, I imagine, be conſidered as 
a fault, by thoſe who know, that it is impoſſible 
to prove in a manner perfely regular and geome- 
trical, that a curve ſurface, of any kind, is equal 

; £9 


ee and; Sab. 


mon, or lower Geometry, whereby a curve-ſurface 
can be compared with a plane one; nor even by 


which the proportion of any one curve · line to a 


l 

to a cee of an aſſigned magnitude. Plane 
ſurfaces are compared with one another, in virtue 
of the 10th Axiom; in which, whatever relates to 
the equality of plane figures, has irs original. But 
no principles have been yet admitted into the cm- 


right- line can be known: Nor can it be demon- | 


ſtrated by all the Geometry in Euchd's —_— 


that. the periphery of a circle is leſs than the | 
meter of its circuniſcribing ſquare We can 2 
mine the proportion of lik bounded by curve- 
ſurfaces, by deſcribing other ſolids in, and about 
them, ſo as to differ leſs from them, than by any 


aſſigned part however ſmall. But in comparing 


of the ſurfaces, this method fails; becauſe, let the 


number of ſides of the inſcribed, or circumſcribed 


ſolid be ever ſo great, or let the ſolid irfelf ap- 
proach ever ſo near to the propoſed one; the two 
 furfaces, after all, will bave no part in common on 
hi > demionſtratioh càn be formed, but will 
ſtill be Gifting things. Before ſuch a cothpariſon can 
| poſſibly be made, in a regular and ſcientific manner, 
new principles muſt be laid down: But tbeſe belong 
to, and are beſt ſupplied in the A" Sun. 


or Method w F. N 
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„ THEOREM, . $6 15d; 
** Han bite? 
\ If from two given points A. B, o on # the ſame. fide of 
Eo OE n 7 (inthe. ſame plane with them) 
© 1400 lines AE, BE de dramm to meet. on, and make 
| egua! angles. AEQ, BEP with the. aid line PQ; 
lite lines ſo drank. taken toget ber, ſhall be Jeſs than 
any other 1200 15 7 Fer from the e ſame points 
100 meet un ile. 
Por, let BN M be per- 
* ndicular to PNQ, and 
let AE be produced to 
, meet it in M, alſo let 
M be drown. 2 
5 Then the triangles 
MM. BNE, having 
Ws,” the angle MEN (=. . 
„ AEQ)=BEN*,MNE Bae 
. he: BNE, and NE com- 3 
8 esd, mon to both; have alſo MN = BN, and ME = — 


n 


mate equal angles with the tangent MN (or with 
T7 DP). 8 A TOs b. N 


the part of the tangent in- 
tercepted by AQ and B, 


w Wwe %S- 7 


termined,” ſo that the ſum of all the three lines draws - 
{ fay, the poſition of that point muſt be ſuch, that all 


& FE Maving and Minimo . 196 
bk ©, whence alſo MG = = BG. : But AM(AE +* 15: 1- 


BE) is leſs bers AG * ui, oh, than 1 us eee 97 : | 


"INN oi THEOREM, u. 5 apa 
of all right-lines AP, Bp; AQ, BQ, that FEY 


drawn from two given points A, B, to meet, two by ' 
two, on the convexity of u given ald RPQR; thoſe e 


two AP, BP taken together, ſhall be the leaſt, "which 


Fot, if to any point nin 


there be drawn An and Bnz yg 
then will AP + BP be leſs 


than An Bu, and An+ 9 
By leſs than AQ + BQ”: | TO LAS ans 
Conſequently AP + BFE | | 

is leſs than AQ + BQ. OPT ICE" 2 


S It 
This demonſtration holds PRO true, when the 


curve RPR is ſuppoſed of any other kind; pro- 


vided all Tangent. to it fall intirely without the 
curve. . | 

THEOREM im. 

If, in @ given triangle ABC, 4 point 4s to be de- 


from 10 to the three angles, ſhall be the leaſt poſſible z 


the angles formed. about it by thoſe lines, Ns Pal. be bac and | 
among themſelves, 


. 


8 . i 


Bo RA —_— ——o 
2 r r 


1 1 : 
1 4 LEES. 9 * * p a 2 
8 | ot. 7 | r 
K aa, 2 — : 
* — F 1 
e -agx”, v — 3s W 
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Dr 
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RJ ler ſome point E, at + 8 
which the angles BEA, 

CEA are unequal, be the 

5 required one, | 


-.. thro' E, let the circum» - {8 
. ference of a circle RER... 


be that point in it, Where 


WE the ang les ADB and ADC 88 
Ther. . N BD ＋ Cb is leſs than we. Wh = 


APC, BPC are 
5 any other point Q. , 


ing them, let fall 


culars Qa, Qs, Oc. 


= ; | 
' of io Mi ain and Minima p i 


1 you deny it, then 


Upon the center A, 


be deſcribed z and let D 


einne 
4 * . 
— 5 * ö k - 4 ; 
: o 7 . © £8 * W. * 
1 1 k 


therefore is AD + BD + CD alſo leſs than AE + 


5 Ax. 6. 1. BE + CE * ; which is repugnant. Therefore no 


point at which the 1 7700 are * can be, the 
OO? one. 2 E. D 


1 hy 4 : 
> * 8 1 1 
. - The / ſame ee. 1599 
. 4 * : 
"F: 4 " : 
. * 
+ * 


1 0 point P 


be the rr 25 


the angles APB, 
equal and from 
upon the lines form. 


the three perpendi- 


I ſay, firſt, that the BF; 
ſum of the three diſtances Aa, Bb, Ce, inteyjeptel 
by thoſe perpendiculars, and the three given points 
A. B, pl e the ons of. 16. 5 


—Eõ—ẽ— 


poke be Scale if the ONE of « 7 at — lines 


F drawn from three given points, ſhall form any given ang ler, ii 


giom * the W 0 Cenſtructions, in the next _ 


: we 


- C2 _ 
"7 Ld 
* * 
\ 0 0 5 " . 11 c 


of .Geometrigal, Quantities. 1 * | 


£00 Bp 


firſt diſtances AP + BP + CP. For, if thro! ' _ 
the interſection M of Pe and 0, rv be dran 
parallel to Aa, meeting Bb (produced) in v, and 
PS, parallel to 30, in S; it is evident ( becauſe the 


angle v = BPS = vPM-=-2 of aright-angle ) Cor. % 


that the triangle PVM is equilateral ; and that the. 3. k 


Tight-angled triangles QMc, QMr, having Me na 4 228 


(= PM = M) = QM, have alſo M = M; 
to which let MP = M be added; ſo ſhall cÞ = rv 
=aP + vS'= P Pb. And, if to the firſt and laſt 
of theſe, AP BPA Ce (be again) added; then will 


AP + BP + CP = Aa + Bb + Ce, as was of= | 6 


ſerted : Whence the Theorem itſelf is exceedingly ;, - 
obvious: For ſeeing that the ſum AP + BR + CP © 
is but equal to the ſum of the three baſes Aa, Bb, - 
Ce, it muſt neceſſarily be leſs than that of the 
three hypothenuſes AQ, BQ and CQ. & E. D. 
AGENCE e IV, 
be greateſt triangle ABD that can poſſibly. be con- 
- tained under two right-lines, given in length, and any \ 
other right-line joining their extremes, will be when 
the two given lines AB, BD make right angles with 
each other. 8 W 

For, let BC be „ 
equal to BD, and e £5. 
the angle ABC ei- | | 
ther greater, or leſs 
than the right angle e 
ABD; let alſo C G B 
be drawn parallel to Ws | 
AB, meeting BD | 
(produced, if neceſſary) in F, and let A, F, and A, 
C be joined. | | F a N 
Then the angle BFC being a right - one , it is evi- 5, 4; 
dent that BC (BD) is greater than BF; and there · 20. 1. 


fore the triangle ABD, being greater than ABF *,? Ax. 2. 85 


Is alſo greater than its equal ABC. 2, E. D. g _ o 


A 9 THEO 


* 


of the — 0 lla 


THEOREM V. 


N 5 5 1 trian 25 ABC, ABD, baving the 4 baſe 
Az, and the jum of their other fides ſhe fame, thy 
8 770 oſceles- one ACB, is the e. ] 


Let CH. be perpendi- | 
2 to AB, and DEF 
parallel to AB, interſect- 
ing HC (produced if need 
be in E; likewiſe let AE 
3 and BE be drawn, 
It is manifeſt that the. 
angles AEF, BED are 


K eames; | 


7 16. and 


© Hyp. triangle AEB, falling within the triangle ACB *, 
23 i muſt be leſs. than ACB Y; and therefore ADB (= 


Cor. 1. AEB*®) be e 1614 e 


1 8 Bp Fig, wb 


Of all trian tes ABC, ABD / upon the ſamt 
- baſe AB, and having equal vertical angles 2 
AB, be iſe Teſreles one pegs a þ 6m 


Let ACDB be a * 
| ſegment of a circle, 
in which the equal 
7 22, c, vgles ACB, ADB 
and 11. 1. are contained? make 
CEG perpendicular, 
and DE parallel, to de 
AB; from the center 5 
O dn OD, and lt 2 
A Brand „Eve 
1 joined. It i 18 qvideat - 
4 e o that CG, vor only biſects AB. EY Me 
2.3. through the center 97 . Therefore, 90 ) be- 


Wes 
OX 
W \ 9 


o 
r 1 R 8 


* equal”; therefore AE + BE is leſs than AD . 
*Theor.1, BD *, or than its equal AC + BC*; and fo the 


7 ing 


ka aw wy [ 


k 


* 0 4” ” 
= 


ing greater than OE *, the triangle ACB 


will alſo? 2 1. 

| | | N b or. 2. * 

be greater than AEB, or than us equal, ADB rand 28 
e 5 My * N 4 1 f is 4 vs er * 4 1 


EE D. # 5 7 
. N * * 4 * | : . | N © 
1 I £ 4 = * 0 * 
- + ig : 1 N een n 5 
* | * 
2 5 „ 3 CY - * \ "1 4 ks I 1 o & » ” 
"I. | ; 4 
\ R _ ( 7 
4 
* * 1 k 
* N 8 7 N. o * 4 = | 
N * 1 s 


: 


* * 


* 


N. 


Of all right-lines DE, FG that can be draum is 
cut off equal artas ADE, AFG from a given triangle 
ABC, that DE is the leaſt, which makes the triangle 8 
ADE, cut off, an jfoſeetes u OD 


Let AFG be NF OS lat 
the circumfe- ae „ 
rence of a circle 
paſſing through 
the three points 
A, F, G; alſo 
let PH be per- 

ndicular to 

G,at the mid - 
dle point P, 4 
meeting theci r- 
cumference in ; | fad 
H, and let FH N ö TOR mk dEÞ-24/£ WES 
and GH be drawn. The triangle FHG, being ; 
iſoſceles *, is therefore greater than F AG, or* Ax. 10, 
than its equal * ADE : Whence, as the triangles "Thcor-6. 
FHG, ADE are equiangular “, the baſe FG of the HRA 
greater, muſt conſequently exceed the baſe DE of i 
the leſſer. 2 E. D. * a | 

2 


10. 1. 


THEOREM. vil. 


Of all right-lines EF, GH; GH that can be drawn 5 
thro' a given point D, between two right-lines BA, 


BC given in poſition ;. that EF which is bie by 
OE EONS whh Oar rp ne. 


* 


"W4” Fon 


0 WF the Maxime and Minime 


3 Et if El, parallel 
„ $o to BC, be driwh, meet- 13 1 . 
3. and ingGHinl;the*e ui 
7.4 angular triangles DFH 
I and DEI, having BF 
2 0, ll ee 1 
dd DFH will chere- 
fore be leſs, or greater 

- + Ax. z. than DEG, accordin 
. as BG is greater or . 
„ + ae BE» the fo. | 

meter caſe let DEBH 
"OT; common, be added to I Wes 
0 both; fo ſhall FEB be leſs has HGB*. *. And if, 

in the latter caſe. DGBF be added, then will HGB 
A. 6. be greater than FEB V and conſequently FEB (in 
FE this caſe all) les than HGB, 3 . 


COROLLARY. 


, | 11 DM and DN be drawn Pendl to . 

216. 1. BA; the two equal * trian — DEM, DF 8 
724. . (fince EM DN = MB?) will be equal 

2 cor. to to the parallelogram DMBN * and conſequently 

2.2. the parallelogram DMBN = + BEFA 4 BGH. 

Whence it is manifeſt, that a he en is al- 

' ways leſs than half a triangle in — ir it is in- 

ſcribed. except when the baſe of the one is half 

the baſe of the other; in 0 ne the * 


1 


1 is Joſt! half the inn 
TR | c Ho-. 
7 52 : 
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Tint the mot 
preceding Co- 
rollary alone, | 
it may be ver RY By 
eaſily _ . 
WT t at ] i. OY 7 
che leaſt tri · A. | 
angle EGM ; 1, 
which can poi- | , 


ſibly be de- ö 
ſeribed abou =" ha F | 
and the great- 5 | 
eſt parallelogram 5 dae can be deſcribed 1 
any curve ABCD, concave to its axis AE, will be 
when the ſub· tangent FG is equal to half the baſe 
2 of the triangle, or to the whole baſe EF of 
c parallelogram ; and that the two figures will 
be in the ratio of wo to one. For let HN be a 
ſide of any other circumſcribing triangle (EHN) 
touching the curve in C, and meeting F Br in 7: 
Then, the curye being concave to its axis, the 

point r will fall above B; whence, if m be drawn 

I to Bu, then will EGM=2BE 2E IT 
EB N. Again, if IC, parallel to EM, be pro- 
duced to meet GM in , and CK and pq be drawn 


parallel to AE; then, alſo, will dn = a 3 


12 * W 


THEOREM 8 


Of all right-lined figures, contained a the ſame 
| akin of fides, and inſcribed in the ſame circle, bac 


is the 1 a — om are all wg. 


- . . PR. : 8 
* 
l For, 
1 * , * 


i  *Theor.6. th CFE *, the whole 


and 11. 3 


- Whoſe fides CF, EF are 


iſoſceles triangle de- 


; ; 6 
. * 4 » 
+ 4 2» SP, 5 
* — 
n 1 


1 br GP E, 


unequal, bethegreareſt. | 
Let CDE be an 


ſcribed in the ſame 
ſegment with CFE; 
which being greater - 


ygon ABCDE will 
alſo be greater than 


the whole polygon Nerz 3 ES 15 tas. 


Therefore the gon is on n * the 


7 1 are all * «a 


THEOREM. 2 


o all right lined figures, contained under the , 


perimeter, and number of fides, the EM 1 vp 


| . are all . 


the ſum of the other 

ſides is alſo. the 
ſame. But, by Theo- 
rem V. the greateſt. triangle, 55 the | baſe and 
the ſum of the ſides are given, is that whoſe ſides 


be the greateſt poſ-. 


"Pas" if ABCDE © 


ble, the tria angle 
CDE muſt, 5755 c 
fel. be gr eater 
than any other tri- 
angle CFE upon the : 4 
ſame baſe, whereof 


are equal: Therefore DC and ED are equal. In 
the 1 na it appears chat BC = = CD, Ce. 


V 


THEO: 


Wa 


v4 IB OR EM. XI. N of 
If all-the ide of a polygon, except ont, be given 
in 458 and their poſition be required, ſo as: _— 
the poly Fe ft poſſible; I ſay, their 
poſition muſt be ſuch, that two lines draws from the 
extremes of the unknown fide to any . 12 the high 
gen, ſball form a right- * 
For, if you 4 705 
have the polygo W 
ABCDEF to 988 | 
the greateſt poſſible, | 
and yet ADF, ſub- ' 
ended by the un- 
known 8 _ 
a right · angle: Then 
ler PSO be a right- 
angle, contained un- 
der PS = AD, and 
OS = FD; and ; 
vpon ps and 08, 
jet the figures PS 
RQ and OST be | 
deſcribed equilate- 9 W 
ral, and equal, Lac cer. \ na 
The triangle PSO is greater than ADF * there. Ther. 4. 
fore, PSRQ being = ADCB, and OST = FDE , Contr. .- 
the whole polygon POR STO is alfo greater than 
the whole 290 750 ABCDEF , which is repugnant. Ax. 6.1 


COROLLARY. 


Hence, becauſe the angle in a ſemi- circle iv N 
right angle; it appears, that the great , 

u that can be contained under any propoſed 
number of given ſides, and one other fide any how 
taken, will be, when it may be inſcribed in a ſemi- 
circle, whereof the 1 Une will be the 


diameter, 
OY H E o. | 


_ 
. 
* 


* 
Xx 
\ & 
\ = 
-. 


x 4 7 
+7 - 


* r 
R / 
+/ . 
7 : 
” "I; « * g ite 6... - 


| 1 TRE O R K 1 XII. 
A 3 on „ABC DEA in a civcle, i is greater than any 


e be PORST P, oh _—_ 4 . 


: 1 HyP- hei 


| fame both in length and number. 


Let AF be the diameter of the circle, . es f 


E, F; alſo make the angle PTO = 2 8 170 = LE 
| EE, 22 . 1 {apoE N 


- Becauſe AB=PQ,BC Q CD RS, DE 
Sr, and EF = TO”, the polygon ABCDEF, 
inſcribed in a. ſemi-circle, will be greater than 


- » Theor. the polygon PQRSTO*; and, if from theſe, the 


2 


of the greateſt polygon, 


equal triangles AEF, PTO be taken away, there 
will remain ABC DEA . W 2. . D. 
That the magnitude . 


which can be contained N 
under any number of 
2 ſides, does not 
at all depend upon the. 
order in which thoſe 
lines are connected to A 
each other, will appear, 


thus. Let ABCD E be the . one way, or 

according to one order of the ſides; and upon 3D 

let a triangle BDF be conſtituted whoſe ſides DF 
and BF are, reſpectively. e ; uh val to BC and DC; 
5 


ls. the PITS BCD, D OS eqn the 
| whole 


, on ' G3. $ 
o > P . 


4 x8 


00 Vanepirhf Niue. 0 n 


wiſe be equal, notwithſtanding their equal ſides 
BC, DF, Sc. are Fenn according to different 
_ L Hi 5 a wy „ 


e THEOREM i 2 


Of of al any contained under the 1 derne K 
ker, and number of ſides ,, that TO 25 and 1 1 
are equal, is the greateſt. : 


For, the greateſt act 1 can Gs, — a} 
under a given perimeter, is one whole ſides are all 
equal. But, of all the polygons of this ſott, that * Theor, 
is the greateſt which may be inſeribed in a circle“: ,. 

„Ten greateſt of all, is that whoſe fides Pr.. 
are all equal, and which may be inſcribed in a 
circle, or where the angles, 8 * | 
WE all equal. . E.D. © 

1 * | | ; þ 4 


58 THEOREM. XIV. 


The greateſt..area that can poſſibly 'be contained by 
one right line, am how taken, and auy otber line or 
linen whateuers, whereof the ſum is given; will be, 

ben two right-lines drawn from the, ertxemes of the 
8  unknaxon line firſt. mentioned, .to meet a 385 2 in the 
B make right-angles wi th each _—_ 


+ For! if you would have the area Ace. con- 
tained by ſome right · line AB, and ACD EB where- 
of the length is given, to be the greateſt poſſible, 
and ADB, at the ſame time, not a right - angle: 
Then, let PSQ be-a right-angle, contained under 
PS = AD, and = BD; and, rug * 


Whole polygons ABCDE and ABEDE-will like.  __ 


* 


"in upon PS tl QS congeite tuo res PRS 
5 _ QT to be formed, equal, ike in all re- 
ſpects to Ac and DBE. Since the area PSQ is 
. e. 8 than ADB ez; it is manifeſt, that the area 

0 3 contained by the right · line (PQ) and 

yo . PRSTQ. C(SACDEB ) will alfo be greater than 

the area ACDEBA'*, which js repugnant: There- | 

| fore the area ACDEBA cannot, be the greateſt 

1 * unleſs the angle ADB be a 1 t one. 
RR bs 

; C 1 "RIO Me un 9 "EOxOLLARY, . l 

Hence, becauſe the angle in a ſemi-· circle is a 
2 I "ages it is evident that the area will be the 

„ greateſt; poſiible, when the given length, or boun- 
dA ary, forms the arch of a ſemi : circle; whereof the 
E is the Lee, 


* 


8 — F = 


1 8 1 1 


$4.45 4 


W TREORENM XV. £0 | 
of all plane figures ABCD, EFGH, contained | 

| r Fic (ABCD) 
8 1 ha 8 AC: be ade. * EFG | 
" taken equal to the arch ABC; then the area 
2 ABCA A wil WY 25 8 be Ty. ow! the | 


a" 


.* 
r 6% ans - 


* 
* 


area EFGE, ad by KFG al 4. ri be lde | | 
EG; and ADCA will alſo eh! than EHE: 
| Therefore ABCD muſt, neceſſarily, be greater than 
8 85 9. E. ? 5 Ay | 55 a 
x „ 5 3 


of Coma! ue. 


""COROULARY.. BY 


Hence it a appears, that the greateſt K. that een 
poſlibly Ee en by by a 1 line AB, and a 
Ee eB, both given in length; will 
When the lattef is ah 28 of à cifcle. For, 44 
Anz be any other eurve-line, equal to AeB, and let 
| 4 whole circle 8 r which 
ill (it is proved) greatet the mixed fi 
AnBCD; and conſequently, by taking — 
common ſegment ABCD, there will remain ; ng 


40 


| 8 , mite C. M ee 
IIB. * 36 8 NA 4 3 1 Oh * 65 
THEOREM > A 6 e ee ee 


Eo 


; The greateh, parallelepipedon that can be OY 


under ibe three parts of 4 given line AB, any_ bow 
taten, will be wen * * * are N to * 
F 1 


* re ee ** "\ IL OS es WO We 


* * \ 1 1 a ” * 6 g | | N » ' * "oY 
, 8 ; N 4 * 1 8. = * | 
For, , let EY K 5 


be unequal Bifect AD in C; my 5 
angle under AE (AC CE] and ce ll rea 


be leſs than ; (or AC & CD) by 05 3 
CE ®. Therefore the ſolid AEXED> DB. will . | 
be lefs than the ſolid _ an 50 which 6 7 5 


as { 

* r 

1 3 A * 1 : * 4 2 - 

_ «3 * 


— 

. * . y LET , | 

N * 74% * 1 Ms x df * - 
be 


e ; | 1 5 : 
= "HeorouLAny, ae «0971, 


; | 6 Pay 
- Hence, « of all rectangular eee 1 


Jr ſum of their thre Wee N | 
is the . 


THEOR N 


The 3 parallelepipedon AC. CB that can 
= pot be contained under tbe ſquare” . part ; "i 


of a given line AB and ober par 
daten; will be, when the n par the double of 
e 2 lalter. 5 * 15 PF a3 rot 27 


For. let Arn | 
We into * ;: eee ane en. 
© 1 Cor, o de given line AB eee and let A0 100 
ec Ac de biſedted | in D and d. So ſhall AC xCB= 


6. 2. an 


4ADxXDCxCB' = 4Adxdeox@®B (Ac _ 
* Gor. to | | 


* 2B. D. 18 


TH E ORE N VIII. 3 


ee SY ne, AB of a ie. angled 1 triang!: 
A8 being given; the ſolid BC N AC contained 
under one leg BC and the ſquare of the other AC, 
will be the greateſt poſſible, yy whe are of the 
HOO 0 * 15 ; 


For, if CD be con- 8 8 
e perpendicular to me” 
B, and DE to AC; it 
5 1 Cor. .  willbe AC((ABXAD'); | 
2825 3 nne: 
| ul *; and conſequently ; 
LE Do 8 5 we” 
„Cor. 2. which (as AB: ix given) ill;evidencIf{Be ihe ere 
. a. eſt poſſible, when DE, or its ſquare (DE-) is the 
= ee preaceſt poſſible. But DE“: 3 
AB): AB: BD: AB®; and therefore DE 
Ab- xD * z which (and conſequently DES in 
be the greateſt poſſible, when AD is 45 double 
| Theor, of BD*;-that is, when Ac“ (AD x AB): is the 
8 1. double of BC* (BD x AB). hs E. EO 


9 


„„ IIS ©» e a 


BA — 
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The altitude. BC ef ibe greateſt cylinder HG that 
can paſſibiy be inſcribed in any cone ADE, is one-third 
part of the altitude AB of the cone, and the cylinder 
itſelf 4 parts of the cone. | 1 * 

Far, let gb de , ®* 
other cylinder inſcribed 
in the cone; and it will! 
bg AC xXBUCE Xi AT 3 
Y!! ̃ A OCT 1 5 . 7, - 
Ac“: g : AC XK BS MY FF —AGN Cor. 11. 


e,, 


0 „ 


| | 
of 

A 

; 

1 

227 

7 

0 


e * cg* x BB; whence, by - 
= alternation, AC* x BC: | 
Ac! x Bc: : CG* x BC: DN 3 
cg Xx Be: and fo like- Ek: 3 
wiſe is the cylinder HG V 
to the cylinder g; but AC! e BC is greater * » Theor, 
than Ac x Be; therefore HG is alſo greater than a 
by. Again, fince AC = 3AB, and therefore CG, Os. 3 
IBE; we alſo have, cylinder HG: cone ADE 08.8. © 
(or cylinder 7 DN) : : CG (4BE?) : BE:: 2: 1.21. 7. 
SZ Ven e e 
en, 
From this propoſition, by reaſoning as iti the 
Scholium to Theorem VIII. it will appear, that 
the leaſt cone that can be deſcribed about, and the 
greateſt cylinder that can poſſibly be deſcribed in, 
any ſolid generated by the rotation of a curve, con- 
cave to its axis, will be, when the ſub-tangent is 
two-thirds of the altitude of the cone, or twice te 
altitude of the cylinder; and that the two figures £ EO 
wilt be in the ratio of nine to four. From whence | 
the "dimenſions of the greateſt and leaſt cylinders 
and cones, that can be deſcribed in, and about folids 
generated by curves, to which the method of draw- 
ing tangents is known, may be readily determined. 
r 
2 ky, * 


A : - K 0 
0 * | 
Lo 
$5.22 * ; 
7 


. 


14111 | "VOY 1 23 


t- 
he 
* 
B 
ill 
le 
he 
0. 


* 


* 5 * 238 Vo" ds, 17 0 9 s 2 y; * Ca mw b 8 
- 
_ 4 * 4 4 * 1 K 
1 = * þ 
: * : 
» 4 . 
U ” = 
Fs 1 
. 
y _ - y ; = 
a 5 7 
* 8 
9 Are 1 \ 
% AIRS \ 5 
TAB * 
* „ f ' 7 * 
. 5 , . + „ 
p * th 2 NN 2 2 13 e's s 5 „ %. 5 
. 17 *, N 5 * 3 14 ms m 
* ko WY; 9 en * 4 . | 5 
> * - 
\ 
15 « * 4 - 
"4 2 - " JA Z | 
- 5 75 2 E 1 
bis ” - *% a * . 
” 7 — q 
f 8 1 7 
= 
* 
f , 
4 : 
* a 
* 1 - : 
3 L , 
) SK vip nA + xc0, 2 ohe9 Nen 
3 7 nee 4 Ba S +: >» 4%. wh OI : 4 % '% 
4 : 3 1 * _- hy 
N N 4 . ; d 6 . N s % \ Ly 
: 6 0 p 4 F þ n 
284 — * ** - 
8 1 b 7 os 1 $Þ #5 . "= 
- ! — * 12 * 23; vs L p b ” - of * , * N 4 1 * * 3 
5 i 45 * - > * * 
| e 7 Of a great Variety of 
1 Ar - ; 1 4 " 5 * i > 4 . £ * ; * 
. ; * | þ £ * N k * 4 C [4 4 of " * 
6 * \ , af " * 3 
p — 1 N 1 N * 
* . 
— * * 
5 [x 
7 
. ; 
* 
- . 
8 1 , 
. o 
' ** 
'S © hs ».4 » 
. k Y s : "* 
= - * 3 
7 4 " * : 
> {+ 10 4 Ya 
5 „ | 
N 8 * 
. 
: by ER 
4 | d5 . % 8. — ** * 3 , 
: f 2. «2X . : 2 * 8 E 4 N 4 
| \ 4 1 — 
s ef what has gem” deli cred | 
1 ive 
$ * 4 4 . = 1 : ; 
* - - 
- The — 4 i 
4 — P . 
bo Sk . 
1 * 5 * 1 £ 10 1 * 4 
5 4 * x a W 8 2 Ty. . ? 
? = "= £7. 8 4 * 8 n NE) - 4s & +? N - 94 * 
0 4 L , 5 
P * 4 1 * 
4 1 1 ** 1 * * > Fe" IE m N 
- —— — * —— — _ mod a Ad WR ” * * — S „ „ A * * — — 
* — 
4 - 1 * 2 „ % $ [ \ " 2 Is * « 
| 6 F „ . 5 Wl Y x — * F _ R - * j : F 
, 1 1 8-4-4 3 oY ooo I 4 N 4 
* 1 ; 1 ; * 
" #4 o m 
4 | a 4 15 2 g : «we 4 # : 
; F * 9 N 7 l | ; P R 'O ; L E. * . | 1 
1 . 4 % 4 o " . - - 
4 - * + L . * ＋ 1 4 j LH "= , 
* I = 


« 


= M bys 1 0 a Dom triangle ABC, to * a Jquare | 


- 4 'F 5 E % « £ b 7 # x "ll 
* * = % 1 
dense pero 
» wat 3 "© "** da 
= , 8 my 


FX: 
. | —- ; 99 4 
L * . : * Of * . * "Þ; * . K 


R OM any point M, 
in either ſide, upon 
1 the baſe AB, let 
laull the perpendicular MG; 
mmuake MR perpendicular, | 
| and equal, thereto, andlet. 
: | | the. other ſide of the tri- & 
J 
parallel, . perpendicular, 10 AB; 


| 1 bc ung : 

% : = i " > is * Ne 

_—_— * J ͤ K 

Tis os : * 0 ny £ 
* + $5.44 * . 437 pp "DE- 
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Th Conftrattion, Kc. 


-DEMONSTRATION. 
n. parallel to EF: Then Fa 4. 


ws triangles) RS (MG): EF (:: AR: AE): 


MR : DE : Therefore, as MG and MR are equal, | 
2 conſtruction, EF and DE will likewiſe be equal. 


By the ſame method a rectangle may be inſcribed 


in a triangle, whoſe ſides ſhall be in a given ratio; 


if MR and MG (inſtead of being equal) be taken 


in the given ratio the reſt of che confiruction yak 


ing e the ſame. 


PROBLEM I. 
In a given triangle ABC, to inſcribe a reftangle © 


EFGH. equal t any 2 right-lined Agure V not 
exceeding baif the triangle, 


CONSTRUCTION. 
On the baſe AB (dy 7, - |: | 

6.) let a rectangle AB pl. F 1 | 
he conſtituted = Q 3 and | 
let LP meer the perpen- - 
dicular CD of the triangle 
(produced) in K. Then 
(by 17. 8.) let that Cl x A 


vided in I, ſo that CI x 

Dl 22 CD x DK (that is, L 

let two ſemi- circles be de- 

ſeribed on CD and CK; 3 MN and NI a- 

2 to CD and AB) : So ſhall-DI be JP alti· 
tude of the required rectangle. 4 


of DEMONSTRATION. | 

Since (by Conftr,) CI x Dl (= NE =MD*) = , 

c Dx DR. thence will DI: DK:: CD: CI:: AB: 

EF (by 20. 5.) 4 and 2 NE (by 10, 
Nn =Q. KE. D 

. | That 


| Te ROI 8 
That the Problem will be impoſſible, 1 2 


is greater than half the triangle, is evident from 


the Conſtruction, as well as from the Theorem on 


p. 200. It may alſo be obſerved, that there is another 


way, beſides that uſed above, for dividing CD in 


the manner propoſed; which (though not more 


obvious) is, in point of conciſeneſs, rather prefer- 
able; and is thus. Having (as before) found a 


mean - proportional DM between CD and DK, and 


biſected CD in O; from M to CD apply MR = 
OD, and take Ol RD. So ſhall Clx« DI = OD® 


— OF (by .) = MR*—RD* (by Hip.) = DM? 


= CD x DK (as before). 5 


PROBLEM 11. 


ha given circle APBQ, 10 inſcribe a reflangle 
equal to 4 given right-lined figure RS T U, not exceed- 


. ing bei the Muare of the — | 


\ CONSTRUCTION. 


DG a > a * 


. che Markets AB deſcribe the rectangle 
ABKI = RSTU (by 7. 6.)z and from the point 
C, where the (ide KI interſects the periphery of the 


BD and AD; then will ACBD be the YO 
that was to be d 15 


: 


" * N 
A 1 . . 1 — 
* : - * 1 
* g - * * . N 94 p 

k ; 7 c 8 N % . 8 

F 9 5 . 1 4 
: : * » 
. 1 . 
* 4 - 


— 


Circle, draw CA and CB, parallel to which draw 


Gunten, Problems, 
5 


noni + &f 


The lines AC, BD, and AD, BC being 9 


t Conſtr.) and the angle ACB a right one (by 13- 


3.) the figure ACBD is a rectangle (by Cor. to 24. 


þ and D is alſo in the circumference of the circle. 
But ACBD'= = -2ACB = ABKI = RSTU. | 


That te Problem will be impoſſible, * Bk ; 


is greater than AB, or when BI (RT) is greater 
than ZAB*, is "manifeſt from hence, becauſe KI 


will then fall intirely above the FOOT © 5.3 Wt 


PROBLEM IW. 


7 0 * a lins. KL pralle 40 4 aft line AG, 


enbich ſhall. terminate in two other lines AB, AC, 


given hy poſition, ſo as to form with them a'triangle 


. ot to a given N ADEF. | 


| CONSTRUCTION.. 
Let FE, produced, . 
meet AG and AC, in e ˖ 88 19 
Gand H; and, in AB, comme ths”. \ 2 
take a mean propor- . 1 9 


tional AK between dl 


and 2 EF; then draw ann p - 
KL parallel to AG, | — 
: and the thing is done.” A EE K 


DEMONSTRATION: 


The triangles AKL, HGA being equiangular, 
it will be AKL: HGA : : AK ( = GH * 2E, 


by Gr.): GH:: EF: GH (by J ) ü EFX 


5 zGH x AF (= HGA) : Therefore, the con- 
ſequents being equal, the antecedents AKL and 


FN X AF allo be 8 D, E. D. 


5 PRS 


"7 5 . * 


oy 


L - 


e two IB; AE AC," given 5 poſition, to 
8 app a line KL, equal 45 72 line MN, ſ that 
the triangle AKL e * e all be 4 a 
| given oy Pay Pat” Chr 


CONSTRUCTION.” 15 


2 


ed MN in D, on Pro 7th 
MD deſcribe. a , N 
n A 
(Y 7. 6.) = the 


alſo on MN let | 

a ſegment of a inde *, deſcribed (by 22. £) to 
contain an angle= A; and from its interſection 
with EF, draw HM and HN; then make AK = 


| the magnitude given MDEF. 2, E. D. 


formed, equal to the 


3 285 N 7 


. Corio of 


Having biſect 


magnitudegiven: 


HM, Al. HN, and join K, L. 80 mall the 
baſe KL be alſo = the baſe MN, and the triangle 
AKL. equal, and like | in all reſpedts, to HMN ; 
which laſt ( Cor. to 2. 2. is, Wor equal to 


* 258 Py 
£ 


RO B'L:E'M- * 3 


Through a given point P, to draw a line EPD i 
meet two lines AB, AC, given by poſition, ſo that i 
triangle ADE formed ron . N be 1 a give 
magnitude. 

1 CONSTRUCTION. 


Draw FPH parallel to 
AB, interſecting AC in 
F; and on AF, let a pa- 
rallelogram AFHI de 


given area of the trian- 
gle: Make IK perpen- 


' Ws Commit Pons: 


FP; aud from K, to AB, apply KDE PH; 
then draw DPE, and the Bauen Nn An. 


4 
ae 5 Teen WY 309 $1 xi Mk FL. vl 


DEMONSTRATION... Wor 
The triangles PHIM;:PFE- and MDJ,. by rea- 
fon. of che patallel lines, are ſimilar ; and there 
fore, ſince the three homologous fides PH (KD), 
FP (IK) and DI are ſuch, as to form a right an- 
gled triangle ( Conr. ). the triangle PHiM on the 
farſt of Nr to both I AE 
and MDI. : and, it to theſe equal ꝗ 
tities. AFP ite raced: then will AF e a 
ADE. an NN. V LOAAGT 4 


This Problem will bein 155 Mble, when KD @ f ) 
is leſs than KI (PE) chat is, when the area given 
is leſe than a eee under AF _ 23 


OY QBLEM 1 Wa 


From / e. ABCDEFH, 10 a off. 6 
AKH. tout tau, 40 4 given rei angle MN. by 6 


—— 


- — 


0 as &. 4 —__ \ 
- Fi LF » „ 
N e nn gt + TT 


"(IK b parallel ta Ei ven Line W 85 
ng rough a given print. F. Ne, 18h; BE 


* 
_ 


CONSTRUCTION, DYED. 
Let BA And N * 5 


F 


8a 
EF be produ- t 4 
ced to meet in Bt 
G z and upon a 
ON let a teck - We: 
angle OQ be 1 
conſtituted (by G \ 
7. G.) ef, TT TIDAL U 49 
bi hen, 8 FI ans iT 5 
dy baoks then |. pe fibres val PUTT E 
ch, or 6th,ac- - n 3 
cording to the W VI Fl. 
 caſepropoled, 1 Y 
* 1 = 


* 


| 1. li * 

50 M. ſo as to e e —MQ; 
ond the. thing is done. + I n TIC 13 11 7 
The Demonſtration whereof i is manifeſt from 


| _ the Conſtruction. 


And, in the ſame . the oy ra be 
„ according to any given ratio uſe, the 
. wt given, each part will 757 . ET 


7 * * —— 1 % Y r 7 2. 8 ** * 
1- — 1 2 8 ag 


ee ABROBLEM VM: 
75 „id a given triangle ABC into any e 


11 of parts (AKM. KN, LC) ſo as to bave am 


- given proportion to euch other 3 by means of lines 
7 Ki. gr to one of the . BC of he wet 


CONSTRUGTION., 


? Ii AB be A =ap 
into parts, AE, EF, FR, <2 2-04. 
having the ſame given 7 * apts 
| Proportionto each other, XN 
as the parts of the tri- 
angle are to have. Upon 
A let a ſemi · cirele 
. AHIB be deſeribed; 
and perpendicular 10 
AB, draw EH, Fl, „ 
meeting the eircumfe- $924 "20 Jet 
rence in H and 1: From the center A; through 
H and I, deſcribe the arcs HK, IL, meeting AB in 


K and L; then dray KM and LN mae to BC, 
unn if coves, Lo. 3K C43 +24 


DEMONSTRATION. 25 
Tbe triangles AKM. ALN and ABC, are in 
proportion, to one another, as AK* (AB AE), 
. AL* (AB x AF) and AB* (by 19. and 24. 4. 
that is, as AE, AF and AB (by 7. 4.) Whence 
9 Sn. the n is manifeſt. NG. 


* 


1 


\ 


-m, by tit 14 


acc - #wam =. " 9,” *) 


| PROBLEM: 1x 1 9 9 
25 0 divide a given line PO into es od al} 
er of parts, ſo that ſimilar Tight-lmed figures PMm, | | 
LI LQg: deſcribed upon them, ſhall have the ſame hy 
given ratio among themſelves, as an ot number 2 | 
right-lines AB, AC, AD ned. | 


CONSTRUCTION.” 


| Upon the react AD of the given lines "AD, 2! 
AC, AB, defcribe'a ſemj-circle AEFD; and per- 8 
pendicular to AD, draw BE and CF, meeting the 
„ in E a F 3 and, having drawn 


PR. at pleafors, 1 in 33 115 PH = - diſt AE, HI 
=dift.. AP, and IK = AD; draw KQ, and pa- 
rallel thereto draw I, IE; „ 5 1 80 


PQ, as required. 


DEMONSTRATION. 
== LQz : : PM* : LO' (by 26. 4.) :: PH* 
(SAE ABN AD, by 19.40: I (aB): A. 
AD (Y 7. 6.) . In the very ſame manner it appears, 
ol ML: Hee: AC: = BUY VE. D. 


* 
* 
* * 
: 
Ke 


a A * 


21 Ne 


PRO. 


. 8. * 
AS 


"pRoBLEM, x 


| pg lk as abe poſition M a. point: P, fo that 
lines drawn from thence to the extremes "of three rich 
lines AB, CD, EF, given in length. a 2 ſha, 


form. three rr rings A 8 CPD, : F, al 
* ber. e * 9 TA” © 4: Ig W 
© + CONSTRUCTION, 


ec Complert the part 


lelograms Gmpn, Hrts ;. and let the diagonals Gp 


and Hz be POP”, till mth meer in P, and ib 


» * X . 
W4 % 2 77 EPS: 1 143 


3 * is done. 


' DEMONSTRATION... 


ler PR, PB, P, &c. be drawn. The triangles 

Z GPs, GPm, e d ſame baſe GP, and 5 
altitudes (hecauſe G Mon is a parallelogram) are 

therefore equal to each other: But CPD. = GP», 


and APB = GPm (by Cor. 40 2. 2.); whence CPD + 


and APB'are likewiſe equal. And, from the very 


ſame reaſoning, it appears that CPD: and EYE ae. 


0" 5 E. m 


0 1 be produced to meet in G 
| V 3 1, 


4 R : 


ww 
—— 


$244 
= 


o * AK 4 


<a N 5 10 | offy 
tei PROBLEM. Kl. we 


1 — points A, B, 0: . 6 ji 


AC, BC, to meet in a line DE ef am kind, given 
pon ; ſo that the difference of their en . 


ae 70 4 Jquare given (MN). + 
15 TY co N 8 T R UC T I 0 . . 
Make AF perpendicular gn 


60 the line AB, and equal 50 


to MN; draw BF, which 
biſect with the perpendicu- 1093; & 
lar GH; and from its in- / 
Bee with 1 draw 
erpendicular to AB, y 
Weste DE 5 4 ®f* 43 
AC and BC, and the aun | 
is done. P_. 2 * | 
For r We Ne Tits 
— AH; ( 2.) = FH "BITES att 


CE EAN F 1 
tis 5 I 


x. From Fg given points A,. B, to Ae ma- 
AC, BC, 10 meet in a line DE of a kind, given by 


poſition ; 7 that the ſum of amr e ſhall be * 


yo a 2 Haare, MN ONE 


oy Fea CONSTRUCT ON. i aim 
Biſect AB with the N JG AL; 
perpendicular FG, in 
which take FP = FA, 
and draw APQ = = 
MN; on AB (pro- 
duced, if eder | 
fall the perpendicular 
QR; from A to FG 
apply AH = AR, and 


8 od ads 99 
* © th to \ CIS * 
* 
, : 


* i * 
4 5 
* : 
> - a 71 4 
— %* - S 


e about "SM center EF, N U. let hs 3 
of a circle be defetibed; and from its interſection 


C with the given line DE, draw CA and Wis and 
. e, is done... . 


* 
4 g N 
> 3 F , 
F — 


— 
* 
«. * 


9 - 
7 N. 


"DEMONSTRATION. 0 

Len BTI be drawn; which being = AH = AR 

= RQ (becauſe FP AF); thence will AC* + 

BC = AH* + BH*: _ 3) PRC. 
= MN“. | N 0 


by 1 PROBLEM. r 


| From two given points A, B, 10 How two lines | 
"AC, BC, meeting in a line DE of any kind, given by 


poſition; fo as to obtain the ratio of 1400 W N 2 
lines Mm, Nn Pigned. | | | 


MN 5 CONSTRUCTION. 
„ Having joined the 1 0 


iven points, divide AB N— : 1 
Fr 15. 5.) o chat 
BF:: Mm: Na; 


d 4. f 


— 2 


9 


—— 


5 


cb Af and Fb paral- 
lel to each other, tak ing / 7 . 5 \ l 
the former = AF, and _ 7 2 
the latter = FB; and thro' their extremes draw 
750, meeting AB, produced, in O; from whence, 
with the radius OF, let the ſemi-cirde FCG be de- 


| ſcribed, cutting DE in C; then draw AC and w_ 
98 a the an is done.” 


95 DEMONSTRATION. * 
- BecauſeOA : Af (AF):: OF: Fb (FB), we have 5 
(by divifion) OA: OF: : OF: OB; or OA: OC; 
OC: OB. And: fo, the triangles OAC, OCB. 
rH one angle. FOC common, and the fides 
| aboue 1 it EPS __ mult, CE 'be * 
7 milar 


* 
8 


3 


3 Problls.. 


x 


milar (by 15. 4) ; whence the other ſides will alſo 
be proportional, or AC: BC:: OA: OC * 30 


46 Fb: : Mm: Ns (by Conftr,), + E. B. 


Note, When, i in either of the two preceding Pro- | 
bleme, the cirele deſcribed, neither cuts nor touches 


the given line DE, the thing propoſed to be done, 
will = impoſſible z as no two lines drawn fr 


A and B, to meet above the circumference, can 


poſſibly have their ratio, or the ſum of their 
ſquares, the ſame as two lines meeting in the cir- 
N 1e 


PROBLEM XIV. 


From two given points A, B, to draw 1e lines 
AC, BC, meeting in 4 right-line DE, given by paß. 
tion; ſo as to make therewith two angles ACD, BCE, 
_ 2 ſhall be equal to an angle given, beh. 


CONSTRUCTION, 


Make AFG perpendi- 
cular to DE, and FG = 6G 
AF; and, having drawn 
GB, on it let a ſegment 
of a circle GCB be de- 
ſcribed (by 22. f.) to con · Y 
tain an angle equal to the 

| ſupplement (cg) of the 
given one bcb ; and from its interſection (C ) with 
DE, draw CA and CB; and the thing is dne. 


For, if BC and GCH be drawn, then will ACD _ 


=GCD = ECH = BCE —BCH (beb), 


Ps + 


In the ſame manner, the Problem will be con- 


ſtructed, when, inſtead of the difference of Ach 


and BCE, that of. ABC and BAC is given: Be- 
IG: when D* is parallel to AB, the latter dif- 


. ference - 


— 
"or 
% 
- 
* 4 - 
\ . 
* -_ — <4 , A . ba =—_ _ i . i \ l 
y d N * "ALAS LES. 1s, 4 44-4 S | „ r of „ ee TH, 
Y _— i» = F LT I © \ | 
* 2 ». * 
0 & — ou Firm „ F N 


3 : £ d TH ; 
i . . | * 
8 * OS 2 8 


hin wars ts 8 and, in all _w— 


27" caſes, differs from it by twice the given angle SCI, 


expreſſing the inclination of the ſaid lines. Wen 
the ſum of the angles ACD and BCE is given, 


he angle ACB is alſo given: And here, nothing 
more is neceſſary, than barely to debe, upon AK: 


a ſegment of a circle to rr — ſaid "uw an- 

gle . wh V 9 is ; | 

0 eee og, 

75 of any three proportional lines AB, DB, FB, th 
FOE AF of the two extremes be biſected in G; and 


if on the greateſt AB, as a baſe, a triangle ABC be /o 
formed, that'its 72 fide AC ſhall be to the diſtance 


M of tbe perpendicular from the biſefing point G, 
in ibo givenratio of AB to DB; then ſoall the greater 


I file BC exceed the loſer AC by the given line DB. 


DEMONSTRATION, 


- Becauſe FM exceeds —_ Sor, 
PHY AM by 2GM, BM will A ”'”© 
exceed it by 20M ＋ BF; 
and the rectangle under 
this exceſs and the whole 3— 
baſe AB (= 2MG x AB: + 
+ BF x AB) will therefore (by 9. 2. ) SIA BC. 
AC. But (by hypotheſis and 10. ah MG xXx AB 
ACX BD, and BF x AB = BD*: Therefore 2 AC 
5D + BD*=BC* — AC z and, by adding AC?, 
common, AC* + 2AC x BD + BD; (or the ſquare 


of AC + BD, 4 6. e mona : 


795 e AC. + BD = BC 2 * 


„ FF his dane is not only of TY in the Problem 
next following, but will be found a ready inſtru- 
ment in the ſolution of many ors 3 for which 

| feaſoa'it is har pur dn. 5 

| /  PRO- 


. Problems. | 
PROBLEM. XV. 


AC, BC 1s meet in 4 ripht-lims DE, given by poſi- 
| 9 


N BB | "Us SOBaRT2 6 . 
| covsrrvcrion. 


In AB, r 8 
| proportional BF to BA 
and Bd; and, hav- _.. 
ing biſected AF in G, 
take GI = Ba; 7. 
GH and IK perpendi- 5 
cular to AB, meeting 
DE in Hand K; and, 
draw HAL, to which, % 
from K, apply Kl. 


AB; and parallel chereto draw AC, meeting Ds 


i 22 and the thing is done. \ 
* 


Let CM perpendicular to AB. 


AC: Kl, (AB) :.: HC; HK :.: GM: GI (84) 


Whence (by alternation) AC being to GM, as BA 


to Bd; and AB, 4B, FB being allo propor- 


tionals ; the whole Conſtruction is manifeſt from 
the Lemma premiſed. 


If the ſha; inſtead of the difference: of the two 


lines (AC, C) be given, the method of conſtruc- 
tion will be exactly the lame, without the leaſt al- 


teration of any one ſtep ; provided that Bd be firſt 
af all taken (in BA, produced) equal to _ given 


_ iaſtead of the difference. 


PRO- * 


: 
#1! 


Brow two given points A. B, to draw two lines 


tion; fre BB that heir „ Bal be ve! 10 0 N 


Then, beeauſe-of the parallel lines, it will be 


- 
* een 
8 
* 


1 RY L PROBLEM: xvl. 


3 ee * given points A, B, to draw two _ 
; AC, BC, ſ% as to meet in a right-line DE parallel 


224 5 = cue 


WO reflangle (AC x BC) contained 2 them, 8 be . 
_ - Fe "oe on ofa. ADE F. 


:  _ "diwwn Gl perpendicular 
1 to Ag, to it, from A, ap- 
ply AO AH; and from 
the center Ys A 53 
and B, let the circum- X 67 
ference of a circle be le-. n 
ſeribed interſecting DE in C; from e draw 

[iy CA and CB, and the thing is done. 
J Ck be drawn perpendicular to AB, it 


SDK AF. LE. p. 


r PROBLEM = 
ed 4 given point P, ſo to draw'a line FPE, 


point and two lines AB, CD, given in Pofition, og 
_ obtain” given ratio, © 5 


Py 
3 


* 


o that (A B)- joining the ſaid points, and that the 


*. * os | : 
„ ants CONSTRUCTION: 80 
'Biſet AB abd AF, -in 
6 and H; and, having | 52558 K | 


is evident (by 25. 3) that A X 5. CK X 2AO 


that the parts thereof PF, PE, intercepted by that . 


4 2 oy 
”” © i. . on. can bans boo mo tte. ai as © 


.* N : 
i "IE. 
| TIE A 
v . 0 
. * 
F ? 
| „ 
0 
1 * 
. 


1 Priblemis.. 


| CONSTRUCTION. 
Through P, to any 
int in AB, draw © 
PG, in which (4 13. 
in the given ratio k 
PF to PE; draw HF © 
parallel to AB, meet- * 
ing CD in F; chen | 
draw FPE, and the thing i is done. | 
For, the triangles PGE, PHF being equiang 
ar (by 3. and 7. 2.) thence is PF: PE: : PH: 
and lo PF and PE (as well as n and PG) ars 
* the ratio given. 


In this ebriſtrbdlion,, it is veveltiny ther one of 
the two given lines ſhould be a right-one: The 
_other may; it is manifeſt, be a line of * * ; 
whatever, | 


| PROBLEM XVIII. | | 
| Through a given point P, 10 druto a line GH ter- 
minating in a 85 AB, and in a line CD of any 

| kind, given both by poſition ; ſo. that the refs | 
under the two parts 9 $i PH, as be 
given magnitude. 


CONSTRUCTION. / 


Having drawn EPF Als E 
| pe icular to AB, take 
therein PF (by 5.6.) ſo 6 
that PE x PF 3 5 

nitude given: Upon P 
as a diameter, let a ale” 
be deſcribed, interſecting OE 
CD in G; then draw - | 
GPH, and the thing is . An 


done. 8 5 7 
299 2 fs D E- 


and AC; in BA 


, * « 

4 : i 

4 : — < 4. a R * 

P : q : 4 4 * + 2 

p * 0 * F ; ' 
£4 ;: 

N ry * 7 
- - 
We Ta £ . 


Se e, 


— 
14 n 


. EG be drawn, the rrikajiles PEG and PHE, - 
having FBG'= HPE, and FGP(=4a right: angle, 
by. 13.) =PEH, will be equiangular: Aud, 
conſequèatly (% 24. 3 3 2 25 PH = PF PE 


1 — given, 2 E E 1 = 


T5 N ey! 1 128 
ö Oe —-— . * "Ti * a FAY , 1 11 £ 
£3 "” 


EOS chu aye 1 
- Toros 2 . gioth point FP, betten revs 42h} FI 


given &y poſition, fo to draw a tine ED, 


. ANA Ke 7 AD + AE) ct off by it 


— Two TOO: nat be” equal 1 a ff ah Ane 


RS. : 

45 ano; +CONSTRY CT1 4; ON. | 
Draw PF and a 1 | a 

e 


7 takeAM | - 
=RS; then divide, OR oa. ann — 8 
MN in D (iy 15 8. 8888 
ſo that xd 2. AMx AG; gram DPE, an 
the thing is done. FOIT e ee 
DEMONSTRATION. 


By ſimilar triangles, GD : GP(= AF=ZAM): 2 2 


FP (= AG): FE; and conſequently GD xFE = AY 


AM AG = G x ND (by Conftr.) : Whence FE 
SND; and therefore FE+ AF4+AD (AE+AD) 
=ND + AM + AD = MN S RS. 2 E. D. 


It appears from the Conſtruction, that the Pro> 
blem will be impoſſible, when (GN) the Exceſs of 


' RS above PF and PG, is leſs than the double of a 
9 berween theſe two quantities. 


2 ＋ 


n | WONT 0 3 


aas 


PRO: 


SS 


1 1 PROBLEM: 111 | 
Ab, 08, 4 given pint P, "between 10 Sight. lines 


given by poſtion,” ſo to draw @ line DB, 

e differente, (AD — AE )-of be Segments cut 

2 by it: ow the Lag Ws Cs of 8 to a Of 
NR NN yas 4 


1130: 2 


7 . ei 55 925 | . | 
ent consmTRuction.” 1 
DR PF and po po- . 
rallel to AB and AC in a +8 
AB take AM=AF, and 
MN RS; then (% 18. 

5. let a line ND be added 


5 GN, ſo that GD x ND, 
PG PF; draw 2 7755 | 


#* Fs *Y 

a. : 

nn : 
F Fas + - : 
i done. CE Intl 
o > w 4 © *w# Aa #24 43 - 


| ( F | 
oy by A 5! $ S „ ö i L 4 35 . J Ny : * = ;: , 3 * 
1 * Az w £7 % 1 "mh . 


* - DEMONSTRATION: 93 


it; 


 Beeduſe of the fimnilar triangles PGD, Err, we 
have GD x FE = PG PF GD X ND (65 
Conftr.) and conſequently FE = ND; whence AD 
—AE=AN—AF (AM) =MN =RS.”"Q, E. D. 


#73 


PROBLEM NMI. | 


- 2s two right. lines NBN, MBM; 715 by 
poſition, to apply a line DE of @ given length, and 
Thich (produced, if 161755 al pe paſs through a 
en point 5 may. 1255 hen, 15 chap * 


MN 8 . * 
*. 


- 
N 
* 
tf 
- 


% 


© 2 DEMONS 11 K A AT 10 N. 1 5 5 


te cee. >. WS), io 


CONSTRUCTION. | 


| "a FG. be the 1 C 5 
length given; and. R „ 
having drawn AB. 
make the angles F, G 
equal each to ABD 
(or ABE); and in AB 
produced take AC (% 
18. 6.) ſo. that AC & 
BC = HG*: from C 
to NN. apply CD = 
HG Arden draw DAE” 5: £07 
is done: 5 gs + : 2 he © 7 ws 15 22 ö 7 op 


1 
LEES 


Ss org o ww aqwea ow 


25 7 4 N. 


85 


cl 


Becauſe AC:CD::CD: BC ( Conftr, and 10. 
4.) the triangles CAD and CBB (having one an» 
2 common, and the ſides about it proportional) 
will be equinngular (by 15. 4.): And therefore, ſince 


DA = ABE (by bypotbefis), the circum- 

_ ference of a Circle may be deſcribed through all the 7 
four points C, D, B, E (iy II. 3. er 19. 3.). And 4 
ſo the angle DEC, ſtanding on che ſame ſubtenſe 4 
(DC) with DBC, will be equal to it; and, conſe- C 


quently, equal to EDC. Therefore the iſolceles 
triangles EDC, FGH being equiangular, and hav- 
ing CD HG,. their baſes * and 2 22 alſo 


. 2E VVV 
PROBLEM XXII. | 


In a given circle ABDC, to app, 4 chord. AB | 
egal to a 2 en line RS (leſs th diameter) and 
7 


 tobich a * a given point P. * 


draw OP, upon which let | 
and in it apply OEZOF 10) N = 


| CP, upon which let a ſemi- 


Cane Problems. 5 


* 7 \\ | 1 * 


CONSTRUCTION. | 


* 2 RS 1 
upon ade N 8 | 
center O, let fall 1 
perpendicular OF; 115 


a ſemi-circle be deſcrĩibed, 


laſtly, through P and E, 


10 


1 


let AB de drawn; e Tyr ghana nag 


ill,” manifeſtly, be equal to CD ( =RS, 4 . 30 


1 
ſtru 


ion. „ isis fi. 


cle, 3 will be rn 


2 4 2s Qs 


PROBLEM, XXII. 


7 . a given point P, ſo to draw a line 70S 
that the parts 1h inf AP, BP, intercepted by that point 


* 10 K. . 188 98 Sail ere | 
pet n ol. 
conSTRUCTION.. > 


1 * the center C, draw 


circle PQC be deſcribed, and / 
in it apply PQ equal to half 
DE, producing the ſame, both 
ways, to meet the circumfe- 
renee ! in A 655 B: So mall 
„ PB. (= 30 + PQ 


.=SAQ+PQ = AP +: 100. ab + DE, which 
was to be done. 


. 


11 wg diſtanc 55 the center, by con 
When the point given is placed Hier Ae cir I 


and the circumference of a ien circle, Take bave 4 


„„ PROBLEM, XXIV... 
Ee | From a given point P, to the ci 777 9 of 
ö 322 3 to dra d right: like e 8A bid 


* 


4855 ratio A 1 N Wan 


Cy %% *1.1 SY 2871 Fr a Y 


1 1 FE "contraverIon 4O wy) 


ar 9 113-1 1 


| _— _ ap 8 
1 CAE point nt D in the 1 DF 744 n 
, "Shani draw P 1 bet: 15 | 


Weh aivide at E in the 71 
mio given z and, having 2 
drawn PC and the radius P 
Cd, parallel to the latter 
draw EE meeting the for- 
| wen en E; from whence, WW oi 
to RS, apply FB FE; 
then 8 B draw TP and the wg; is aue. 


$1 


VET "DEMONSTRATION. 


: Guse 
: BK LS 


12. CA be drawn. "Then, hecauſe.of 2 pa 


: wulle lines CD, EF, it will be, CD (AC) 


FB) : PC: Ert dg the criangles PAC, vB 


N . will likewiſe dee uiangular (by The 4-). And there- 
1 we BA: WR. _ PE: e 
D. — ee | 


#4 / 1 
7 „ * * node LEM- xxv. vi 1 
7 8 


terminating in the Lit of a given circle 
| BGA, and in « line MN, of ary kind, given by 
_ tion ; Jo That the recfangle under the two +3 


* 8. PH, tak be M a given ba r 


2 


P. 40 ae line Gn, 


1152 | EL b EP 7 1 7 4 0 | ; con, 


% ²˙¹.äͤ Uͤ¹uin £5. tie. tb 9 


— 


Gematricat Problems. 
Sessel. 


Ap 


TAY * 
ö Through P draw © Es (1.3: ws 
the diameter AB, in E 17s" ee Aeg 
which let PD be ſo U HM 01. Oat 
taken (by 7. 6.) that Ws lt Nt 
PAX PD = the mag- / Wet 
nitude given, From Tz ©35 
any point E in the cir \ M N N 
cumference, draw E d N 


and the radius EC; X AAP; bon far. 


and having joined BE, 1 Tg 
draw DF parallel to“ una . 
N. and from its in- ene \ td da;! * ny 


terſection with PE, N. I, 


draw FO parallel to KC, cnecting PB Io Dc 
whence, to MN, apply OH GF and through 


- 
2 4 . 
3 f 
* 
* 
+ Is 


P draw HG for the line 1 
; MOLE 118 LO) 


| DEMONSTRATION... 
Let PH be produced (if. 'necefary)' to meet he 


circumference gf the _ in I; and tet CI be 


Joined. | 
+. "THE! lines OF, CE being /oarattel, "thence' will 
PO: PEN. OF (OH) e 


Therefore PEI: PI :: PO: PC:: PF: PE: : PD: 
PB; whence, alternately, PH: ED: Fiir: 


PA : PG (by 21. 3. and 10. 4.) and conſequently 
PH x PG e 2 E. D. 


N 0 
enn Oris & 


1 1 PROBLEM. xv. ve Lag 


1 the circum ference if a given Wynn 4% 4a 
nee MN of any kind, given by pofttion, fo 10 drato 4 


"right-line EF, as 10 be * equal, and parallel : 10 „ 
674 . -line BG: 
| Q 4 


| + +. © 


(CH; and therefore 
OH and CI will likewi®#be'parallets (iy 16. 4 


CON. 


* 4 - - 2 ys 2 — < 
na 
2 IIS > l _ X 


A 4 
= "Y Z 
- + 2 
F 
1 
} = 
, 7! 
3 —_ 
# \ 
-" il 
* LY 1 
4 q 
+ 
* | 
4% 
. 12 
ö | 
. 4 
A - \ n 
1 1 
| ; 
A ' 7 
6 17 
54 1 
p 2 
g - $a] 
; \ 2 k 
* * 
: l 
1 
"» 4 
8 
y * 4 
W 
33 
U 


- 


a it * (by 2 „ 
1 eq, and parallel to CD; which oe, 71 done | 


5 apply. OD = 3AB; 


CONSTRUCTION, | . 

From the center C, Be : 2 pt 
om D to MN, ap Ds ; . 71 
phy DF = the radius \ COS MD 1 ts 


CB; draw CE equal 1 92 0 EA N 
and and parallel to DF; Pr * be 


1.) "54 


ets. 


PROBLEM XXVII. 


Frs rom the point of interſe nion P of "two Be cir- 
1 O and C, /o 10 draw a line PR, that the part 
_ [thereof QR intercepted by the Fo Foes 228 

4 8 to a given line AB. 


C5 : 


35 
WF -- « 


„ CONSTRUCTION, 
Upon the line r e: 
jpining the two centers, 
a ſemi-circle ODC = 
be deſcribed, in whic 


| arallel © en SD 
705 R, and ipe bing. 
# dave: | F 


DEMONSTRATION. 


＋ 


Let CD, and OF parallel to CD, be drawn, meet- 


ing PR in E and F. Then, the angle ODC being 


a right one(by13. 3.)and PR parallel to DO, E and 


F wall alſo be right-angles, and EF DO (by 24-1.): 
And fo, PE—PF being (= DO) = AB, it is 


niſeſt, that 2PE (PR ee Gn = AB, or 


lat bak : 3B. 2 


& 3.480 4 4 3 = ”" RO. | 
, w N * oY 


= 8-4 


: 
4 
o* 


3 


— 


, >. A 
©” * 13 * * * 1 %. a 2 
86 netri P e 
eometrical Problems 
e 
* » 


PROBLEM XVII. 
From a given point P. in the line paſſing through ; 
the centers of tuo given circles C and O; ſo 10 draw 
a line PD, that tbe parts thereof DE, FG, inter- 
cepted by thoſe 2 pron be in 4 given FR (Vis, 
171 p is 10 q). 


es Tb 


Take CH to Oft, as 9 tg; A el d U. >. 
as PC to PO: Upon HI let a ſemi- circle be 
5 oo 1 the circle * in By hong 


N D ED 


which point * IKL. ain malls CL beer 
lar thereto; at which diſtance, from the center C, 

let a circle ML be deſcribed: Then, if from PA 
i me. be * to n Ju 2 thing | 
10 | | | a 15 


3 2 


DEMONSTRATION: 


Let CD, CK, HK, Fo be drawn, and ks CM 
and ON, perpendicular to PD, and HQ to CL. 
The right angled triangles CDM, CKL having 
CD CK, and CM = CL, have alſo DM = LK 
=QH(fince, by 1 3. 3. the angle HKI, as well as L., 
is 2 right oeh. Moreover (by conſtruttion) CI: 
OR (OF): : PC: PO: : CM (CL): ON; and ſo 
= kriangles CiL; OFN (having their ſides pro» 
portional) muſt. be ſimilar ;' and conſequently 
EN alſo ſimilar. to CHQ: honor, as H (or 
DM): EN: : CH: FO . 7109 
„ * D. 
Pp RO. 


The: Gf 1 5 


enn E . oe!” 
+, To, draw. @. line: RG. .to Sore given ang les with 
a line MN paſſing through tbe common center O, of 
- Fwo, given. circles 27155 K DF, ſ that (tbe parts 


thereof CD, ED, intercepted: by that $06.6 one tbe * 
pieripberies, ſhall obtain a * ratio, n 


does UCT10N: 
Let QOM be the ven : 12 K ; 
angle,” to which',EC CM te 8 . | 


\ 


hr KA be ſo taken, as to be © 95 ” 
to the radius OK in the given 
ratio of ED to CD; upon 
which let a ſegment Leircle 


. 1 12 k T5: Au, 


Circle MEN, draw en 8 A . 64 
. rallel to which, draw the ra- vt Kn 


dius OD; and then, ch D, dra EC aral- 
2288 = 5 FO e va 


Let BK, Bo, EO be ab ran alſo EÞ pa- h 
1 to DO, meeting O and OM in Qand P. 
Then, the triangles AKB, PO, having ABK : 


= POQ ( Conſtruction), and KAB = OPQ (C 

7. 1.) have their external angles OKB, E OO alto 
equal (by 9. 4.); Therefore, becauſe EQ (= OD) 
OK. and EO g BO, thence is OQ KB (U 


17, 1.) ; and therefore, as the triangles POQ, ABK 


are equiangular, PO is alſo = AK: But (becauſe 
1 the WS _w_ "It p OO M0 {Ong 8 


* 
1 


a 4 | 7 Wd 
— * 


wad 7 | KN TY 38. 
be equal: In ee B A « 


ad BF. BM 


"Oe Problems. 


PRO BL E M. dv. +» 

}. Ca deer a point P, ſo iat e- 

12 drawn- from thence, dc u mang right-lints AB. 
AC, BE, given by: poſition, ſhall obtain the\rqtio of 


three un lines m, n and p, reſpadiuehy. n 


5 GONSTRUCTION. 

„Take „ e 21 bento] 80 wei 
n nsvig 

1K 17 


8 « 
| | 35 
e 1 * 

. * 4 Fo 

: g 4 d + 


- 


ER, and 77 — 


| 2 14 N ie 
FEE 
the point of concourſe. P. will bs that which Was 
{0 be determined. YT n TH . N 14 4 145 . 


DENON ST RAT 00 


1 
Upon the ſides of the triangle ABC let fall 1 
| perp endiculars GL; GK, PR, PC 2 18. and | let rl. 

parallel to AC, be drawb. 

77 The angle LEG being |= LAK= GK Iker. 
1410 5.11) and L. and K — both right angles (Ay 
Gaiftr.), the triangles EGL and GIK are Hmilar; 
and therefore I (n): EG (n)*': GK: GE:: PQ: 

- PR: (by 21 4:).” And, in = . ſame l 
1 FQ; PS, VS E. | FATE 


| After the ſame way, the Problem may be cbs | 
 firueed, when the lines drawn from b ate fe- 


quired to make any given apgles with "is lines 
* which they fall, | 
| PRO. 


- ” jt 
* 
S's ' 
"4+. . 
4 | * F * 2 
n | 4 
883 * 


PROBLEM XXXI. 


+ To determine 4 point P, fo that three lines PA, 
PB, PC, drawn from thence to three given points A, 
B, C, ſhall obtain 19 79 ratio Ae t ae N a, 8 
and 05 reſpeaively.” "ol ee 


| CONSTRUCTION, l 
Having joined the e 
given poin Wis „ oro ST 
take AF GE dil . 
=c; make the'an- _. 
gles AFG and AK 5 
and from the centers 
F and G, with the ra- K 
dii d and AR, let two. 2.4 F 
| er in = * . 2 PX 
terſecting in H; from 2 | "79 
Which potar draw HF 
; and HA; then draw BP to make Feb nals ABP 
= AHF, and it will meet . N Ea in * 
point P, required, - | 


7 


1 * 
: — 7 * 
—_—. 
* 


* = 
«<< 7% 45 - 


a” DEMONST K ATION. 


Let BP, CP, and GH be drawn. 
The triangles ABP, AHF being bee i it 
will be, AP : BP: : AF (a) : FH 1057 70 allo AB: 
AP:: AH: AF; and AB: AC:;: AG: AF (be- 
cauſe ABC and AGF are likewiſe equiangular, (by 
Confy.). Now, ſet ing the extremes of the two laſt 
| Proportions are the ſame, the four means AP, AC, 
AG, AH (by 10. 4.) will therefore be proportionals 
and ſo, the triangles ACP, AHG being . 
(by 15. 4+) it will be AP: CP: : AG: GH (ARY7" 
: FA (3 AI) * a 


4 22 
» 7 N 

{ PEE 
5 


— 


P 18 


1 


* * * g * 
* . Zn. ESoa At a. cc Aa a 1 —_ 


PROBLEM. A 


= e the poſition of a point P, at which, 
lines drawn from three given — ls B, C. ſhall 
make . angles, one with anotber. 


CONSTRUCTION. 


"I „AB. upon which { 
22. f.) let a ſegment of acir- A 
cle APB be deſeribed, capa- A 
ble of containing the given 
angle which the lines drawn 
from A and B are to in- 
clude ; and let the whole _ \ 
circle be completed; mae 
the angle ABD equal to that 
which the lines drawn from 787 Ws 

A and C are to include; and 98 the pole D, 
where BD meets the circumference through C, 
let DP be drawn, meeting the circumference i in P 3 
Bn is the paint required. 

For, AP and BY. being drawn, the ungle APC 
will be = the given angle ABD (by 11. g.) both 
ſtanding on the ſame arch AD: And APB is alſo 
or the ol ain Ps RRP by conſtruQtion, | 


(PROBLEM XxXXIII. 


A two unequal 1 egments AB, CD « right-line 
| ab being given, as well in poſition as 4 z 0 de- 
| termine a point P in a line MN of any kind, given 2 
by palilion; at which the two angles APB, CPD, 
| fubtended by thoſe ſe / gents, ſhall n be 5 5 VN 


40 each ot ber. 


CON. 


A 


- exe tron. 2 


x ene , e e e e CP: 


e and ys 25 G DN 2 $224 2086 


i $I 
taking the former = 
BA, and the latter: 
DC; and thro* their 
extremes draw. caO, 5 8 
meeting DA produ- „ 
ced, in O: Take OF . ein 
a mean; proportional! 


between OB and OC; ia A TT center 0 . 


with the interval OF, let a circle FG be deſcribed; 
which (when the Problem is oſſible) will cut (or 
touch) MN, arid the point 0 e 1 'will 


4 9 | 1 1 a 
F * & 4 94 1 * 


1 o 9 * * 
* 1 


e S 3 td 00 


| DEMONSTRATION: | 


: 


14 FO. PA, PB, PF, PC, eee 
Becauſe OD: De (DC): 0B: Ba (BA), it will 
5 be (by diviſion) OD: OC: : OB: OA; and conſe- 


quently OD OA OC x OB=ZOP* (by Conſtr.). 


Therefore, ſeeing that OA: OP ;: OP: OD, and 


that the angle O is common to both the triangles | | 


_ OAP, OPD, theſe triangles muſt be equiangular 
(by 15+.4-) and con 1 APF = e (OFP) 
— OPA (ODP) PF (Y 9. 1.). In the very 


Tame manner, becauſe OB : OP: oP. OC,” the 
angle BPF will be = CPF, and, conſequently, 


Al Balls CPD." 2. 2 D. 


6 A 
4 . nt * 


* a * ry 
1 5 
b - — . . mY 
, 9 ' * " 
q * 1 Y 3 J 
9 1 2. ; o 
Be: Conftruttion 5 


- 8 
+, * 1 


PRQB LEM XXXIV.. 


7 wo right-lines AB, AC being. given, both in 
length and pofition.; from the eint of their concourſe 


A fo to draw another line Al, that two perpendicu- 


lars IP, IN, fathng from. the. extreme thereof upon 

_ the two given lines, ſhall cut '© alternate ſegments 
BP, CN in 4 RX: ratio each to L line VAL 5 

dran. 39 * CNEL DS 


Jy CONSTRUOTIO Ny 5 


Lerche given . WET. + BIG 0 
ratio of AL BP — | ; 
and CN be that 
of the liges p,. 6 
q and r, reſpec- 
thick? Take BE 
IF and CL 
Sr; making 
BD, EG, CD 


and LG perpen- . 
dicular to AB 
and AC, ſo as 


to meet in D and G: draw DA and + EE and y 


from & to AD, apply GH =, and parallel thereto 
draw Al,” meeting DG Produced (if . necdful}; in 1. 
Nen the 1 is done. 8 N 


ddr 


DEM ON ST RAT ION 4 


' Bhenuſe of the parallel lines, Al: GH (:: b: 


GD) :: BP: BE; whence, alternately, Al: BP: : 


GH (p) : BE (9). In the very ſame manner Al: 


CN::p:r., N E. D. 


0 A 4 ee 


"PROBLEM XXV. 
bee ders lines AG, BH, ff ith in poſ.-. 


; tion and length, ta draw a line MN. which ſhall be 


ina Fr ratio to each of the ſegments PIs N H 


= 0 985 OP * ines, Hope 


CONSTRUCTION. 8 


iy Fl iven ratio of r 
MN, MG and NH. be.” . | 
that of y, n and x, reſpec- 
tively: In AG and BH 

take Gg = m, and Hb 

Du; and, having drawn 
_ GH, parallel to it draw 

bl; to which, from , 
apply K =7; draw. 
2 » meeting BH in 
„ and parallel to KR 

ara . — is dove 


- DEMONSTRATION. 


SS of the parallel lines, it will Ae be 
MN: GM: SK 9 K (m); and likewiſe 
N : 


MN : gk (c): NH. 28. 
which 05 arena) is MN : NH: 
BED: . 


* — 


1 
1 
1 
0 
4 


* - 
os i x= 


4 


ns 


#6, BC, 1 


ee * to two 9 155 de, ef. 


ROBLEM XXXVI. 


2 4 Sw a line-DE, to cut three other ſincs AB. 


ven by poſition ;, ſo. that the two parts 
EF, intercepted by thaſe lines, al be 


1 
* 


9 2 


1 CONSTRUCTION. TX 


Upo u e 
mei tink af; 
ef let two ſeg⸗ 
ments of cir- 
cles, aaf, ec, 1 
be deſcribed, 
to contain an - 
gles, reſpec- 
tively _ 
to BAG and 
BCG: Then 


(by Prob. 27. 
by the two 


)draw 1 forl that che part ta intergepted 4 


peripheries, ſhall be equal to M; join 


2, d, and take AF = f, AD as z then draw 


© Wwe 


DEMONSTRATION. 


be triangles FAD, fad, having 4 


AD 2 ad, and A = 2 (by ConflruBiony 1 38 in 
. "= reſpedts ; and therefore (if ce be drawn) the 


triangles FCE, fte, having F = f, FCE =fee, and 
CF = e,, will alſo be equal and alike: Therefore, 
_ ſeeing the wholes DF, df, and the parts FE, fe are 
equal, the remaining parts DE and de muſt like- 


- 2 


wike! be equal,” 2E D. 


= 
- : l 
b FI . 
_ 5 + ww & dl - 5 , | 
» " 
F 
1 0 * x 
. . F4 x A 
* 


* 
” : g 7 ** - 
* 
7 ; : 
C 
| 2 LD 
” . 2 
1 c l 
G L : 
5 3 we » N 
, » 4 a 


en OB LE u XXXVII. 


7 za 4 given point P, to draw a line DPF, 
4 tut three une, AC, CB, ABb, given by poſition ; 
ide the parts thereof DE, EF ene, * thoſe 
a A 3 ra 4 e Tatio, ore 


* 2 e N 4 
 & 2 3 — \ 3 * FF? y 1 4 
%* 


| CONSTRUCTION, | 
3 . AT + 

to CA in the 5. 
given ratioof DE | 
to EF; z and, hav-. 


4 * © 
* 


lel thereto; and, 
from its interſec-. 7 | 
draw N at to cr: Ale Ws AR parallel 
to BC: And in RB vr in RH (by 18. 5.) ſo chat 
NH N RH = PO xTR': Then draw a _ 
WD, e Wir _ the thing 15 done.” 


3 — 4 1 1 
7 L : 
S&T 14 1 „ - 
5 


| DEMONS TRA TION;” 
| Becauſe 5 Conſir. and 10. 4.) NH: TR : 


ro: RH:: OE: AR (by 14. 4.) it follows * 
alternation) that NH : QE :: TR: AR :: TB: BC 


( 12, 4.) : BN: BQ; Therefore EH (when 


drawn) will be parallel ro QN or AD (by Cor. to 


12. 4.) WY ſo DEHA being a parallelogram, we 


have aga n (by ſimilar triangles) as DE (AH) ; 


3 I: 155 AA. TEU 


When the Rhea AD, BE, cut off from the 
iven lines AC, BC, are required to be in a given 


8 of DE and EF), the conſtruction will 


/ 


{be 


th lte 


* 4 1 provided that CT be taken to 0 | 


in the OO Es D a 2270 
F o 


6 , 4 1 
"24 ws 18 „ M 41 A (++ tr 7181 8 fs 


TA PROBLEM: III. dot 4 
75 4 4 line Aken toi c 


8 


| \ ibar. 15 

MONP, NQ, ROT, SMT, given ; poſition ; 0 

' that the thres parts thereof AB, BC, CD, intercepted 

by thoſe lines, may obtain the ratio 6. 4 2 "wn | 

oo , and p. . 1 
1:9 * o F 

30 Ye, 
Sar 10 


+ Hep point | WJ 8 oo gz 28 UN 
F in NP r. e Y adds; 
parallel to 1 — 
TMS, Lin ih, "a 
ing NQ in „ 
5 by. to bf 1 in tgjge 
given ratio of n 
to mM, draw NęE: 2 
Moreover, hav- 
ing taken OH to 
MO in the given 
ratio of » to p, draw THG; and from (05 its in- 


terſection with NE, draw Gl and GF * arallel = | 


Mk and ST, reſpectively, cutting NQ and TR 


in B and C; thro” which two PRI 9 ABCD, 
and the thing | bs done.” 


4 


«DEMONSTRATION. 


| HyfGimila AB; BC: BF 86: If be 1 113 
| . BC: CD: ;CG: : CI:4OH MO: 1p. 
REN 3 

R 2 P R O- 


4 
pil 


— 
N wa \ 
— 22 — — — 


—— „* 


= - 
— 


>a 


1 
— 
* . 


"= 4-4 * 
1 
* 


3.6596 9 T 33 Bion nr 207 575 


0 PROBLEM: XXXIX. * 
Ts 1 two lines CA, CB, from a an point 


C, to terminate in two other lines PM. PN. given 
by poſition, and "which; together with the line AB, 


Joining their extremes; ſpall form a triangle, ABC, 


” 
4 


ſegment of a — 
aph be © deſcribed, 
to contain an an- 


and let the Whole 
circle be complet - 
ed; draw PC, and 


e 40 4 given one, 005 wa ee 


JJ LD2! IO LEOMT TOW 
N 0%; ©ONEDRU.CTION. + 0 

J N +I N mg 

pon ab let a 


gle equal to MPN, \ 
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| Fo BPC, 8 are equiangular; and therefore AC: 
44 (:: PC pc) :: CB: ch. And fo the 3 
_ © ABC, abe, having the ſides about the equal angles 


-  ACB, acb, n N are like ro each other 
Pane, E. 3 8 
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I and pb be drawn ; then will the 5 34% 
(bg = «pb, both Att Than on the ſame arch 
ſo = 


= aph (by Conſtr.), 


2 the angle- Bae = e intetſeRing the peri- 
phery in ez and through c draw ep, meeting the 
4 © periphery in p; make the angles PCA and PCB 


reſpectively equal to pca and peb „ then) join As B, 
"me the thing's 1 done. 8 e, 
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be; therefore, APB being al 
the remaining angles APC and apc mult conſe- 


quently. be equal ; whence, as PCA = pc, and 


CB = pcb (by Confir,), the triangles APC, apc, 
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bRO. 
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4 2 12 5 triangle 18585 12 its angular. 
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e SErEda. 


Une hs? two ſiddes pg, pr, let ewo! OY 


of circles pög, par be deſcribed, to cuntaim angles 
reſpectidely equal to CH and CAE: Then draw 
pa (iy Prob..27.) ſo that the patt thereof ba, in- 
terceprd 1 e OO RELN 


, & 25 bs * 4 1 $34 * 1 a 21 2 04 * > 
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"The triangles PAR, par; being 
and alike in all reſpects (by. e _ 
ſides PR, pr; PQ, pg, but the angles-QPR, gr. 


Nn PQR, par alſo equal and like ro each other, 
2 1 ** 5 RO. 
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will be equal ; and, conſequently, the two trian- 
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- Lexie pins 25 454, be found, from hence, 
as centers, ſegments of circles may mn deſeribed; 
e ies ths to contain ang te the 


three given angles KAL, KBM, KCN, 

_ tively draw pg, in which, produced (if ) 
Bp: . 10 2 in the . og BC to AB; 
＋ bn 218 
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and, W n 1 make 10. 85 perpy pendicular 
thereto, nterſeing the three Ke ag in 4, Þ, 6. 
Take AE: vm 7 b.; and make the angles 
CEH, CEG; And S reſpeQively equal to ceb, 
ces, andicef 3: then rings G and. G, F bo joined; 
and, I ſay, the trapezium EF GH-will be rr to 
mengen one e. 1 199-3 4 a4 a een 
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Let of, M. th, be drawn, and alſo Aa uscher- 
N to es. So ſhalh a . b en 20 
ac 2 d i and 3 IT pe ae: + 
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 1$.4-)::4 AB: BC (&y 3 Adin ſreing the 
triangles EA Fz eaf.; EBG, eg E CH, th are; re- 
OP equiangular (by. Conſtr.) it will be EG: 

B. h ARE; as ( Confir. and Compoſition) 
Fae (by 14.4.) and ſo the triangles. GEF,, 
de 
are ſimi lar. And, in the very ſame managen the twa 
remaining, wiangles EGEH, cg (and confrquontly 
dhe whole trapeziums EF GH, e vu appent te 
be Seuſs De 2 10 aon 3612-72 
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| * 0 5 e 4 circle thraugh 
0 1855 A, B, wh Db a"ri#bt-line 
SH [94 | Ks «7 11 


CONSTRUCTION. 


Draw AB, Such 
biſect in E by the 
perpendicular EF, 
meeting CO in * * 
from an 8 
in Ka HG x 
 perpendiculartoCD; 
and, having drawn + 
BF, to the ſame ap-» nn Mo: 
ply HI = HG, and anne 
parallel thereto draw BK, m meeting EF in K ; then 
from the center K, with the radius BK, let à cir- 

cle be deſcribed, and the thing is g. 


9: Be R + DE- 
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| va 


of concourſe B, 3 


| upon BC, let fall 


DEMONSTRATION: | 
Join K, A, and draw K“. perpendicular 6 cb: : 


| * hen, becauſe of the parallel lines, HG: HI: : 


KL: KB ( 21. 40); whence, as HG and HI are 
equal, KL. and KB are equal likewiſe: But it is 


evident, from the Conſtruction, that K A is 22 KB ; 
| CY 7 927 1 KA. 2 E. D. £91 
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two ſolutions. But when a pe 
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of the two given 
lines, draw BA; 


and alſo BN, fi | 


biſect the angle 5 
CBD; from an 
point E in B 


the perpendicu- 
lar EF, and to F 


BA «poly EG.= = 2 0 
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plied from H to BF (except, when DIH- yy 
right angle) the Problem will therefore admit of 


G; the Problem 
will be impoſſible. And the like is to be underſtood 3 
be. the 2 of the — poems 
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H o chen from the center H, with the interval 


HA, let a citele be eee and the thing 4s: | 
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| "Upon BC and BD let fall the ndiculars. 
HI and HKI which are 4 prey equal, be- 
cauſe ( by Confire} ) the angle H BK: Mare- 

over, as EF and EG are equal, HI and Hawe 


* equal 2 21. 4). 2. E E. P. _ Sic 


We ® . 5999 4 © Jo 3 . 1 4 2 7 gr 4 


_— : P RO 81 E N. N A Has AH | 


"To. Ae . Gree, which” * * 
circle pads ad, 455 right-l ines BC, B 
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Div PQ Parallel te Bt. if le Githance of es 


radius Ag; and through the. point of 1 — . 

B of the two given lines, draw NBP, biſecting 
the angle ChD, and meeting PQ in. P eb 
* any point E in PN, hop PQ, * e 


F go, 7 2 * 
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nnn PR I 
P cular EF, and from: the ſame , is 
| A, apply EG EF; draw AH 

meeting the periphery of the gen. circle in M, 
and the 7 Tige PN in H, from which laſt 
point, as a. center, thraugh M, d ribe the cir - 
cumſerenc of ! a. kircle; 5 and the (thing is - 
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2 FE 


7 Draw. 118 eee BD, and HK © 
PQ ; — — in L. . 

Then, becauſe EG — EF are equal (by Gif.) 
HA and HK-(by723. ) are Agony equal ; from 
which take away KI = A M (Aa), and the re- 
mainders HI, HM will be equnt: But, it is evi- 
dent, that Hl-is- =" 8 becauſe” BFI biſects 
the angle IBS; therefore HI '= HM = Hs. 
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 To- deſeribe the circumference of 8' circle oh 


two given points. A, B, and which ſball alfo touch 
, 2 u 0” ” Polley: mg Nl 
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CONSTRUCTIO 


Biſect the given diſtance AB with he perpendi- N 


5 cular DE, in "WY 2 0 . = the point C 


* * , s 
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* 4 1 1 2 
PI is PT. ww 
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—_— to EG, 
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be ſo determined, that CO (when drawn) Hallen- 
ceed CA by the radius Od of the given circle. 
Then that. podlntXit ihaniteſt * center 


| of the Circle to be deſcribed. 
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ference of a circle, which ſhall touch a given we bg * 


"WR alſo 4 Ar BA ne 


Make A 
elan to F 
AH; and 
AB, in it wo BF a 
third-proportional to A 
and the radius Bad, and. 
let AF be biſected in G: 
then draw MN Prob; 


35.) 5 7 SONS 
and may-be-in fame given G0 a 
ay Ives, as DEER: 
et two perpendiculars on AB an 
ich will interſe& 


_ to 3 bas 


AG; which in che center 
C of — cyreis. _ bn 3 125 Fas 
age) DEMONSTRATION. 14 tt 


Let CA and CB be drawn, and alſo K per- 


e to, EQ, Becauſe MN; NH, : BD. 


A (by nb 14:MN-4-AG-(by.22» 4c) thenee is 
NH (CK) AC. And fince (by 180. NH 


AC) MS: Ba, it , from 
b Len ie Re UB ral 


the Lemma on Þ. 222, thar 
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be the center beet The REES Sree 
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TW, 5. CONSTRUCTION. —_— 


To the centers of the 
given circles, draw AB 
and AC; in which take 
Bb = a third. propor- 
tional to AB 5 the ra- 
dius BE; and Ce = a 
third - proportionalto Ac 
and the radius CF: bi- 
ſet Ab and Ac in G 4 
and H, and let Fr be 
drawn parallel to AB, 
meeting BC in 7, Then 


(by Prob. 34.) draw AO, fo that OM and ON being 
drawn perpendicular to AB and AC, the three 
lines AO, GM and HN ſhall have the ſame ven 

ratio among themſelves, as AB, BE and Fr. 4 — | 
ſhall the point O be the center of the required 
circle: For, ſince (by Conſtr.) AO : GM:: AB: 

BE; and AO: HN (:: AB: Fr):: AC: CP; ic 
Is s manifeſt, from the Lemma on p. 22 2. that _ 
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8 given differences : Since a point ſo found, WIE AI- 
95 ways be the center of the required circle, as well 
when the three given circles are, to touch that circle 
4  anwardly, as When they are all required” to touch 
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2 10. W A is 1 ld 
down, as an Axiom, would, more properly, 
have been made a ropoſition, had it ad- | 


Bs of ſuch a x prep ration, as is 


conſiſtent with geometrical ſtrictneſs and purity, 


But the laying of one figure upon another, what- 
ever evidence it may afford, is a 8 con- 
fideration, and depends on np, HO; SIR 


ww 
4 


© Theor. 4. 8 5. Book L There is ſcarce 
thios more obvious to ſenſe, and at the ſame time 
more difficult to demonſtate, than the firſt, and 
moſt | ſimple properties of parallel lines. Even 
when we have (in Theor, 4.) proved the poſſibility 
of the exiſtence of ſuch lines, we cannot from 
thence infer, that their diſtance from one another 
is evety where the ſame ; without having recourſe 
to an Axiom, which, though very evident to 
ſenſe, cannot be demonſtrated,. Theſe  difficut 
ties wholly ariſe from our not having any. proper- 
ties, previouſly demonſtrated, whereby the progreſs 
of a zighit · line, produced out, can be traced, with 
relpett to its diſtance from ſome other right-line 


* 3 
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256 Motes geometrical and critical 
\ *  afGgned; nothing leſe being required here; that 
the proportionality of the ſides of equiangular tri- 
angles; which is not proved before the middle of 
the Fourth Book, and which depends upon theſe 
ve E r 7 
|». Schol. to Theor 5+ Book, I. As there are ſeveral 
conditions requiſite to make up the definitions of 
_ a rectangle and ſquare, it was neceſſary to ſhew here, 
that the ſeveral properties aſcribed to thoſe figures, 
are not incompatible one with another. Euclid þ 
very ſtrict in this particular, and never undertake: 
to demonſtrate any thing relating to a figure, till 
he has proved the poſſibility of the exiſtence of 
_ ſuch figure by an actual conſtruction,  _ 


Theor. 22. Book I. This propoſition, which is 

not in Euclid, is of conſiderable uſe, being often 

ED wanted in determining the Maxima and Minima, 
5 in mathematical enquiries. n 


Theor. 27. Book I. This Theorem, though not 
in Euclid, is alſo very uſeful, at leaſt, to our deſign : 
by it we are not only enabled to divide a right- 
line into any number of equal parts, without the 
help of proportions, but alſo to demonſtrate that 
moſt important propoſition, That the homologous 
fades of equiangular triangles are proportional. It is 
true, the method purſued here, is not exactly con- 
formable to the idea of proportions delivered in 
the th Def. of Euclid's 5th Book. But, even 
- 1n that light, the demonſtration will be equally 
_ eaſy, without inferring it trom the proportionality 
Df triangular ſpaces. | 5 
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Theor. 
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Theor. x. Book II. This propoſition, which is not 


mentioned by Euclid, may be thought unnecefiary 
but it muſt either be.. E þ 
demonſtrated, or aſ- P 
ſumed, as it is wanted 
in almoſt every pro- 
* of the ſecond 
K: By means of 
it, we alſo arrive at a 
neral, and veryeaſy 
*monſtration of that 
important Theorem, | 
That all parallelograms _ LN ENTS 
(AEFD, aefd) which fand upon equal baſes, and 
have equal altitudes, are themſelves equal : For, when 
it is known that theſe parallelograms AEFD, aefa. 
are equal, reſpectively, to rectangles ABCD, abc, 
of the ſame baſe and altitude (which is proved in 
Prop. 2.) it is alſo manifeſt that they muſt be equal 


to one another, as their equal rectangles ABCD, 


_ abed are ſhewn (by Theor. 1.) to be equal, the one 
to the other. This determination is more general 
than that given by Euclid, in the 36th Prop, of his 


firſt book; where he demonſtrates the equality of 


parallelograms, whoſe equal baſes are in the ſame 
ſtraight line: Which may, perhaps, be thought ſuffi- 
cient for the whole; becauſe, if the baſes are not 
in the ſame right-line, one of the two figures may 
be conceived to be removed, and fo placed, that its 


baſe ſhall be in the ſame right-line with the baſe of 


the other.—But, that theſe were not Euclid's ſenti- 
ments, is evident from this; He hints at no ſuch 
thing : And had he approved of this fort of de- 
monſtration, his 36th Prop. would have been in- 
tirely uſeleſs; as nothing more (after the 35th) 
would be neceſſary, in order to a general demon- 
ſtration, than barely to NG one baſe upon _ 


k 4 
: 


| 7 Mae 8 


other. But it is (ring 0 this is is a ing of de- 
monſtration, which Euclid never has recourſe ta, 


When the thing in hand can be done without it. 


For — .Þ cannot help wondering a little, 
that that very accurate Geometer, Profeſſor Simpſon 
of ' Glaſgow, nu" make ke of it, where (I ap- 
prehend) Euclid vould not. The place, I have 
dow particularly in my eye, is the addition (for 
it cannot properly. be called a corollary) made 
by him co the firſt, propoſition of the ſixth book: 
: Which addition would have been gulls unneceſſary, 
had what is above 2 , reſpecting the equa- 
lity of parallelograms, bee yp eſtabliſhed in 
the ſecond book: For then ne demonſtration, that 
rallelograms, having equal altitudes, are as their 
; Pos. would nothing « iffer from that whereby pa- 


rallelograms, ſtanding between the ſame parallels, 


are proved abe in ae as their baſes. 


: Wer. 9. TH 12, 13. Book II. Theſe four Theo- 
| rem, tho! not in Euclid, are of very, core 
| uy particularly 4 un firſt, of chem. 


- Theor, 1. Book IL. This eaſy propolitionig add, 


el in order to give the learner a proper, and more 
| Preciſe idea of the * uh; an are et * 
e in weed dn. nt 


Theor. 5 2 3. . 6, _ 8. Book Ul, The faven 
propoſitions comprehend all that is. moſt mate- 


rial in the firſt ſeventeen, Theorems of Kuclid's 


3d baok,—As there is no where, in this 22 5 
o long a run of propoſitions together that are 


entertaining to learners, or of leis real . | 


than the greater part of the ſaid Theorems ; 
thought it would be of uſe to reduce the ſubſtance 
of them into a leſs compaſs: And I flatter myſelf, 
1 I have not ſucceeded ill, in this particular. 
1 Theor. 
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Tbeor. 24, 25, 26, 27, 28. Book III., Theſe TY 
Theorems, which are all of very conſiderable uſe, 
will not, I flatter myſelf, Fe leſs plain by + 
being proved independent of proportions, as the 

demonſtrations here given are, not only more con- 


ciſe, but depend alſo upon fewer principles. 


Def. 12. and 13. Book IV. The explication here 
given, is not ſtrictly conformable to the idea of 
ancient Commentators, but is delivered in a ſenſe 
ſomewhat more general. With them, the compo- 
fition and diviſion. of ratios, extends to thoſe caſes 


only, where the ſum, or difference of each antece- . - 


dent and its conſequent, is compared with the con- 
ſequent. , When the antecedent is compared with 
its exceſs above the conſequent, this they call the 
converſion of ratios, But in ſuch caſes where the 
antecedent is leſs than the conſequent, and where 
the ſum, or difference of the antecedent and con- 
ſequent is required to be compared with, the ante- 
cedent z. it does not appear that any ſermt have 
been given to ſignify ſuch a compariſon." Profeſſor | 
Simpſon thinks, that the definitions we have; are not 
Euclid's, but an addition by Thean; which to me 
appears highly probable : This at leaſt ſeems clear, 
that theſe definitions ought, either to have been 
extended to a greater number, or elſe to have been 
rendered more general. For this reaſon I have, 
after the example of modern Geometers, given the 
ſignification of thoſe terms, ſo as to include all the 
ſeveral caſes: And this, I thought, might be done 
with the greater propriety, as the truth of whatever 
is here underſtood, depends upon the ſame de- 
monſtrauon. WED] 3 


ht Theor. 20, 21, 22,2 3. Boot IV. Al theſe The- 


orems, tho” not in Euclid, are of conſiderable - 
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by the two former, the demonſtration of ſeveral 
others is rendered more ealy ; and the latter have 
been applied, to good purpoſe, in the analytical 
determination of ſome difficult geometrical pro- 
„ „% Do fs OR” EE 
| Prob. 3, 4, 5, 6. Book V. In the demonſtrations 
| here given, it may be thought, that I have af- 
fected an unneceſſary exactneſs, by making them 
depend on Axioms alone. But I was willing that 
theſe ſundamental propoſitions ſhould have the 
ſame foundation and evidence, as they appear to 
Rand upon in Euclid; without referring to any 
thing derived in virtue of the 4th Poſtulate. Bur, 
whether 1 judged well, or ill, in this particular, is 
of little conſequence, as the demonſtrations here 
given, are not leſs plain, and bur very little longer, 
than they otherwiſe would have been.—The Pro- 
blems themſelves might, indeed, have been given 
along with the Theorems, as they became neceſ- 
ſary, according to the method purſued by Euchd; 
whereby any objection, of this ſort, might have 
been avoided. Bur, befides ſome ſmall convenience 
to the learner, there is a real advantage in having 
the Problems all together, after the Theorems; 
ſince, from a great choice of properties, ready de- 
monſtrated to out hands, we are often able to ar- 
rive at a ſhorter and better conſtruction, than 
could poſſibly be given from ſuch properties alone 
as are antecedent to Euclid's ſolution of the ſame 
Problem; his method of writing having obliged 
him to introduce the leading Problems as ſoon as 
poſſible, in order to evince and eſtabliſh the con- 
ſiſtence of his definitions, and to open his way in 
a regular manner to the many uſeful Theorems 
thereon depending, And it is for this reaſon alone, 
that many of his Conſtructions are not ſo well 
adapted to practice, as thoſe in common uſe. 
"2 e e OR IND 
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Upon which account, ſome have been precipitate 
enough to blame him; not ſeeing, or conſidering, 
that ſuch conſtructions, tho' not ſuited to anſwer 
every purpoſe, were the moſt proper for his plan, 
and the beſt that could be given in the places 
where they ſtand. N n 
Prob. 8. Book V. The reaſoning in this propo- 
ſition, to prove that the two circles will cut each * 
other, may, to ſome, appear needleſs. Profeſſor im- 
ſon (at p. 359. of his Euclid, Ato Edit. 1956) has been 
a little ſevere upon me, on this head, for attempting 
to ſupply, what I thought, a ſmall defect in Euclid. 
„Who is ſo dull (ſays he) tho? only beginning to 
« learn the Elements, as not to perceive that the 


v circle deſcribed from the center F, &c.“ It is 


not without a real concern that I here ſee this 
able Geometer drop his own character ſo far, as 
to expreſs himſelf in a manner ſo very ungeometri- 


cal. If the thing is, indeed, eaſy to be perceived, 185 


it muſt be ſo, either, as an immediate object of the 
ſenſes, that is, in plain terms, by inſpection; or 
elſe it muſt be in conſequence of geomertical rea- 
ſonings antecedent to the thing itſelf. Now I am 
clear that he would not be thought to mean the 


former; and, as to the latter, nothing had been 


given from whence the evidence of the inference 
could be fo clearly ſeen: For, tho? it is proved, 

that any two ſides of every triangle are greater 
than the third ſide, it would be abſurd to urge that 
concluſion in the caſe before us; becauſe the queſ- 
tion here, is, whether a triangle, under certain 


| ſpecified conditions, can, or cannot be formed? 


and, therefore, to conclude any thing from the 


properties of triangles, would be ridiculaus, and 


nothing leſs than begging the queſtion. That the 
determination propoſed limits the Problem, no body 
vill diſpute: But then, is it not neceſſary that 
ET SY | this 
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| this ſhould be proved, in Elements of Geometry, 


where a reaſon for every thing is, or ought to be 


given? From this conſideration, I cannot intirely 


approve of the emendation propoſed by this Editor 


to Fuclids 24th Prop. Book I. For, tho' the addi- 


tion there made, does indeed reſtrain the propoſi- 


tion to one caſe; yet this ought to have been de- 
monſtrated, by ſhewing that the point F (vid.p.29.) 
- muſt in conſequence of ſuch reſtriction, neceſſarily 


fall below the line EG; but this is not done. 


Many other inſtances might be produced to ſhew, 

© that this gentleman, who often appears a little too 
_ haſty . in his cenſures, is not, himſelf, 
every where equally guarded. In Prop. I. Book III. 

he bids you to draw a ſtraight-line within a circle, 
without ſpecifying that it muſt terminate in the 


_ circumference ; and, what is a great deal worſe, 


he here very improperly uſes the word within; 
when the propoſition itſelf is laid down in order to 
prove, in the ſubſequent one, that ſuch line muſt 

arily fall within the circle. Theſe are, it is 

rue, but little matters; but. leſs than theſe have 

fallen under this gentleman's notice. At p. 358, 

M. Clairaut is glanced at, for an inadvertency of 
ftzhis ſort, And, in the note at the head of p. 415; 

| it is ſaid, The words, for a ſtraight-line cannot 


« meet a ſtraight-line in more than one point, are left 


& out, as an addition by ſome unſkilful hand; for 
* this is to be demonſtrated, not aſſumed.” Now 
can it poſſibly ſhew any want of ſkill in an editor, 

to refer to an axiom which Zuclid himſelf had laid 
down (Book I. N'. 14.) and not to have demon- 
ſtrated, what no man can demonſtrate ? 


Prob. 16, 17, 18. Book V. Theſe three Pro- 
blems, tho* not ſo frequently wanted as ſome of 
the preceding ones, are nevertheleſs of very conſi- 
derable uſe, - The two laſt of them are the ſame, 


f 
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in effect, with the 28th and agth of Euriid's 6th 
book; but are here put down in a manner rather 


Aion, p. 131. This Axiotm is ſubſtitured in- 
ſtead of the common definition of equal ſolids, 
which; I really think, is too bad to be the work 


of Euclid. It is not a definition, but a propoſition, 


« whoſe truth or falſhood ought (as a very judi- 
« cious writer obſerves) to be demonſtrated, not 
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« aſſumed.” Neither is it at all cotiformable to 


Euclid's manner of writing, where he eſtabliſhes the 
foundation whereon the equality of plane figures is 
grounded; which he does, not by means of a de- 
finition, but from the application of two of the 
moſt ſimple figures to each other; ſo that, from 
the coincidence of their boutids, theĩt equality may 
appear manifeſt, And this method we have pur- 


ſued in treating of ſolids without which a clear | 


and diſtinE idea of their equality can be no mote 
obtained, than of the equality of plate. figures in- 


dependent of the 4th Prop. of the firſt book, which 


is Our 10th Axiom. I ſhould have fail a g 


deal more on this head, but I find that Profeſſor 


Simſon has already placed this matter in fo ſtrong 
and clear a light, as to render any farther apology, 


or comment, unneceſſary here. Tho? I muſt con- 


feſs, that, had this gentleman's work come into 
my hands before the elementary part of my my 


jr "I 


: 
ed 
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fh did not happen till the niddle of Nevenber 1759 3 when 
being in town, in company with my bookſeller, and being preſſed 


him to finiſh; I acquainted him that every thing vas atually 
ready except the Preface, which would coft me ſome pins, if 


would be neceſſary to obviate ſome ob jecbions, particularly with 

 regatd 10 the reaſons for my rejeding Euclid's definition of equal 
olids, and building upon a different foundation. On which, he im- 
mediately bet me know, that . Simſon bas already cleared 
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lad been intirely printed, off; the definition of ſi- 


concluſive demonſtration given to Euclid's 2d Prop. 

Book XI. (by Euclid himſelf, or ſome leſs ſkilful Zai - 

tor) ſeemed to render ſomething of this ſort neceſ- 
_ ſary, In that demonſtration it is taken for granted, 
that one part of the triangle, at leaſt, muſt be in 


w 

milar ſolids, which I have given, from Euclid, would "I 
have been delivered under a form ſomewhat dif- . te 
ferent. For, tho' it involves no abſurdity, as it fa 
now. ſtands, yet there are certain caſes (but ſuch in- re 
deed as do not occur in any Elements of Geometry) 1 
where it will not afford the preciſe idea it ought th 
%%% ĩ ͤͤ̃ ( ˙ ͤÄ - th 
4 25 Paſtulatum, p. 131. The unſatisfactory and in- Pp 
tt 

.Y 

on 


, _ the ſame plane. But it has been very juſtly ob- 


5 a f ſerved, that a curve ſurface may be bounded. by 
| three right · lines: Nor does it ſeem eaſy to form a 
ES clear idea, that even a part of bo, one of the three 


lines will be in the Jame plane with one of the 
others, unleſs by conceiving a plane to be turned 
about upon the one, till it meets with, or falls 
upon ſome point in the other. And I have the 
ſatisfaction in this particular, to ſee my ſentiments 
exactly agree with thoſe of a very good judge, 
wWhoſe name, I have, more than once, had occaſion 
to mention in theſe notes. It is true, he makes 
that a Theorem, which I lay down as a Poſtulate. 
But, ſince a plane can no more be turned about 
upon a line, than a line can be drawn from one 
point to another, it ſeemed to me, that the one 
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mh that teins and expreſſed his ſurprize that a work of ſo much 
repute, wherein (he told me) my own name was more than once 


ceived from him the next morning. In conſequence ewhereof 1 


* — 
1 reren — 


— ed n firſt deſign auriting . a long Preface ; thinking it | 
ewould be better to —— aubat I had to offer, y ak after the | 
example of this dito. PS | 


Was 
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was as properly a Poſtulate, as the other. How» 


ever, whether this be, or be notallowed, id imma- 
terial, as the degree of evidence is preciſely the 


| ſane. There is, indeed, one reaſon, why this Theo- 
rem, or Poſtulate, ought to have preceded that pea | 
t is 


tleman's demonſtration of Prop. 1. Book XI; 


there wanted: For, in the Corollary, on which 


that demonſtration is made to depend, the lines 
AB, BD, BC are ſuppaſed to be all in the ſame 
plane; which ought by no means to be aſſumed in 
the firſt of the 113th. - Zuclid's ioth Axiom, which 


that Corollary is intended to ſupply, and by which 
the propoſition is uſually dergon Tra tigers is not wa 


a by any ſuch reſtriction. e i} 
Tbeor. 12. Book vil. This propoſition i is 3 


on account of its uſe, being the foundation on 
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which the whole art of PREY. in a manner dey | 
Pan. | by 1.6 


N hw: 25. Book vn. From this Theorem, which. 
is very extenſive in its application, ſeveral others 


of conſiderable note may be deduced: one, or 


two of which, for the ſake of the learner, I ſhall - 


here derive, and put down by way of example. 
Let A, B. C, D denote four lines in nee 


5 . 


1 010 
Then, it follows! 8 
_ 
ſince A: B 4 8 e 25.) that 


Ai: Br: CBA: CRD: A: D (by 225 


| 7. J or that, of four lines in continual proportion, 


the cube of the firſt is to the cube of the ſecond, | 


as the firſt line is to the fourth. 


N 
; Then, 


Again, let, A:@:: B:b: c: Fe a 
B. 4; C, c, may be ſuppoſed to repreſent the 
homologous ſides * two hanilet N 
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Fe it alſo follows, ; 
. ace rn He Ca on 
that A3: 852: BCA: ba; or, that ſimilar pa- 
rallelepipedons are to one another, as the cubes of 
_ their prom, bs yy p ionality of 
ſimilar parallelepipedons, deſcribed upon propor- 
tional lines, is alſo included in the ſame Theorem; 
being no other than that caſe of it, where the pro- 
poſed ratios are all equal. „ e 


Tuber. 5. Book VIII. The demonſtration of this 
Theorem might have been delivered under a form 
ſomewhat different, by aſſuming two other ſolids 

(without regard to figure) the one leſs, and the 
; „ — than the propoſed parallelepipedon 
oF I, and ptoving that cylinder muſt, alſo, be greater 
tttahan the one, and leſs than the other: which is 


WWW 


22 


dauoone by means of Lem. 1. that is, by taking Pm, 
or Pt, ſo ſmall a part of IP, as to be leſs than the 
ö difference between the given patallelepipedon and 

either of the ſaid ſolids: from whence the de- 
monſtration will proceed on, in the ſame manner 

in which we have given it. But, as theſe ad- 
ditional conſiderations would have increaſed the 

number of ſchemes, and lengthened the proceſs, 

without adding one jot to the degree of evidence, 

it was thought proper, for the Ae of the learner, 
J. 8 


Tbeor. 8. Book VIII. This Theorem is not ſo 
uſeful as the Corollaries that follow from it, which 
are all of very great importance: In the gd and 
Ath of them, the proportion of all kinds of priſms 
and pyramids is affigned, without the aſſiſtance 
of the uſual demonſtrations given for this purpoſe z 
which, tho ſufficiently evident in themſelves, are 
often found a little perplexing to learners, on ac- 
„ . Count 


/ 


. 


din 


count of the ſchemes, wherein ſo great à num · 
ber of lines is neceſſarr. | vo 


Nothing, in the courſe of thele notes, has been 


ſaid relative to the Theorems on proportions, tho? 
ſo nice and critical a ſubject, and rho' the method 
I have therein purſued may ſtand in need of ſome 
apology. But, indeed, the whole of what I have 
to offer on this head, was too much to be com- 
| prized in the compaſs of one fingle note, and 


_ could not fo 7 4 be delivered in ſeveral de- 


tached ones: For which reaſon, I ſhall here throw 
1 aa all that I have to advance on that ſub- 
l There are two objections that may be brought 

nſt the method in which proportions are treated 
of in this work ; the one, grounded on the impoſ- 
ſibility of dividing every magnitude into equal 


parts; and the other, on the incommenſurability 


of two or more magnitudes of the ſame kind, 


when compared with each other. The firſt of 


theſe objections appears, to me, to have very little 
weight. For, tho* a magnitude may be ſo con- 
ſtituted, that the diviſion of it into an aſſigned 


number of equal parts cannot be, aZually, effected 


by any geometrical conſtruction; yet it is no leſs 
evident, for that reaſon, that every ſuch magnitude 
has really its third, fourth, or other aſſigned 
part, tho we are at a loſs how to take it; or, in 
Other words, it ſeems very clear to conceive, that 
In every propoſed magnitude, whatever its figure 


may be, a leſs magnitude is contained, which, re- 


peated an aſſigned number of times, ſhall be equal 
to the magnitude given. If, as the moſt rigid 
Judges allow, every plane figure is equal to /ome 
ſquare, and every ſolid equal to ſome parallelepipe- 
don} then the parts of the ſquare, or parallelepi- 
pedon, which are actually determinable by a geo- 
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- - ©, metrical conſtruction, will alſo be like parts of the 
figure firſt propoſed, and fuch as we conceive to - 
be taken. ebe 4 Reo" OI eee 
3 The other objection, depending on the incom- 
menſurability of magnitudes, is a matter of real dif- 
ficulty; which we have taken ſome pains to ob- 
viate, in the Scholia to our 3d and 7th Theorems, 
Euclid, himſelf, ſeems to have been not a little em · 
barraſſed with it, if we may be allowed to judge 
from the different methods he has left us in his gth 
and 7th books; the former whereof, which is 
- ſuited to include the buſineſs of incommenſura- 
bles, my nothing near ſo eaſy and natural as the 
latter: It has, it is true, the advantage of being ge- 
neral; but, that the principles whereon it is ground- 
ed, are neither ſo ſimple, nor ſo evident as might be 
' wiſhed for, the many diſputes about them, ſince 
Euclid's time, by Geometers of the firſt rank, will 
ina great meaſure evince. And farther, it ſeems 
ſofficiently plain, from Euclid's own authority, that 
he himſelf was not intirely pleaſed with his own per- 
formance on this head; or that he was convinced (at 
| leaſt) that it had not every advantage: For, other- 
VNiuiſe, it will be very difficult to account for his 
having demonſtrated many things in his 9th book, 
by another method, whoſe demonſtrations had been 
actually given before, in the 5th, under a different 
form. For theſe reaſons, when 1 ſee the extrava- 
gant commendations that have been laviſhed on this 
5th book of Euclid, 1 am no farther convinced by 
them, than that great men may ſometimes launch 
out too far in behalf of opinions which they have 
adopted. And 1 believe that, whoever has read 
the notes on the 5th book, by that great reſtorer 
| of Euclid, Profeſſor Simſon, will be apt to conclude, 
4 that thoſe high encomiums are a little miſapplied. 
Indeed, if al that is advanced in thoſe notes be 
allowed of, I think the author of them has proved 
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reared withſo much art, ſtands upon a tottering 


foundation. It is not by choice that I go our of 
my way to play the critic; but as the writers againſt 


the vulgar and indiſtin& notion of proportions (as 
they term it) are very ſevere in their cenſures,” and 


aſſume a great ſuperiority,from the boaſted accuracy = 
of their reaſonings, it may be neceſſary to ſhew my 


reader, that, tho what he is here taught on propor- 
tions, is liable to ſome ohjections, the method 
which ſome ſo greatly prefer, has alſo its difficul- 


ties; and that there are other objections to it belides 


its obſcurity. And this 1 ſhall make appear from 
this learned Commentator's own authority and con- 
cedſſions; and in order thereto, ſhall firſt refer to his 
note on Prop, 10. which proceeds thus. It was 
* neceſſary to give another demonſtration of this 


_ «« propoſition, becauſe that which is in the Greek, 


and Latin, or in other editions, is not legitimate. 
For the words greater, the ſame, or equal, leſſer, 
have a quite different meaning when applied to 
< magnitudes and ratios, as is plain from the 


and 7th definitions of Book g. by help of theſe let 


us examine the demonſtration of the loth Prop. 


„ which proceeds thus, &c.” He then goes on, | 


| in a long note, to ſhew the inſufficiency of a de- 


' monſtration, which had been received, by all, as 
perfectly genuine and ſatisfactory; and at laſt comes 


do this concluſion. Wherefore the ioth Pro 
.*,fition is not ſufficiently demonſtrated. And it 
s ſeems, that he Who has given the demonſtration 


« of the 10th Propoſition, as we now have it, in- 


« ſtead of that which Euclid or Eudoxus had given 
„ ghas been deceived in applying what is manifeſt, 
* when underſtood of magnitudes, ' unto” ratios, 
_ 4 viz, that a magnitude cannot be both greater 

and leſs than another. That thoſe things which 
are equal to the ſame are equal to one another, 
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« is a molt evident Axiom when underſtood of 


«4. magnitudes, yet Eucud does not make uſe of it 


to infer that theſe ratios which are the ſame to 
« the ſame ratio, are the ſame to one another; 
but explicitly demonſtrates this in Prop. 11. of 
Bool g., The demonſtration we have given of the 
« zoth Prop. is no doubt the ſame. with that of 
Eudorus or Euclid, as it is immediately and di- 
| « rely derived from the definition of Ne 
< fatio, viz. 7th of 5.” 
_ Here the weight of the objatian reſts on its not 
having been proved, that, of three given magni- 
tudes A, B, C, the ratio of A to C could not, at 
the ſame time, be both greater and leſs than chat 
of B to C. But, if in the demonſtration, here re- 
jected as inſufficient, there is any real flaw, it is 
chargeable on the definition of a greater and lefs 
ratio, as the reaſoning from it, is clear, ſtrong, and 
8 ſcientific... And I would ſeriouſly aſk the 
ontemners of the vulgar and confuſed notion of 
| E af a definition, by Which it cannot 
known, whether the ratio of the firſt to the ſe- 
cond of four given magnitudes, may not, at the 
{ame time, be both greater and leſs, than that of the 
third to the fourth, is really calculated to afford 
thoſe very accurate ideas they pretended to? This 
Commentator. has too much penetration not to be 
aware of the force of this objection, which he has 
attempted to obviate in one particular caſe. But 
the new propoſition given by him, for that purpoſe, 
ought to have preceded the roth, and to have been 
demonſtrated, independent of it. This he alſo 
ſeems apprized of, when he ſays, that ** it cannot 
c be eaſilydemonſtrated without the 10th, as he that 
<« tries to Fo it will find,” But, be this as it will, 
1 am not at all clear that his demonſtration of 
_ <<. the 10th, is the ſame with that of Zudoxus or 
Aj * Euclid,” Euclid, or (if you pleaſe) Eudoxys, does 


never 


” . 
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never (that I know of) refer to any definition, till 
it has been proved, either by an actual conſtruction, 
or by ſome demonſtration previous to that in hand, 
that ſuch definition involves no abſurdity, or gon- 
ditions that are incompatible one with another. If, 


therefore, it was conceived poſlible, that the deſi - 
nition of a greater and leſs, ratio, could involve fo. 
great an abſurdity, as that, &y it, the ratio of At 
C might at the ſame time be both greater and leſs 


than that of B 0. C; this point, according to tha 
method preſcribed by Euclid, ought to have been 


cleared up, not by means of propoſitions derived in 
virtue of that very definition, but by others ante - 
cedent thereto, and independent thereupon. And. 
to me, the 8th Prop. ſeems the proper place for tha 


doing of this, where it might be eaſily introduced, 
either in the Prop. itſelf, or by way of Corollary. 
It is there proved, that if, of three magnitudes As 
B, C, the firſt A is greater than the ſecond B, then 


certain equimultiples of A and B maybe taken ſuch, 
that being compared with ſome multiple of C, the 


multiple of A ſhall be greater, and that of Bleſs than 
thefaid multiple of C. Whence, by the definition ot 
a greater ratio, the ratio of A to C is greater than 
that of B to C. To which might be added And 
becauſe A. is greater than B, any multiple whatſo» 


ever of A muſt be greater than the ſame multiple 


of B; and, conſequently, no equimultiples what» 


ſoever, of A and B can poſſibly be ſo taken, that the 


multiple of A ſhall he equal to,orleſs than ſome mul- 


tiple of C, and that of B greater than the multiple of 


C: for, if the multiple of B be greater than the 
multiple of C, the multiple of A, which is 


than that of B, muſt alſo be greater than the mul- 


tiple of C. Wherefore the ratio of A to C can- 
not (by. the definition) be leſs (as well as greater) 
than the ratio of B to C. | | 


But, notwithſtanding all that has been proved on | 


this head, either here, or by that gentleman 12 
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Motes geometrical and critical. 
ſelf, the ſame objection occurs again in Prop. 13! 
where it remains in its full force. For, tho it be 
allowed, that · there are ſome equimultiples of C 


„ and E, and ſome of D and F ſuch, that the 


* multiple of C is greater than the multiple of D. 
«. but the multiple of E not greater than the mul- 
. tiple of F;“ yet it is not demonſtrated, nor in 
any ſort ſne vn, that other equimultiples of thoſe 
qyvantities cannot be taken ſuch, that the very con- 
trary ſhall happen. —If the demonſtration of the 
l0th Prop. has been juſtly rejected by this gentle- 
man himſelf, as inſufficient, berauſe the impoſſibfli - 
ty of a contrary concluſion had not been ſhewn; 
can it be thought that this 13th Propoſition is, at 
this day, ſufficiently demonſtrated, where the ſame 


objection occurs, and that in a much greater lati- 


tude ? I have a much better opinion of this Edi- 
tox's diſcernment, than to imagine, that his paſſing 


this matter over in ſilence, proceeded from his not 


8 bs of the difficulty; but it ſeems to me, 
that 
tion (ſo often teſtified in the courſe of his notes) 
would not permit him to borrow any thing ffom 
thence, however evident, and though this objec- 
tion, that ſtrikes deep at the very root of propor- 
tions, might by means thereof be very eaſily re- 
moved. 1 fay, the very root of proportions is 
deeply ſtruck at in this objection; becauſe both 


is great diſlike to the vulgar idea of propor- 


the alternation and equality of ratios (ex quali /c. 
dit.) are grounded on the ſaid 1gth Prop. and 


which, therefore, till the objection is removed, 
muſt be allowed to ſtand upon an uncertain foun- 


bd 
" 


dation, e | 


The principle hinted at above, whereby the dif- 
ficulty might be obviated, is, that if a magnitude 


of any kind be given, or propounded, there may 
(or can) be another magnitude of the ſame kind 
which ſhall have to it any ratio aſſigned. This 
aſſumption Mr. Profeſſor will by no means * 
6h | | : (tho* 
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Motes geometrical and critical. 
(tho' Euclid himſelf, in Prop: 2. of his 12th book, has 
uſed it); and, in a long note on Prop. 18. is angry 
with Clavius for having recourſe to it; affirming, 
that the demonſtration (given by means thereof) 
<« is of no force; and that * the thing itſelf can- 
& not (as far as he can diſcern) be demonſtrated hy 
the preceding propoſitions, ſo far is it from de- 


* ſerving to be reckoned an Axiom, as Clavius. 


ic after other Commentators, would have it.” That 
the aſſumption cannot be generally demonſtrated 
by the preceding propoſitions (nor even by all the 
ropoſitions in the Elements) I readily aſſent to : 
ut then, becauſe a thing, exceedingly obvious in 
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its own nature, cannot be demonſtrated ; is it there- 


fore leſs proper for an axiom? I ſhould: rather 


that nothing ought to be made an Axiom, which 


allowed to have any idea of proportion but what 
is contained in the 6th and 8th (or, as this Author 
makes them, the gth and 7th) definitions of Eu- 
clidls 5th Book. And, in his note on the new 
Prop. marked A, He is again diſpleaſed with Ga- 
wits, for thinking it ſufficiently evident, from the 


take the other ſide of the queſtion, and maintain 


can be demonſtrated, But we are not, it ſeems, - 


nature of propor tionals, that if, of four proportional. 


magnitudes, the firſt antecedent is greater than its 


conſequent,” the ſecond antecedent will alſo be 
greater than its conſequent. . © As if there was 
* (ſays he) any nature of proportionals antecedent 
4 to that which is to be, derived and underſtood 
«< from the definition of them.” Now I cannot 


help thinking, with Clavius, that there was a na- 


ture, or idea of proportion antecedent to that 


given in the 6th and 8th definitions of Euclid's 


5th 'book : For, that mankind, long before t 

time of Euclid, had ſome way to ſhew, or expreſs, 
in what degree one magnitude was greater or leſs 
than another, cannot be 8 this 2 


Kh 


% 


we 


That there is ſomething very ingenious 
in the doctrine of proportions, as delivered in Eu- 
_ chi&'s 5th book, cannot be denied. All that I con- 


17% Motes geometricul and critical. 
the firſt, and natural idea of proportion: And 
1 look upon thoſe definitions, as refinements, 

only, on the ſimple and natural idea, in or- 
ber to take in the buſineſs of incommenſurables; 


whereby the original notion is ſo much obſcured, 


that it requires ſome ſkill, even to fee that it is 
A4̃1r all contained in theſe definitions, I intirely agree 
with this gentleman, that every demonſtration 


ought to be ſtrictly derived from principles before 


eſtablihed: But then, whether is it more eligible, 
to have recourſe to an Axiom founded (as all other 


Axioms are) on the evidence of ſenſe and feaſon, 
or to an obſcure and perplexed definition, which 
may, for any thing that has been proved to the 


contrary, involve an abſurdity ? 


4 


and ſubtle 


tend for, is, that the principles on which it is built 


are obſcure, and not ſo firmly eſtabliſhed, as to au- 
thorize its partiſans to aſſume that great ſuperiority 
they lay claim to, in point of geometrical ſtrictgeſs. 
I have intimated above, that the principle is re- 
jected, by which the conſiſtence of the definition of a 
greater and leſs ratio might be eſtabliſhed, without 
much difficulty: But Iwouldnot be thought to mean, 
that the ſame thing cannot poſſibly be effected an x 
other way, becauſe I am ſatisfied that it may be done 


from the conſideration of multiples alone: But a de- 
monſtration of this ſort is not eaſy. Were l to treat 
of proportions from the plan laid down in the 5th 
book of Euclid, 1 would intirely reject the roth and 


I zth propoſitions, and everythingelſe founded onthe 
definition of a greater and leſs ratio, as being of no 


other uſe in the Elements, than to open the way to 


thoſeimportant Theoremsonthealternationandequa- 
Uttyofratios; which mayde better demonſtrated with - 
out them, from the definition of equal ratios alone; 


which, 


MWoter gebmetricul and critical. 
which, from the conditions of it, can admit of no 


abſurdity, and whoſe conſiſtence is evinced in Prop. 
15. and ſtill more clearly in the firſt of the ſixth. 


In the ath of the th, whereon the alternation ' 


of ratios is grounded, it is neceſſary to demonſtrate, 
% That if, of four proportional magnitudes, of the 
« ſame kind, A, B, C, D, the firſt be greater than 
« the third, the ſecond: ſhall be greater than the 
fourth; and if equal, equal; and if leſa, leſſer.“ 
Which may be very eaſily done, independent both 
of the 10th and-12th, in the manner wy if 
c "Firſt, let A be greater than C. 
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Of A and C Prop. 8.) let ſuch equimultipls 
be taken, that the multiple of A ſhall' be 
and that of C leſs, than ſome multiple of B; let E. 
and G be any two ſuch equimultiples of A and C,. 
and F the multiple of B; ſo that E ſhall be greater 
than F, and G. leſs chan F; and let H be the ſame: 

multiple of D, as F is of B. Therefore, becauſe 


E and G are equimultiples of the firſt and third, 


and F and H alſo — hk of the ſecond and 


fourth; and ſeeing that, (by Hyp.) E is greater than 


F; it is evident, from the definition of equal ra- 
tios, that G muſt likewiſe be greater than H: 
Therefore much more ſhall F (Ghich exceeds G) be 
52 than H; whence alſo.Bſhall be greater than 
D (by Ax. 4.) Band D being like parts of F and HH. 
When A is leſs than C, it will be demonſtrated 


in the ſame manner, that Bis alſo leſs than D. But 


when A is, equal to C, no new demonſtration is 
neceſſary; ſince neither the dan nor the i 3th have 
any thing to do in this cale. .- ret! 


Again, in the zoth Prop. (in which the. toth and | 


13th alſo enter) 1 are to prove, That if there be 
2 * Ent 3 three 
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5 throe magnitudes (A, B, C) and other 5 — 

E, F) which taken two and two have the ſame ra- 
4 tio A: B:: D: E, B: C:: E: F) if the firſt (A) 
1 be greater than the third (C), the fourth (D) ſhall 
i be greater than the ſixth (F); and if equal, equal; 
K and if leſs, leſſer.” Which may likewiſe be done, 
without the aſſiſtance of either the 10th or the 1g th, 

in the ſame manner, above ſpecihed. N 
n 095 >" werd then of A and C 
(Y Prop. 8.) ſuch equimultiples may be taken, that 
the multiple of A ſhall be greater, and that of C 
les, than ſome multiple of B; let G and I be two 
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than —— — 5 
1 leſs. 
mus H ; «moreover take L the Gitme multiple: of 
E, as H is of B; and K and M the ſame equimul- 
tiples of D and F, as G and I are of A and C. 
herefore, ſince of the four proportionals A, B, D, 
E, equimultiples G, K of the firſt and third, and 
equitmultiples H, L of the ſecond and fourth, are 
—— it is manifeſt, from the definition of 
equal ratios, 1 greater than H (by Hhp.) 
that K muſt alſo ter than L. im 
very ſame manner, becauſe B, C, E, F are pro 
tionals, and H is greater chan I, L will Hiecwie 
greater than M: Therefore much more Well K. 
which exceeds L, be greater than M. And —— 
ſequentiy (by Ax. 4.) D ſhall alſo be greater than F. 
When A is leſs than C, the demonſtration is the 
fame: The other caſe, when A is equal to C, does 


not eee, nor indeed admit of any NY one | 
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